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On general Eulerian integral of certain products of I-function, the
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ABSTRACT

The object of this paper is to establish an general Eulerian integral involving the product of the I-function defined by Nambisan et al [1], the
multivariable Aleph-function , a general class of multivariable polynomials and a generalized hypergeometric function which provide unification and
extension of numerous results. We will study the particular case concerning the multivariable H-function defined by Srivastava et al [8] and the
Srivastava-Daoust polynomial [5].
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1.Introduction

In this paper, we evaluate a general Eulerian integral concerning the product of the multivariable Aleph-functions,the
I—function of several variables defined by Nambisan et al [1], a generalized hypergeometric function and a class of
multivariable polynomials. We will give a serie expansion of a multivariable /—function.
The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [4] ,
itself is an a generalisation of G and H-functions of several variables defined by Srivastava et al [8]. The multiple
Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our
present study and will be defined and represented as follows.
First time, we define the multivariable 7 -function by :
"
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where ¢1(s1,-+ ,8y),&(8i),i=1,--- v are given by :

1
Pr(s1, 7, 80) = : : (1.3)
T ia T (a5 = S0 ol sy ) T 0 T2 (1= 05+ X0, 7))
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E(si) =— [T F(l‘c()+%) )HJM" F(d’.(i)_g@')si)

T e (CSZ) J(Z) ) H?:iMi+1 oy’ (l B 5(1 ) 1.4

Serie representation
2 £ 0 =1, v

6£t)(6f72) +k1> #dgl)((sf(i) +T/i)f0rj 7é hiyjahi = 17 7mi(i = 1a av)7ki7ni 2071727(Z = 17 77-])’ then

7 S di + kb + ()R,
I -2 Z Z Z Z l ( 1 e - ) . P LT 3R (1.5)
hi=1 hy=1k1=0 k,=0 5h v 5h$} ) #h}_[l 5h§ )ki!
This result can be proved on computing the residues at the poles :
dh’? + k; .
S; = W7(hl = 17 ami7ki :0,1,2,"'),](‘07"2: ]-7 U (16)
We may establish the the asymptotic expansion in the following convenient form :
TGz = O, 2] ) maa( 2] [22]) = 0
1(211/7 Z:)”) — 0( |Zi”|ﬁ1, . |z///|ﬁu ) mm( |Z/// |Z/// ) - 00
wherek =1, - ,v:qp = min[Re(Jgk)/(s](.k))],j =1,---,mgand
k k .
Br = maz[Re((c]) = 1) /7)) j =1,
dh' + k;
We will note ny,; , = %TZ J(hi =1, ;my, k; =0,1,2,--- ) fori=1,--- ,v 1.7
Al
o iml nl, ,m;,n;
We define : R(z1, -+, 27) = NPQ’QQ,TZ-};R}:P;(U i1y 5T 1y B D55 5@ oy 3Ty BT
Zp
(1 ’
[(a7; a0 /(1) . 70/@)1 wl Amiagis O‘J( )y O‘J(zr))n”rl’pé] :
J ’ 1y . /(1) /(r) .
........................... [7} (bji> Bji )T Mg )m’+1,q§] :
/(1 /(1 /(1 ’ /
(@) [ (€ gyl 3 1€ e ) oy (€ s VD) i)
/(1 1 1 !
[(d7§ D88 1y s [y (50 5J§<2))m b1 gl '[(d’g”); A PN A ST A B

1 - ,
_W/ / w(SI,"' 787‘) Hek(Sk)Z}zk dSl"‘dST (18)
L Ly k=1
with w =/ —1
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RN BN NI (O
Y(s1,000,8r) = [ T = a5+ 24 05 sk (1.9)

R ; r ; r
Dict 7 H?:n’+1 F(‘I;’i =D h=1 a;‘i(k)sk) H3:1 I'(l- b;’i + k=1 5}i(k)3k)]

and

W%rwua 50 [ T(1L = /) 40
0 (si) = H ( ) H ( ) (1.10)

R!(k) ( i
2it=1[Tion HJ I;:z 1 ra d;'z‘(’ﬂ )+ ji(k) *) Sk)Hj:U:z)L-l—l F(C;i(k)(k) _’Y;i(k)(k)sk)]

Suppose , as usual , that the parameters

/

a3‘7j: 17 7pl;bj7j:17“' yq 5
. / .

C./j(k%]:l,“',n;w 72(11)7]_7%-1'1 ‘,p;;(m;

d(mmj m+ 1, g s dj R g=1, mj;

with k=1-- ,ri=1--- R ,i® =1,... RO

are complex numbers , and the a’s, 153 /S, ’y/S and 8’ s are assumed to be positive real numbers for standardization
purpose such that

Pk
(LB WLRE DS SULINE w0 WA w7
=n’+1 j=n)+1 j=1
k)
T 5;(1% <0 (1.11)
j=mj +1

The reals numbers 7; are positives for i = 1 to R, T;() are positives for i) =1t R'®)

The contour L, is in the Sp-p lane and run from 0 — 400 to 0 + 400 where 0 is a real number with loop , if
necessary  ,ensure that the poles of F(d;(k) - 5;-(k)8k) with j =1 to my are separated from those
T

(1 - a} + Z a;(k)sk)of with j = 1 ton and I'(1 — C;-(k) + ’y?(k)sﬁc) with 7 = 1 to ny to the left of the
=1

contour Ly, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A;(k")7r , where

/
L)

n/
k
) _ Za;(k) Z a( ) —7] ZB/ (k)+z,)//(k) — Z 7;@(:«) (k)
j=1 j=n/+1 j=nj+1
q, (k)
+Z5'(k) — Tl Z Zm(k) >0, with k=1,---,ri=1--- R ,i® =1,... R® 112
j= mk+1
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
N(217 e ’ZT) - 0( |21|a1’ Ty |Z7“|ar) ,ma:c( |Z1|7' Tty |Z7"| ) —0
R(z1, oo 20) = 0( |, Lzl ) omin( [z1], - fz] ) = 00

where k=1,--+ ,r:a) = min[Re(d;(k)/5;(k))],j =1,---,mjand

B, = maz[Re((c\") — 1)/~ "N, j =1, ,nj,

J J

We will use these following notations in this paper

U=p.,q,7;R ; V=miny; - ;m.,n. (1.13)
W= Dlay, Gy Ty R ... Dy s Loy Thry s R (1.14)
A= {(af M, )y A (@ el 0 ) ) (1.15)
B ={r/t;; 8V, B 1,0} (1.16)

1
C= {(C}(l);7§(1))1,n’1}> T (C;z-(l)(l); ;(i(1)>)n’1+1,p;(1)}
{(c] AGE /(T ime b Tiom (€ Jw)(r); ;-(iZZ))n;+1,p;(r)} (117
1
= {(dl m; 5/ (1))1 ml} (1)( §i(1) W, 5/(1(2))”’" +1,¢ (1)}

; {(d}(r); oy (T))Lm; T (d;w) ), 5;(12) )m;+1,ql{(r)} (1.18)

The multivariable Aleph-function write :
N(z1,+,20) =NV | (1.19)

Srivastava and Garg [6] introduced and defined a general class of multivariable polynomials as follows

h1R1+"'huRu<L Rl ZRu
Ry, hy . 2yt
SLl [Zlv T ’Zu]z Z (_L)h1R1+"'+h1l,Ru,B(E’ Ry, R )71” (1.20)
Ry, ,Ry=0 Rl-"'Ru-

The coefficients are B[F; Ry, .. ., R, arbitrary constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [7 ,page 39
eq .30]
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Hf:l F(A ) ‘e
0o, ;) e [(Ap); (Bo); —(21 + -+ + )]
27rw / / HJ L i : I — 1 j“; [(—s1) - T(=sp)zit - aprdsy - - - ds, 2.1)

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(A; + s1 + -+ - + s,)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculatmg the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k k
/(t—a) H 1—7;(t —a)™ Hfjt—l—gj )7dt = (b—a)*** 1 B(a, B) [[ (af; + g;)"
a j=1 7j=1

(w:hy, - hy, Lo 1) (A1), (N i 1) (=o1 2 1), (—og 2 1)
(a+/3:h17"' ,hbl,"' 71):_7"' y Ty Ty T

(b—a)fi (-

r(b—a)", - (b —a)", — I
1 ) H ) afi+ g1 afr + gk

(2.2)

where a,b € R(a < b),a, 83, fi, gi,04,7j, hj € C,N\; ERT(i=1,-++ ki =1,--- 1)

} <1,
11

and F: 1 0 ’070, 0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[5,page
454] given by :

(b-a)f;
afi + gi

min(Re(a), Re(B)) > 0, 112?% {|Tj<b o a ‘} <1 1<j<k {

(w:hy, - hy, Lo 1) (A1), (N i 1) (=012 1), (—og 2 1)

(Oé+,3!h1,"' ,hlvl,"' 71):_7"' s Ty Tty T

b—a)fi (b—a)fk (o + )
(b —a) ... b— a)u _(7 — -
77'1( a) ’ ;Tl( CL) ’ a/fl‘i‘gl, ) afk+gk F(CY)Hé:lF()\j)H?:lF(—O']‘)

a+Z] 1 hj 9J+Z]19H_]) ! k
2w z+k/ /L [T +s) [T T (=05 + s1es)

z\kr Oé+5+21 1h53+23 151+])j=1 j=1
I+k
[Irspz -z s - dsig (2.3)
j=1
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Here the contour Ls are defined by Lj = Lug¢;00(Re((;) = v7) starting at the point v; — woo and terminating at the

point v + woo w1th vy € R(j =1,---,1) and each of the remaining contour Li1,- - - , Li1x run from —woo to woo
l
. . . hi]1 ™M
(2.2) can be easily established by expanding H [1 —7j(t —a) ] by means of the formula :
j=1
= (@),
1=z =) —ra"(le < 1) 2.4)

r=0

integrating term by term with the help of the integral given by Saigo and Saxena [2, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [5, page 454].

3. Eulerian integral

In this section , we evaluate a general Eulerian integral with the product of the multivariable Aleph-function, the
multivariable 7-function of Nambisan, a class of multivariable polynomials and generalized hypergeometric function;
We note

5 - CDmRitesn,r, BE Ry, -, Ru)

R R, (3.1
h
and By, = (b - a)ZiZI(ai+bi)nci’gi+Ei:1(ai+bi)Ri H afj + gj 22l A g ng =20 AV R 3.2)
l N 0 0) l . _¢l® i)
07-,:H L=r(t—a)] ™ " >006=1,--,r);0, :H L=mt-a] ™ V>06=1,s)
j=1 j=1
: h1—¢ 11(3) .
QQIZH[l_Tj(t_a) 2} ! 7Cj >O(Z:17"'7u) 3.3)
Jj=1
: =< 11(3)
o =][1-mt-a)™] " " >0i=1,--,0) (3.4)
Jj=1
Klz(l_a_ZRiai_ZnGz,gl 'Lalu’la'”7/‘LT'7,LL/13"'7M;ah1>"'7hl717'“71) (3.5)
1_ﬂ ZRb—ZﬁG“gl zapla"'7p7‘7p,17"'7p,5707"'7070"'70) (3.6)
Kp = [1_Aj707 70717"' 71707"' 70707"' 70]1,P 3.7)
14 e 1 r /(1 (s
=1 =1
0;"'717“‘70;0"‘;0]1,l (3.8
]
1(%) ///( (1) (r) /(1) 1(s)
K +O-.7 ZR)\ ZT] 'Lygz ] )\] 7..’7)\]' 7)\] ..'7)\]' )
0,-+-,0,0--,1,---,0]1. (3.9)
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Ly=(1-a—=B8-Y Ri(ai+b)—> (a}+b)nc,g;mm +p1,-
i=1 =1
h17 7hl717'”71)
LQ:[l_B]70770717717037070 70]1,Q
1% e 1 T /(1
=1 =1
(% (s r (1
=[l+0; =Y RNY Z/\ G A A D
i=1
Vi=V:1,05---51,0;1,05---51,0;1,05- - 51,0 s Wy = W30, 1;- - -

V, W, C and D are defined by (1.13), (1.14), (1.17) and (1.18) respectively

We have the general Eulerian integral

b
/(ta

l k
Hl*Tthah )\JHth+gJ
iy iy

17(1)

207 (t — a)® (b— 1) T, (fit + g;)

Ser“ h
) k _ /.I(u)
20 (t — a)* (b — )" Hj:l(fjt + 95) &
1 a) b, 1Tk —\
2{'07'(t —a) (b — )" [, (fit +95) 7
I
/ /. 111(v)
2,6, (t —a)™ (b — )% [T;_y (fit +9) ™

™
2101 (t — a)" (b —t)” H§:1(fjt +g;) 7N

J

. (™
200, (t — a)ir (b — )P TTE_, (f5t +g5) ™
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)y M +p7’7/1’,1 +p/17 7'UJ'/”+'O;"
(3.10)

(3.11)

7C]/'(8)707"' 7070'” 70]1’l (3'12)
,)\;_(s),()’... .0,0,--- 0]k (3.13)
;0,1;0,1;---:0,1;0,1;--- ;0,1 (3.14)
(3.15)
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k
1(4)
PFQ Zze’t—a“l —t H f]t—|—g] )‘j dt = - )a+ﬂ 1H
1=1
1 I, o0 oo hiRi+-hyRy<L u
BEDIDIE lj5 %,
hi=1 hy,=1k1=0 +=0 R, ,R,=0 = k=1

/ zl(b—a)“1+p1
k >\(.1)
Hj:l(afj+gj) J

zr(b—a)“’"l'p”

H] 1(af3+93)>\
(b a>u1+p1

AL (1)
Hj:1(afj+9j) J

(r)

0,n+P+k+k+2:V; , I
UPtitkt2.Qtktit1:Wi zs(b_a)MS+ps
1(s)

k Al
Hj:l (afjtg;)d

7 (b—a)M

afr+gk

where Upiiriopinpiin =p; + P+ k+1+2,¢ + P+ k+1+1,7; R

This result is an extansion the formula given by Saxena et al [3].

Provided that
(b — G,) fi }
1 1
@) 121?&{ afi + gi < 1<?<l{}jb 4 J’}<1

v (4) 1(4)
d d;
} : J E :
®) fte [a + — @i 1<r§1g}wz 5 Hi 1<r?g71n 5’(1)} > 0 and
i= 7
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) ’r,h'r‘ykr)]j#hz

(3.16)

Page 389


vts-6
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 41 Number 4- January 2017 

vts-6
Text Box
ISSN: 2231-5373                            http://www.ijmttjournal.org                                 Page 389


International Journal of Mathematics Trends and Technology (IJMTT) - Volume 41 Number 4- January 2017

d(i) r d,~(i)
. . J
el +Zb 1 S 5<z> 2 p P e, 5/@)} >0

=1

CLACESDEED LTS DR M) RS (RO SRR SLERD ) B
=1
) (Aj SRRV SALED'S 82'4:“)) >0G =1, .1
i=1 i=1 i=1

Re <—Uj + Z”Gi,gi/\”’(i) + ZRZ»)\;/(U + ZQA?)) >00=1,--,k)

i=1 i=1 i=1
Pyk)
1 (k k k 1 (k 1 (k /(k)
RV SRR R WACES DULERA ot
j=n’/+1 j= n‘—|—1
mj, (k) k
1(k : .
+ 0% = i Tt == Y N >0 (=1 m)
‘ j=m} +1 =
! h —¢® k RS 1 1(k) )
(E) |arg ZlH 1—Tjt—a ] I H(fjt—&—gj)*i <§Ai T (ag<t<byi=1,---,r)
j=1 j=1
(F) P < @ + 1. The equality holds, when , in addition,
l a K QiP
A 1(3)
either P > Qand || 2/ " [1—7;(t —a)] 4 H(fjt+gj)—*j( <l(a<t<b)
i=1 j=1
/ ! /(1) /,(i)
or P < Qand max z; 1—7i(t —a) E[fjt+gj A <1 (a<t<b)

(G ) The multiple series occuring on the right-hand side of (3.16) is absolutely and uniformly convergent.

Proof

To prove (3.16), first, we express in serie the multivariable I—function with the help of (1.5), a class of multivariable
polynomials defined by Srivastava et al [6] Szll"" ohu [.] in serie with the help of (1.20), the Aleph-functions of -
variables and in terms of Mellin-Barnes type contour integral with the help of (1.8), the generalized hypergeometric
function pFQ () in Mellin-Barnes contour integral with the help of (2.1).Now collect the power of
[1 — 7t — a)hi} with (i =1,--- ,7;5 = 1,--- 1) and collect the power of (f;t + g;) with j = 1,--- , k. Use
the equations (2.2) and (2.3) and express the result in Mellin-Barnes contour integral. Interpreting the (r + s+ k +1)

dimensional Mellin-Barnes integral to multivariable Aleph-function, we obtain the equation (3.16).
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4. Particular cases

a)lf T7; ! 7'1/(1) R 7/(T) — 1, the multivariable Aleph-function of s-variables reduces to multivariable I-function
of s-variables deflned by Sharma and al [4] and we have the following integral under the same conditions and notations
that (3.16) with T yTi(1)s ™" Z/(r) — 1

b l k
/ (t—a)* L(b—t)f! H [1—7(t— a)h"] e H(fjt + ;)%

11(1)

A0 (t = a) (b= )" [T (fit +95) ™

)\//(u)

Zn0(t — a)® (b— )% TT5_y (fit +g5)

711(1)

207 (t — a) (b — )% TT5, (fyt +g;) ™

I
, ’ 111(v)
20 (t — a)® (b — )% [T,y (fit +g;)
k AW
2101(t — @) (b= ) TT;_, (fit +g;)" "
I
M p. k NG
2r0-(t —a) (b — )P [ [, (fit +g5) 7
i (i) H B;)
PFo | Zz 0/t — a)i (b —t)° H fit+9,)™ N | dt =(b - a)oto H(afj +9;)%
M, M, 0o hiRi+hyR,<L

0 v \ks u
Z N Z ( l) Z;thi)kiH ZNRkBuBu,v[(bl (nhl,]ﬁ? e ’nhrvkr)]j;éhi

. (g1
hi=1  hy,=1k1=0  k,=0 Ry, ,R,=0 i=1 0h; kil k=1
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zl(b—a)“l‘l'pl
(1)
Y

A ; Kl,KQ,KP7Kj,KJ/- : C

zr(b_a)HT+Pr
()
A
H?:l (afj+g;)
z;(b—a)“,lﬂll
1 (1)
[T} (afi+9;) "

0,4+ Pk4+k+2:V; . r L

Ubrptiir42,Qtk+1+1:W1 Zg (b_a)HS‘I'PS . (4.1)
1(s)

k A

]:]_(afj—l_g]) J

Tl(b — a)h1

afit+g1
B Ll,LQ,L L - D

\ (b—a) fi
afk+gk

A ’ (r) r
T @) g s e nj.il(b'.)w; T 05 g0

b)If B(L;Ry,---,R,)= 5 DO Or
Hj:l(c )mﬂb +otmg, 1[)(7‘) H ( )Rl(s e Hj:l (d§ ))R7~5§T)

4.2)

then the general class of multivariable polynomial Sgl SR

defined by Srivastava et al [5]. We have the following integral

[21, JCIN zu] reduces to generalized Lauricella function

b l k
/(t—a H1—7'7t—ah’_ Hf7t+g7
a j=1 Jj=1

a k - /./(1)
207 (t — )t (b — )" TTj_, (f5t +g;) ™

1+A:B’;-. ;B
Felpri piw

()

2007t — ) (b — )% TI5_ (fit+g;) ™

[(CL):R1, -, Ru][(@): 0, , 0] [(0); ¢'];- - 5 [(6); ()]
(), ] [(d@); ']+ 5 [(d); 6]
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f , (1) (D)
207 (t = a) (b= 1)1 [Ty (ft + g5) ™ 6, (t —a)" (b= )" [T (fit +95) ™
I N
, ,. 11(v) ' (r)
20, (= a)™ (b= 1) TT_y (it + 95) ™ 2,8, (t = a) (b — )" [Ty (fit + g5) ™™
i 1) 1%, I(B;)
]=1 Hj:l '(4;) j=1

00 hiRi+hyRu<L

M, 00 v ks u
Z Z Z Z Z H (-) PR H z”R’“Bu,Bu,v[(ﬁl (77h1,k17 e 777hhkr)b;éhi

(z
hi=1  hy=1k;=0  k,=0 Ry, ,R,=0 1 0h;"k k=1

/ 21(b—a)M1 TPl
(1)

H?:l(a’fj—l_gj))\j
A 3 Kl,KQ,KP,Kj,KJI-,Ql : A/

Zr(b_a)llr+0r
(r)

A

H?:1 (afj+g;)7
zi(b—a)“llﬂ’/l

A% (1)
H?:1 (afj+g;)7

0,n+P+k+k+2:V1 / M’ +p’

UrPtitkt2,Q+kt1+1:Wn Zs(b—a> s 78 : 4.3)
k A’.(S)
]:1 (a’f_] +g]) J

Tl(b — a)hl

afi+g1 )
B ; Ll,LQ,Lj,L;-,’B . B

\ (b._;L).fk
afr+gxk

under the same notations and conditions that (3.16)
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(=L)hiRi+thaRBE; Ry, Ry)
Ry R,

where B, = , BIE; Ry, ..., Ry is defined by (4.2)

Remark:

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable Aleph-functions and a class of multivariable polynomials defined by Srivastava et al [6].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of the multivariable Aleph-
function, the multivariable /—function defined by Nambisan et al [1], a class of multivariable polynomials and
generalized hypergeometric function with general arguments. The formulae established in this paper is very general
nature. Thus, the results established in this research work would serve as a key formula from which, upon specializing
the parameters, as many as desired results involving the special functions of one and several variables can be obtained.
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