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ABSTRACT

In the present paper we evaluate the Selberg integral involving the S generalized Gauus's hypergeometric function, a multivariable Aleph-function,
the multivariable I-function defined by Nambisan et al [3] and general class of polynomials of several variables. The importance of the result
established in this paper lies in the fact they involve the I-function of several variables which is sufficiently general in nature and capable to yielding a
large of results merely by specializating the parameters their in.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [4], itself is an a generalisation of G and H-functions of multiple variables defined by Srivastava et al [7]. The
multiple Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function
throughout our present study and will be defined and represented as follows.
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with k=1--- ,7ri=1,--- ,R,i(k)zl,--- ,R(k)

are complex numbers , and the O/S, I} /S, ’yls and 0’ s are assumed to be positive real numbers for standardization
purpose such that
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—Tin > 6, <0 (1.4)
J=Mjp+1

The reals numbers 7; are positives fori = 1 to R, T; (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if

(k)

k . .
necessary ,ensure that the poles of F(dj - 53(' )Sk:) with =1 to my are separated from those of
T

'l —a; + Zoék)sk) with j =1 to NV and I'(1 — (k) + ’y( Jsi) with = 1 to Ny, to the left of the
=1

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

™

N(y1,,yr) =0( | Ayel®) smaz(Jysl. . |ye| ) =0

R(y1, -5 ye) = 0( |y Pyl ) omin(Jyal. . Jye] ) = o0
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where, withk = 1,--- .7 = min[Re(dg»k)/(s](-k))],j =1,---, Myand

D/ =1

Serie representation of Aleph-function of several variables is given by

Br = max[Re(( (k) _ , Ny
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X 91(7701791) . ..QT(nGmgr)y;ncl’gl ,..yr—”lcr,gr (1.6)
Where (., -+ ,.),0;(.),i =1, - |7 are given respectively in (1.2), (1.3) and
. (1)+G1 o (T)—FG
NGi,91 = T’ s NGrgr = W
which is valid under the conditions (55? [d; + pi] # (5§Z) [dgi + G, 1.7)
forj 7é MivMi = 17"'77Gi,gi;Pi7Ni = 071727"' sy Yi 7£ 072 - 17 , T 1.8)
In the document , we will note :
G(T}legl’ U 777G’r'1g7') — ¢(nG17917 U 777G7'7gr)01 (TIGlagl) e HT(nGr,!]r) (19)
where qb(T]Gl,_ql, s 77]GT’gT), 01 (nGl,gl ), -0, (nGT’gT) are given respectively in (1.2) and (1.3)
Al
We will note the Aleph-function of r variables N?, ﬁ{ v (1.10)
Zy
The multivariable I-function is defined in term of multiple Mellin-Barnes type integral :
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1
(27w)*

/ e | p(t, ,ts)H 0;(t;)2kidty - - - dt, (1.12)
1 L i=1

where (L1, ,ts),0;(t;),i=1,---,saregivenby:
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j=ni+1 j=mj+1

For more details, see Nambisan et al [3].

Following the result of Braaksma [2] the I-function of r variables is analytic if

I3 q P} q;
U; = ZA;_a;,(i) _ 235_5;(1') +ZCJ/_(1>%(@) _ ZD;(Z)‘S;'(i) <0i=1-.s (1.15)
j j=1 j=1 j=1

Jj=1

The integral (2.1) converges absolutely if

1
where|arg(z},)| < §Ak7r,k: =1,---,s

A =— i A;a;(k) _ iBéﬁ;k) + %D;(k)(;;(k) _ i D;(k)(s;(k) i icj{(k)%(k) _ % C;(k)y;(k) > 0(1.16)
j=n'+1 j=1 j=1 j=mj+1 j=1 j=nj+1

We will note :

X =mi,ny;--yml,nl (1.17)
Y =p,dis 514 (1.18)
A = (af; a_'j(l), e ,Oé_;-(s); A1 (1.19)
B = (b}; 5}(1), . ,5;(8); B;‘)l,q’ (1.20)
N A I o/ ) PR CAQI AR AT (1.21)
D :(d’§1)759(1); D;(l))l,qi; ... ;(d}(s),5§(8);D}(s))1,qs (1.22)

The contracted form is :
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0,n':X ’
Iz, hz) = Liyy | (1.23)

The generalized polynomials defined by Srivastava [5], is given in the following manner :

[Ny/My] [N, /M]

’ —N7) (—N’) /
M;,-- 1 MK, t) MK,
SNII - [yl’ . 7yt — Z Z e Kt! t
Ki1=0 K:=0
K K
A[N{7K1;"' ;Nt/>Kt]y11"'ytt (1.24)
Where M7, -+, M are arbitrary positive integers and the coefficients A[N7, K1;--- ; N, K| are arbitrary
constants, real or complex. In the present paper, we use the following notation
(=NDagr: (=N

= 1 1... tMth / S e /
ag = et X A[Ny, Ky s N/, Ky (1.25)
In the document , we note :
G(nG17917 T 7"7Gm9r) = ¢(77G17917 T anmgr)Hl (7701791) T GT(nGmgr> (1.26)
where ¢(77G1,g17 s ,T]ngr), 64 (77(?1,91 ), ER er(nGr,gr) are given respectively in (1.2) and (1.3)

2. S Generalized Gauss's hypergeometric function

The S generalized Gauss hypergeometric function F,Ea’ﬁ 1) (a, b, ¢; z) introduced and defined by Srivastava et al [6,
page 350, Eq.(1.12)] is represented in the following manner :

) & B(aﬁ?"',#) (b +n.c— b) P
(CHRAD) C ) P ) z
by (@b,:2)= 3 _(a)n B(b,c— ) !

n=0

(lzl <1) 2.1

provided that (Re(p) > 0, minRe(«, 8,7, 1) > 0; Re(c) > Re(b) > 0)

where the S generalized Beta function Bff"ﬁ TH) (z,y) was introduced and defined by Srivastava et al [6, page 350,
Eq( 1.13)]

1
Bz(,a’ﬁ”’“)(:c,y) :/1 tx—l(l_t)y Ly o) (a 6’(17f)t)>dt 2.2)

provided that (Re(p) > 0, minRe(z,y, o, 8) > 0; Min{Re(7), Re(u} > 0)

3. Required integral

We have the following result, see ( Beals et al [1], page 54)
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S(a,b,c) / /Hma 1 1—901 H |xj—xk|20dx1-~-dxn:

11[ (a+jOlb+ Ol (L + (j +1)c) -
6 Fa+b+(n—14+7)c)I'(1+c¢) (3-1)
1 Re(a Re(b
with Re(a) > 0, Re(b) > 0, Re(c) > Max § ——, — ( ),— (®)
n n—1" n-1
S (a, b, C) is the Selberg integral with three parameters
4. Main integral
n
Let Xu,mw = Hil??(l - xi)v H |xj — Tk S
i=1 1<j<k<n
we have the following formula
Theorem
1 1 n
/ : / Hmffl(l —z;)7! H 175 — 2% r (2 X85 a)
0 0 ;=1 1<j<k<n
le&hﬁla’Yl Z1X5171P17¢1 Z1X61,7]1»C1
1]\\,411”".'7%t C RY: Vv C. IOZ”);, C. dzy - -dz,=
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i i - — tzt a (= )G1+ +Gr (@ B PT (h 4 m, e — b) 2™
e o K i
! B(b,c—b !
m=0 Gy, ,G.=0g1=0 g9r-=0 K;=0 K;=0 591G 5 G (b,e=b) "
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Ky nG rgr 70,0 430X
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—(j—i—l)(c—|—7m + Zzzl ’yiKi =+ Zz‘rzl ¢i77Gi,gi)»jC1; : 7]CS) 1]0 n—1 - C

o 4.1)
D
t T
where By = [1 —a—b— (a+ B)m — ZKi(ai + 5;) — 2(5’ + di)ng,.g; —(n — 14 j)x
=1 =1
t T
Ctym+ Y K+ Y éme.g)ier+m+5C, e+ s + 5 on-1 42)

1=1 =1

Provided that

a) min{avﬁvfﬁaiaﬁi77’i76j?¢j7¢jaekankagk} >O,Z: 17 7t7j - 15 7T7k: 17 ;S

T d('b) s d"(i)
_ . : J
WA= Relosam+3 0 i, T 26 iG] > 0
1= 1= J
d(i) d’(’&)

0B = Re[b+ﬁm+z¢l ] >0

LG, 5(1 an 1<J<m 5/(2)

i=1

C'=Rele+ +Z¢ Zc S VIR (S R
9 ceram Z1<J<M 5(1) 21<n]m:n 5’(1) e B

1
e)|a7‘gzk| < iAgk)W , where Agk) is defined by (1.5);2 =1,--- ,7r

1
0 |argZi| < §Ak7r , where A is defined by (1.16) ;2 = 1,--- , s

g) The multiple series occuring on the right-hand side of (4.1) is absolutely and uniformly convergent.
h) (Re(p) > 0,minRe(a, 5,7, 1) > 0; Re(c) > Re(b) > 0)
Proof

First, expressing the generalized the sequence of functions £, (e, Bip) (@, b,¢;.)in serie with the help of equation (2.1),
the Aleph- functlon of r variables in series with the help of equation (1.6), the general class of polynomial of several

variables S [yl, N yt] with the help of equation (1.24) and the I-function of s variables in defined by

Nambisan et al [4] in Melhn—Barnes contour integral with the help of equation (1.12), changing the order of integration
ans summation (which is easily seen to be justified due to the absolute convergence of the integral and the summations
involved in the process) . Now evaluating the resulting Selberg integral with the help of equation (3.1). Finally
interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive at the desired result.

5. Particular cases

1) If A = B} = ;") = D) = 1, The multivariable I-functions defined by Nambisan reduces to multivariable H-
function defined by Srivastava et al [7]. We have.

Corollary
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1 1 n
—1 b—1 2
/ / IR i | BTt e
0 0 i=1

Moo U lealﬁla’Yl N Z1X51,1/117¢1 O’ X Z1X€1,771,C1
Sny N C RO New . H Z y C dzy - -dx,=
thOét:ﬁt/Yt ZTXST7'¢)7‘7¢7' ZsXesans7<s
0o M M, [Ni/Mj] [N;/M]] .
oo 1 1 G1—|— +G B}(}a,ﬂ,‘r,u) (b + m’ c— b) Zm
Z Z Z Z Z “K -3, Gv() B(b,c— b) m!
m=0 Gi,-,G,.=0g91=0 gr-=0 K;=0
7, A,
K K Nne (‘r r 0,n'+3n;X
GNG1.g0s Mg ) Y1 Y 2 " H L s g Yoy

[1-a-am — 22:1 Kia; - 22:1 NG;,9:0i — jle+ym+ 22:1 Vil + 22:1 ¢inGi,gi)7 €1+ JC1, 0,6+ jfs]O,n—l

(‘C"}/m + E::l KZ’YZ - Z::l ¢inGi,gi7<1a e 765)’ B

[l—b—ﬁm - Zzzl KiB; — Zz 1 77G7.,gz¢z - (C + 75 + Zz 1%K + Zz 1 (iﬁznG“gz) m+JC s ‘|'jCS]0,nfl

('CJYS, - Zle V’LK@ - Z::l ¢i77G7;,g7;; gl? T ’CS), Bl

‘(j+1)(c+7m + Zﬁzl Vil + 22:1 ¢i77Gi,gi)>jC1> e 7st)]0,n—1 :C
(5.1)

D
under the same notations and conditions that (4.1) with A} = B} = ¢} = D}() =1

6. Conclusion

In this paper we have evaluated a modified Selberg integral involving the product of the multivariable Aleph-function ,
the multivariable I-function defined by Nambisan et al [3], the S generalized Gauss hypergeometric function and a
general class of polynomials of several variables. The integral established in this paper is of very general nature as it
contains multivariable I-function, which is a general function of several variables studied so far. Thus, the integral
established in this research work would serve as a key formula from which, upon specializing the parameters, as many
as desired results involving the special functions of one and several variables can be obtained.
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