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On general Eulerian integral of certain products of multivariable
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ABSTRACT

The object of this paper is to establish an general Eulerian integral involving the product of the I-function defined by Nambisan et al [2], the
multivariable I-function defined by Prasad [1], a general class of multivariable polynomials and a generalized hypergeometric function which
provide unification and extension of numerous results. We will study the particular case concerning the multivariable H-function defined by
Srivastava et al [8] and the Srivastava-Daoust polynomial [5].
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1.Introduction

In this paper, we evaluate a general Eulerian integral concerning the product of the multivariable I -function defined by
Nambisan et al [2], the multivariable I-function defined by Prasad [1], a generalized hypergeometric function and a
class of multivariable polynomials. We will give a serie expansion of a /-function.

First time, we define the multivariable I -function by :
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where ¢1(s1,+ ,8y),&(8i),i=1,--- v are given by :
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This result can be proved on computing the residues at the poles :

_dh + ks

Si = @) 7(hi:1»"’amiaki:O)laQW")fOTi:la"'77) (16)
5k

We may establish the the asymptotic expansion in the following convenient form :

(o 2 = O( |1 o 2 ) cmaz (2], -, [2]) = O

v v
I(z", - 2)) = 0(1=" 17 - 217 ) oman (2], -+ [2)]) = 00

wherek =1,--- ,v:a = min[Re(c?gk)/éj(-k))],j =1,---,mygand

B = maz[Re((c]") — 1) /7)) j =1, m,

dh\" + k;

We will note ny,, 1, = 5

J(hi =1, my,k; =0,1,2,---)fori=1,--- v 1.7

The multivariable I-function of r-variables is defined by Prasad [1] in term of multiple Mellin-Barnes type integral :
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cbtl, ot [[ Gt ztdt - - dt, (19)
(27w)* // P

The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [1]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largzl] < §Qi7r’ where

n(® g™ o »
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ZO‘ Z ol | - Zﬂ§2+26§2+---+26§2 (1.10)
k=1 k=1 k=1

k=ns+1

wherei=1,---,s

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

I(z1, o 2) = 0(12g|™ oo [zl ) maz(|z4], - f26] ) = 0

I(2y,- oy 2) = 0( |24 oo |27 ) smin( 2], f2g] ) — o0
. k k .

where k= 1,--- ,7:qj, :mm[Re(b§. )/55 ))],j =1,---,myand

B, = maz[Re((al” — 1) /a{)],j=1,--- ,ny,

Srivastava and Garg [6] introduced and defined a general class of multivariable polynomials as follows

hi1Ri+--h R, <L ZRl ZR“
h S 7hu . 1 ctt
SLl [217-.. ’Zu]: Z (—L)h1R1+...+huRuB(E’ Rl,"' ’R )7R Ru I (111)
Ry
Ry, Ry =0
The coefficients are B[E; Ry, . . ., R,] arbitrary constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [7 ,page 39
eq .30]

P T(A;
% PFo [(Ap): (Bo): (a1 + -+ 2v)
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_] 1 jts1+- +ST)F(—81)"'F( s, )it - zirdsy - - - ds, @.1)
Bj+ 51+ +s;)

Ly

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(4; + s1 + -+ + s,)
are separated from those of I'(—s;),j = 1,--- ,r. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k k
/(t—a) H [1— 7t —a)™]” Hfjt+q] )7dt = (b—a)*** ' B(a, B) [ [ (af; + 9;)
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vt 2.2
afi + g1 afr + gk 22)

where a,b € R(a < b), o, B, fi,9i,0:,7j,hj € C, A ERM(i=1,--- k;j=1,---,])

b,
7171

and F; 1: 0 7070’ 0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[5,page
454] given by :
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Here the contour L’;s are defined by L;j = L, (Re(¢;) = v}) starting at the point v; — woo and terminating at the
point v} + woo with vj € R(j =1,---,1) and each of the remaining contour Li41, - - , Li4+% run from —woo to woo
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l
. . . hi1— N
. Ccan be easlly establishe expandain — i\t = ) means o e rormula :
(2.2) can be easily established by expanding | [ [1 - 75(t —a)"] ™ by f the formul

Jj=1

= Oé
(1=2)7 =2 (12l < 1) (2.4)
r=0

integrating term by term with the help of the integral given by Saigo and Saxena [3, page 93, eq.(3.2)] and applying the

definition of the generalized Lauricella function [5, page 454].

3. Eulerian integral

In this section , we evaluate a general Eulerian integral with the product of the multivariable I-functions of Prasad, the
multivariable 7-function of Nambisan, a class of multivariable polynomials and generalized hypergeometric function;
We note
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Y =pW,qWs ¢ 50,150,150, 150 :0,150, 15+ 50,1 (3.8)
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We have the general Eulerian integral
b l k
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Vi0,ns+P+l+k+2; X , ! /
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This result is an extansion the formula given by Saxena et al [4].

Provided that
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v Cz(l r b(l)
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v . b(l)
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1=1

v u T l v u T

(E) Re (Oé + Z 'f]thiCL; + Z R;a; + sti + Z hlwz> > 0;Re (ﬁ + Z nGi,gib’/i + Z R;b; + Z pi8i> >0
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n(® g n s
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k=1 k=n() 41 k=m() 41 k=1 k=ns+1
Ns ) Ps ) q2 qs )
30— 35 ) - (S S 32
k=1 k=n.+1 k=1 k=1
k .
—Z/\g” >0 (i=1,--,5)
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k
1
(F) |arg sz]tJrg] -Af" <§Qi7'r (a<t<<bi=1,--+,s)

(G) P < @ + 1. The equality holds, when , in addition,
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. A (i)
either P > Qand | [ 23" [1—m(t — )] [[(f5t+ 95 <1(a<t<b)
=1 j=1
! h; _C/_(i) k A (@D ( )
or P < Qand max z; [1—7(t—a) I fit+g;)" <1 (a<t<h
R[S Sl I Ry (e <ie

(H) The multiple series occuring on the right-hand side of (3.24) is absolutely and uniformly convergent.
Proof

To prove (3.24), first, we express in serie the multivariable I-function defined by Nambisan et al [2] with the help of
(1.5), a class of multivariable polynomials defined by Srivastava et al [6] Slzl ol [.] in serie with the help of (1.11),
the I-functions of r-variables defined by Prasad [1] and in terms of Mellin-Barnes type contour integral with the help of
(1.9), the generalized hypergeometric function pFQ(.) in Mellin-Barnes contour integral with the help of (2.1).Now
collect the power of [1 — 7t — a)hi} with (i = 1,-+- ,r;5 =1,--+ 1) and collect the power of (f;t+ g;)
with j =1,--- k. Use the equations (2.2) and (2.3) and express the result in Mellin-Barnes contour integral.

Interpreting the (r + s + k + I) dimensional Mellin-Barnes integral to multivariable I-function, we obtain the equation
(3.24).

4. Multivariable H-function

If A= B =U =V = 0, the multivariable I-function reduces to the multivariable H-function and we obtain

77(1)

207 (¢ — a)™ (b — )" [Ty (f5t +95)

b k
/ (t_a)afl(b_t),@ H(fgt-Fg])UJS 1,y he
a Jj=1

. 71(u)
Z000(t — a)® (b— )% I,y (fit + g5)

111(1)

200" (¢ — a) i (b— )% TT5_, (fit + ;)™

I
’ /. X _y111(w)
20 (t — @) (b — ) TTj—, (f5t + ;)™
k —aln
2101(t —a)" (b — )" [[,_, (fit +95)" "
Il
k NG
ngr(t_a')ur(b_t)pr Hj:l(fjt_'_gj) ’
° i 100) 1%, 1(B))
PP |(Ap);(Bo)i— ) 2i6i(t—a e [J(fit+g) ™ | dt = b— )+ S ] (af; +g,)7
i=1 le Hj*l F(A]) j=1
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o0 oo hiRi+---hyR,<L |

h‘l:1 h'nzl k'l:O k‘H: Rla' ) u:O i=1

amﬂ"”"’”‘g U BuBunlf M= Mo yn

( zl(b—a)“1+p1

[T5_ (afi+9:) ™
K17K27KP7KJ'7K§'7Q[ c A

zr(b_a)ﬂr+Pr

njlmn+%ﬁ
(b a)ul-l-pl

(1)
I, (afy+9,)

(r)

O,ns+P+I+k+2; X , / /
P k4 2,00 + QHA k1Y 2l (b—a)"sTPs : 4.1
/(s

(s)
H?zl(afj‘|’gj)>\3
(b — a)hl

afi+g1
L., Lg, Lj, L B B’

\ (b—a)fy
afktgr

under the same notations and conditions that (3.24) with A=B=U =V =0

A ' By (u)
T (@) «nniﬂwwR@w-II L)
byIf B(L: Ry, . R,) - J R10}++Ry0; J j R.¢; (4.2)

c D, (u
H i(e )R1w+ +Ru zp(")H ( )315 "'szl (d§ ))Ruéi“)

then the general class of multivariable polynomial S?f ol (21, -+, 2,] reduces to generalized Lauricella function
defined by Srivastava et al [5].
Y1
o[ [CLRR R0 00 () (0060 |
Cipfiib e ()¢, ] [(d); 8-+ 5 [(d “)), w]
Yu
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We have the following integral

b l Y k
/(t—a H l—TJt—a } H(th—i—gJ)

j=1

3 1(1)
2007 (t —a)™ (b— )" TT5_, (fit +95) ™

1+A:B’;--- ;B
FC_':D’;m ;D(w)

r1(w)

200 (¢ = a)™ (b — ) TTj_y (it +g5) ™

()R, -, Ru]l(): 0, 0] < [(); '] - 5 [(01)); 0]
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Tl(b — a)hl
(b—a)fi
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\ (b—a)fk
under the same notations and conditions that (3.24)

(=L)niRy+th R BE; Ry, Ry)
Ryl Ryl

I
where B, =

,B[E; Ry, ..., R,] is defined by (4.2)

Remark:

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable I-functions and a class of multivariable polynomials defined by Srivastava et al [6].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of the multivariable I-function,
defined by Prasad [1], the multivariable I-function defined by Nambisan et al [2], a class of multivariable polynomials
and generalized hypergeometric function with general arguments. The formulae established in this paper is very
general nature. Thus, the results established in this research work would serve as a key formula from which, upon
specializing the parameters, as many as desired results involving the special functions of one and several variables can
be obtained.
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