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I. INTRODUCTION

Most of the real life problems have various
uncertainties. Traditional mathematical tools are
unable to solve uncertain problems. A number of
theories have been proposed for dealing with
uncertainties in an efficient way.

In 1965, Zadeh, L.A. [12] introduced the concept
of fuzzy set theory which provides us with an
intuitively pleasing method of representing one form
of uncertainty. In 1968, Chang, C.L. [1] defined
fuzzy topology and later in 1976, Lowen R. [3]
redefined fuzzy topology in a different way. In 1999,
Molodstov [6] initiated a novel concept of soft set
theory, which is completely a new approach for
modeling vagueness and uncertainty. In recent years
researchers have contributed a lot towards
fuzzification of soft set theory. In 2001, Maji et al.
[4] initiated the concept of fuzzy soft set with some
properties regarding union, intersection and

complement of a fuzzy soft set, De Morgan’s law etc.

In 2011, Shabir and Naz [9] defined soft topological
spaces and studied separation axioms. In 2011,
Tanay and Kandemir [10] initially gave the concept
of fuzzy soft topology using fuzzy soft sets and gave
the basic notions of it by following Chang [1]. Pazar
Varol and Aygun [7] defined fuzzy soft topology in
Lowen’s sense. In section Il of this paper,
preliminary definitions regarding fuzzy set, soft set
and fuzzy soft set are given. In section Il of this
paper, the definition of W-Hausdorff space
introduced by Warren, R.H. [2] is extended to fuzzy
soft topological space in two different ways. It is
shown that these two concepts are hereditary and
productive.

Throughout this paper, X denotes initial universe
and E denotes the set of parameters for the
universe X.

Il. PRELIMINARY DEFINITIONS

Definition : 2.1 [12]
A fuzzy setin Xisamap f: X - [0, 1] = I. The
family of fuzzy sets in X is denoted by I*. Following
are some basic operations on fuzzy sets. For the
fuzzy sets fand g in X,
1) f=g< f(x) =g(x) forall x e X.
(2) f<ge f(x)<g(x) forall x e X.
) (fvg) (x) =max {f(x), g(x)} for all x € X.
@) (fAg) (X)=min {f(x), g(x)} forall x € X.
(5) f°(x) =1 - f(x) for all x e X. Here f° denotes
the complement of f.

(6) For a family {f, / L e A} of fuzzy sets
defined on a set X.
(1) (Vaenfi) (¥) = Vaen iu(X)
(i) (Mren ) () = Aren (%)

(7) For any ae |, the constant fuzzy set a in X is
a fuzzy set in X defined by a(x) = o for all
x € X and is denoted by ay. Ox denotes null
fuzzy set in X and 1x denotes universal fuzzy
setin X.

Definition : 2.2 [12]

Let f and g be fuzzy sets in X and Y respectively.
The Cartesian product f xg of fand g is a fuzzy set
on X x Y defined by (f x g) (X, y) = f(x) A g(x) for
each (x,y) e Xx Y.

Definition : 2.3 [1]

A fuzzy topological space is a pair (X, t) where X
is a non empty set and < is a family of fuzzy sets on
X satisfying the following properties :

(1) the constant functions Ox and 1x belongs to .

(2) f,getimpliesfager

(3) f, e tforeach A e Aimplies V; T, € 1.

Then 7 is called a fuzzy topology on X. Every
member of t is called fuzzy open. g is called fuzzy
closed in (X, 1) ifg© € .

Definition : 2.4 [11]

Let (X, t1) and (Y, 1) be two fuzzy topological
spaces. Then the product topology on t x 1, on
X x Y is the fuzzy topology having the collection
{fxg/fem,ge 1} asabasis.
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Definition : 2.5 [11]

Let {(X,, w) / A € A} be a family of fuzzy
topological spaces and X = IT,.a X;. The product
topology on X is the one with basic fuzzy open sets
of the form IT;, 4 f;, where f, e 1, and f;, = 1x except
for finitely many A’s.

Definition : 2.6 [2]

A fuzzy topological space (X, t) is said to be
fuzzy W-Hausdorff if V x,y € X, x =Yy, there exist
f, g e tsuchthat f(x) =1, g(x) =1 and f A g = Ox.

Definition : 2.7 [6]

Let A c E. A soft set fa over X is a mapping from
E to P(X) i.e, fa : E — P(X) where P(X) is the
power set of X.

Definition : 2.8 [4,8]
Let A ¢ E. A fuzzy soft set FA over X is a
mapping from E to X i, f, : E — IX where f,

(e)#0xife € Ac Eand f,(e) = O if e ¢ A. The

family of fuzzy soft sets over X is denoted by
FS(X, E).

Definition : 2.9 [8]

The fuzzy soft set ﬁ e FS(X, E) is called null
fuzzy soft set denoted by 6E if for all e € E, ﬁ
(e) = 0x.

Definition : 2.10 [8]

The fuzzy soft set FE e FS(X, E) is called
universal fuzzy soft set denoted by TE if for all
eekE, FE(e) =1y
Definition : 2.11 [8]

Let f,, gz € FS(X, E). f,is called a fuzzy soft
subset of g, if FA(e) < gg(e) foreverye e E and
we write f, & O
Definition : 2.12 [8]

Let f,, Jg e FS(X, E). f, and g are said to be
equal denoted by f,=3g if f, & gzand gy < f,.
Definition : 2.13 [8]

Let f,, Jg e FS(X, E). The union of f, and g
is also a fuzzy soft set HC defined by ﬁc(e) =
f.(e) v g (e)forall e e E where C = A U B. Here

we write ho= f, U Jg.

Definition : 2.14 [8]

Let f,, gy e FS(X, E). The intersection of f,
and g, is also a fuzzy soft set Hc defined by ﬁc(e)
= f,(e) A Jg(e) for all e € E where C = A N B.

Here we write h, = f, ™ Jj.
Definition : 2.15 [8]

Let FA e FS(X, E). The complement of FA
denoted by FAC is a fuzzy soft set defined by F,f (e)
= 1y — f, (e) for every e e E. Clearly (f°)° = f, ,
1° =0, and 0° = 1_.

Definition : 2.16 [10]

A fuzzy soft topological space is a triple (X, E, 1)
where X is a nonempty set, E is a parameter set and
7 is a family of fuzzy soft sets over X satisfying the
following properties :

M 0., Lex

(@ f,, 0g e tthenf, M gyecx

(3) If fo e T VieAthen Oyen fy € 7
Then T is called a fuzzy soft topology over X.
Every member of 7 is called fuzzy soft open. gg is

called fuzzy soft closed in (X, E, T)if g5 e T.
Definition : 2.17 [7]

Let (X, E, T) be a fuzzy soft topological space
and G ¢ E. Then (X, G, ?G)is called a fuzzy soft

subspace of (X, E, T) where 7, = {FA/G : FAe T}
relative to the parameter set G.
Definition : 2.18 [7]

Let FS(X, E) and FS(Y, E’) be two families of
fuzzy soft sets over X and Y with respect to E and E’

respectively. Let . € FS(X, E) and g, € FS(Y, E').
The Cartesian product of ?E and g denoted by
FE ® g, is a fuzzy soft set over X x Y with respect
to the parameter set E x E' defined as ?E® O E
X E o> K x 1Y (F.® go ), €) = f.(e) x e (€)
such that FE (e) x g (¢')is a fuzzy product of fuzzy
sets f.(e)and Qg () where f_(e)x gg (€'): X x Y
— land (fo(e) xGe (€)) (% ¥) = (fe(e)) (¥) A
(9e()) )

Definition : 2.19 [7]

Let FS(X, E) and FS(Y, E’) be two families of
fuzzy soft sets over X and Y with respect to E and E’
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respectively. Let f. € FS(X, E) and g € FS(Y, E').
Then
1) IE ® IE = IExE denotes the universal fuzzy
soft set over X x Y with respect toE xE".
(2 f.®0.=0.®0g =0.,.=0.® 0
3 VeecE e cE, (.®L)( ¢)) (X V)
(fe(@) . (X ® Gc) (& €) (x V)
(ge (€)) (y) where x € Xandy € Y.

Definition : 2.20 [7]

Let (Xi, Ey, 7,) and (Xp, Ez T,) be two fuzzy
soft topological spaces. The fuzzy soft product
topology T, ® T, over X; x X, with respect to E; x
E, is the fuzzy soft topology having the collection
{(fEl ® 952)/ fEl €T, gE2 € 1,}as a basis.

HIL.LFUZZY SOFT W-HAUSDORFF SPACES

Definition : 3.1

A fuzzy soft topological space (X, E, 7)is said to
be fuzzy soft W-Hausdorff space of type 1 denoted
by (FW-H), if for every e, e, € E, e1 # e, there exist

f , g € T such that f (e;) =1x, 0s(e,) =1xand
fu M Jg= O

Definition : 3.2

Fix e € E. A fuzzy soft topological space (X, E,
T) is said to be fuzzy soft W-Hausdorff space of

type 2 denoted by (FW- H)z if for every x, y e X,
X # Y there exist fA, 0 € 1 such that f (e) () =1,

05 (€) (x) = 1 and f A 05 = O
Theorem : 3.3
Subspace of a (FW-H); space is (FW-H);.

Proof :

Let (X, E, 7) isa (FW-H); space. Let G c E. Let
(X, G, T5)be a fuzzy soft subspace of (X, E, 1)
where 7, = {f,/ G : f, € 7} relative to the
parameter set G. Consider g;, g» € G such that
01 # Q2 then gy, go € E there exist fA, gs € Tsuch

that f,(g,) = 1x, 9s(g,) = 1x and f, M gg = O,.
Therefore f,/ G, §/G e T5.

Also (f,/G) (@) = 1x (Js/ G) (g2) = 1x and
(f.1G) M (35/G)= (f, " gg) / G =0./G =
0. Hence (X, G, 7g)is (FW-H)..

Theorem : 3.4

Subspace of a (FW-H), space is (FW-H),.
Proof :

Let (X, E, T) is a (FW-H);, space. Let G c E.
Let(X, G, 1) be a fuzzy soft subspace of (X, E, 7)
where T, = {f,/ G : f, e T} relative to the

parameter set G. Fixge G=4g € E.
ConS|der X, ¥ € X such that x =y, then there exist

fo. Os € T such that f,(g) () = 1, §o(3) &) = 1
and (f,/G) A (§s/G)=(f, " 0s) / G= 0,/ G =
0. Hence (X, G, 7,)is (FW-H),.

Theorem: 3.5
Product of two (FW-H), spaces is (FW-H);.
Proof :
Let (X4, Ey, 7,) and (Xy, Ey, 7,) be two (FW-H),

spaces. Consider two distinct points (e, ki), (€2, k2)
e E x k. Either e; # e, or k; # ko. Assume e; # €.

Then f,, g € 7, such that f,(e,) = 1x 0s(e,) =
1x and f, N gg = O,. Therefore f,® 1., Js ® 1
€ 5® T, (F,® L) (en k) = F(8)) x I (k,) = 1x
x 1y = Loov. (3® L) (2 ko) = Gg(8,) x L (K,)
=1x x 1y = 1x,v. Forany (e, k) € E x K, (f, ®
1) (e, K) # Ox..v.

= (fa® 1) (e K (xy)=0forall (x,y) e XxY.
= fA(e) ) A IK(k) (y) # 0 for all x € X and

yeY.
= fA(e) (x) =0 forall x e X.

= gg(e)(x)=0forall x e X.

= 95(6) (¥ A (k) (y) =0 for all x e X and
yeY.

= (0,® L) (e K (x,y)=0forall (x,y) € X x Y.

C(Fa® L) N (0 ® L) = O

Hence (X x Y,Ex K, T, ® T,) isa (FW-H),.

Theorem: 3.6
Product of two (FW-H), spaces is (FW-H),.

Proof :
Let (X4, Ey, 7,) and (Xy, Ey, 7,) be two (FW-H),
spaces. Fix (e, k) € E x K. Consider two distinct

points (X, y1), (X2, 2) € X x y.
Either xl # X OF Y1 # Yo. ASSUME X3 # Xo.

Then fA, gs € T such that f(e)(xl) = 1,
9:(e)(x,)=1and f, M g = O,.
Therefore f,® 1., 3 ® L € 7,® 1,.
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(F2 ® L) @K)I(xY) = Fu(€)(X) AL (K)(Y) =1n1= 1.

(@:® L) @KXY)= s (O)(X) AL (K)(y) =1al=1.

Forany (x,y) e XxY, (f,® 1) (e, K) (x,y) #0.

= FA(e) ) A IK(k) (y)=0forall (x,y) e XxY.

= ?A(e) (x)=0forall x e X.

= gg(e) (x)=0forall x € X.

= 95(6) (%) A L(k) (y) = 0 for all x € X and
yeY.

= (3:® 1) (e, k) (x y)=0forall (x,y) € X x V.

Therefore (f,® 1) ™ (0 ® 1) = O, .

Hence (X x Y,E x K, T, ® 7,) isa (FW-H), space.

Definition : 3.7

Let {(X, Ex, 7,)/ A € A} be families of fuzzy

soft topological spaces. Let X = IT,ca X; and E =

[T, E;. The fuzzy soft product topology T over (X,
E) is the one with basic fuzzy soft open sets of the

form IT;cn f,, where f, eT,and f, = 1 except
for finitely many A’s.
Here (TTy.en fa, ) (e )en = Aven Fa, (&) (60)
for every (X,)ren € TTcn Xy, and for every (e;)5en €
ITen Eo.
Theorem : 3.8

Avrbitrary product of (FW-H), spaces is (FW-H);.
Proof :

Let (X;, E;, T,) /A € A} be a collection of (FW-
H), spaces. Let X = IT, 5 X; and E =IT, 5 E; and T
= I,z T1,. Consider two distinct points (e,);.cn,
(K ren € Ihicn Ey. Assume e, = K, for some p e A,
there exist FA}‘, Je, € T, such that FA}‘ €)=1,,
Gs (k)= 1 and f, A G, = O . Let f, =
I, p FAX where FAX = EEX for & # pwand gg = ITycn
gg, Where gy = EEX for A= .

Then f,, Og € T =Ien 3,.
Also
(fA ((eK)Ke/\)) (X}\.)}\.E/\ = ((er/\ fA)V ) (eK)Ke/\ )(X}\.)}\.E/\

= Nien FA.A (e2) (%)

= L (%)
=1
_ = Ix (% )ren)
= fi((8en) = 1x
(s ((Ki)rcn) (idcn = ((Trcn Js,)

(Koren ) dnen

= Nien G, (k) (%)
L, (%)

= Ix (X% hen
= g (Ki)ren) = 1x.
Now ((fo A Gs) (€1)cn) 06 )ren
(FA (@) (% )nen A (05 (€2)5.cn) (Xdien
((Ten T, ) @2)ren) ($)rcn A (e §s,)
_ (eK)Xe/\) (X}\.)}\.E/\
(Nen Ta, (€)06)) A (N g, (€2)(%)
o, (€ (%) A Gs, (02 (%,)
((fa, M Ts,) (€0) (%)
(O, () (%)
= 0
= f, N0 =0,
Hence (X, E, T)is (FW-H); space.

Theorem : 3.9

Avrbitrary product of (FW-H), spaces is (FW-H),.
Proof :

Let {(Xi, E», T,)/ A € A} be a collection of
(FW-H), spaces. Let X =TT, A Xy, E = I, E;, and
=T T,

Fix (ex)ren € E =Then By
Consider two distinct points (X)nen » (Vi)rer€llien
Xy

Assume X, #y, for some p e A, there exist FA}-’
G, < T,such that f, (6) () =1, Gy (&) (V) =1
and FA“ A 'QBM = 6E“.
Let FA: IT; A FAX where FAX = IEX for A = pand
05 =L g, Where g = EEX for A # pu.
Then f,, Gge T =Tl 3,
Also
(Fa @rct) dren = (Mica fr, ) @ncn) (Kiren

= Neen fa, (&) (%0)

fa, (6) (X
=1

(@5 €)en) (KiDicn = (MaenTe, ) (€)ren) (Xiien
= Nien g, (81) (%)

G, (&) (x)

=1

Now ((f A Tg) (1)rcn) (% )ren
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((FA (&)r.en) (i )nen A (53 (8)1.en) (X ).en
((Ten T, ) @sn) (e A (Tecn Gs)
_ (eK)Ke/\) (X}\.)}\.E/\
(NrenTa, (€)06)) A Nicn g, (€2)(X)
o, (&) (%) A Gs, (02 (%)
((fa, P Ts) (@) (%)
(O, (€) (%)
0
f. A5, = 0,

Hence (X, E, 7)is (FW-H), space.

1V.CONCLUSIONS

In this paper, the concept of fuzzy soft
W-Hausdorff space is introduced and some basic
properties regarding this concept are proved.
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