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Abstract:

Let == A, == be any abelian group. A graph G =
(V(G), E(G)) is said to be A-cordial[6,9] if there is
a mapping f: V(G) —=A which satisfies the following
two conditions with each edge

e=uv is labeled as f(u)*f(v),

()lve(a) — vp(b)| = 1, v abeA

(ilefta) — es(b)| =1, v abeA

wherew; (&)= the number of vertices with label a
wy(b)= the number of vertices with label b

ey (a)= the number of edges with label a

ey (b)= the number of edges with label b

We note that if A = <V, , *> is a multiplicative
group. Then the labeling is known as V, Cordial
Labeling. A graph is called a V, Cordial graph if it

admits a V, Cordial Labeling.In this paper
Ca(when n £ 4(mod 8)), K, (n<7) are V, Cordial

graphs and Globe Gl(n)(when n = 2(mod 4)),
. (when n = 4(mod 8)) and K, (n>7) are not V,
Cordial graphs.
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I. Introduction

By a graph, itmeans a finite undirected graph
without loops or multiple edges. For graph
theoretic terminology, we referred Harary[4]. For
labeling of graphs, we referred Gallian[1].

A vertex labeling of a graph G is an assignment of
labels to the vertices of G that induces for each
edge uv a label depending on the vertex labels of u
and v.

A graph G is said to be labeled if the n vertices are
distinguished from a given set, which induces
distinguish edge values satisfying certain
conditions. The concept of graceful labeling was
introduced by Rosa[3] in 1967 and subsequently by
Golomb[2].Already we proved that the graph
Globe Gl(n)(when n = 0,1,3(mod 4)) are V,

Cordial graph in [12].In this paperC, (when n %
4(mod 8)),

India.

K, (n<7) are V, Cordial graphs and Globe
Gl(n)(when n = 2(mod 4)), €, (when n = 4(mod
8)) and K, (n>7) are not V4 Cordial graphs.

I1. Preliminaries

Definition 2.1:

Let G = (V,E) be a simple graph.
Let f:V(G)—={0,1} and for each edge uv , assign
the label |f{u) —f(v)l. f is called a cordial
labeling if the number of vertices labeled 0 and the
the number of vertices labeled 1 differ by atmost 1
and also the number of edges labeled 0 and the the
number of edges labeled 1 differ by atmost 1. A
graph is called Cordial if it has a cordial labeling.

Definition 2.2:

Let = A, == be any abelian group. A
graph G = (V(G), E(G)) is said to be A-cordial[6,9]
if there is a mapping f: V(G) —A which satisfies
the following two conditions with each edge
e=uv is labeled as f(u)*f(v).

(iylvr (@) — ve(B)| = 1, v abeA

(ii)les (@) — s (B)] = 1, v abeA

wherev; (@)= the number of vertices with label a.
vy ()= the number of vertices with label b.

g¢ (@)= the number of edges with label a.

g¢ (b= the number of edges with label b.

We note that if A = <V, , *> is a
multiplicative group. Then the labeling is known as

V, Cordial Labeling. A graph is called a V,
Cordial graph if it admits a V, Cordial Labeling.

Definition 2.3:
A closed trail whose origin and
internal vertices are distinct is called a cycle

Definition 2.4:

Globe is a graph obtained from two isolated vertex
which are joined by n paths of length 2. It is
denoted by (GI(n)).

Definition 2.5:
A simple graph in which each pair
of distinct vertices is joined by an edge is called a
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complete graph. The complete graph on n vertices
is denoted by K, .

11 .Main Results
Theorem:3.1
Cqis a V4 Cordial graph , when n
4(mod 8).
Proof:
LetV(€,) =fuzl=<i=nl
Let E (Cn) = {(usuge)
l=i=n—-1} Ulu,u,l.
Case(i):
Define f: V(C 1= V,by
if i = 0.3(mod 8)
1 ifi = 1,6(mod 8)
f) =) 21 i = 250m0d 8)
—i  ifi = 47(mod 8)
1=Zi=n
Subcase(i): when n = 0(mod 8)
The induced edge labelings are
i ifi = 0(mod 4)
RIS S A o I
1 ifi = 3(modd)
l1=i=n-1
f(un)= flug)= i

Vertex Conditions:

Here, v (1) =v¢ () = vy (—i) = v (—1) :E
Hence, |vr (@) — ve(b)| =1, ¥ abe V,.

Edge Conditions:

Here, e (1) = e¢ (i) =g;(—1) = g (—i) :E

Hence, le; (@) — e; (8)] = 1, v abe V..

Hence, £is a V,Cordial graph.

For example, the V,Cordial Labeling of Cgis shown
in the Figure 3.1.1.

1
Figure 3.1.1

Subcase(ii): when n = 1(mod 8)
The induced edge labelings are

i ifi = O(mod 4)

—1 ifi = 1(mod 4

flu)= fuin)= ) :'j::' = Exzd 4%
1 ifi = 3(mod4)

l=i=n-1

fun)= flug)=1
Vertex Conditions
Here, v {1]——+1and1:- (D) = ve(—i) = v (-1)

n—1

4
Hence,|vs (@) — ve(B)] = 1, v a,be V..
Edge Conditions
Here,ef{lj_ +1ande{ i) =ep(—1) = ep (i)

n-1

4
Hence, les (a) — e (8)| = 1, v a,be V..
Hence, C,is a V,Cordial graph.
For example, the V,Cordial Labeling of Cgis shown
in the Figure 3.1.2.

Figure 3.1.2

Subcase(iii): when n = 3(mod 8)
The induced edge Iabe_lings are

if i = 0(mod 4)
— ifi = 1{imod 4
(ORI B At it S
1 ifi = 3(mod4)
l1=i=sn-1
() Fu)= |
Vertex Conditions:
Here, v¢ (1) = v¢(i) = v (—1) === and v () =

n-3a

4
Hence, |vs (a) — vr(B)| = 1, ¥ a,be V.

Edge Conditlons
Here, g: (1) = z

m+1l

2= and ef(—i) =e;(—1) = e; (i) =

4

Hence, e (a) — e (B)| = 1, v abe V,.

Hence, C,is a V,Cordial graph.

For example, the V,Cordial Labeling of Cyjis
shown in the Figure 3.1.3.

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 58




International Journal of Mathematics Trends and Technology (IJMTT) — Volume 42 Number 1- February 2017

Figure 3.1.3

Subcase(iv): when n = 5(mod 8)
The induced edge Iabe_lings_ are

i ifi = 0({mod 4)
-1 ifi=1 d 4

fug)= flug )= —i ;':;;' = EEEEEE ‘1‘% '
1 ifi = 3(mod4)

l=i=n-1
fun)= fluy )= -1

Vertex Conditions:
Here,vr (1) = v(1) = v (—1) = = and v;(~1) =
n-1
—+1
4

Hence, Jvs (@) — v (b)| = 1, ¥ abe V..

Edge Conditions:

_ N n-1
Here, g7 (1) = e¢ (i) = gr(—i) = —~and g(-1)=
n-1
—+1

4
Hence, le; (@) — er(B)] = 1, wa,be V..
Hence, Cis a V,Cordial graph.
For example, the V,Cordial Labeling of Csis shown
in the Figure 3.1.4.
-1
1

-1
—i

Figure 3.1.4

Subcase(v): when n = 6(mod 8)
The induced edge labelings are

i ifi = 0(mod 4)
-1 ifi=1 d 4

flud= uin)= ) :'j::' = zgzd 4% ’
1 ifi = 3(mod4)

l=si=n-1

fun)* fluy)=1

Vertex Conditions: ]

Here, vy (1) = v (—1) = =~ +1 andvy (—1) = v (1)
n-1

4

Hence, lve (@) — v¢(5)| = 1, ¥ abe Vs,

Edge Conditions: ]
Here, &(1}) = e(-1) = —/ +1 and

n—2

er(i) = e (—i) =

Hence, |ef (@) — er (8)] = 1, v a,be V,.

Hence, C,is a V,Cordial graph.

For example, the V,Cordial Labeling of £is shown
in the Figure 3.1.5.

Figure 3.1.5

Case(ii): when n = 2(mod 8)
Define f: V(L 1 = V, by

if i = 0.3(mod 8)
; J 1 ifi = 1.6(mod8)
() 3} _1 i = 2.50mod 8) :
—i if i = 4.7(mod 8)
l=i=n-2
fun-1) =1, fluy)=1
The induced edge labelings are
i ifi = 0(mod 4)
— ifi = 1{mod 4
f(ui)* f':ui+1:]: :-;:- = Egmr.:ld 4,% )
1 ifi = 3(medd)

l=i=n-3
f(un-z)* flun_y)= -1 Flup_y)* flug)= 1 |
fun)= fluy)= 1

Vertex Conditions: )
Here, vy (1) = v (—1) = % and vy (i) = vy (—1) =

n+l
—=1
)

Hence,|vf{u.] - vf{b:]l =1,%¥abeV,

Edge Conditions:
n+2 . -

Here, ef (1) = e;(~1) = =~ ander (1) = & (1) =
n+2
=1

4

Hence, lef () — e; (B)| =1, ¥ a,be V,.

Hence, C,is a V,Cordial graph.

For example, the V,Cordial Labeling of Cygis
shown in the Figure 3.1.6.
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Figure 3.1.6

Case(iii): when n = 7(mod 8)
Define f: V(Cy, } = V4 by

i if i = 0.3(mod 8)
J 1 ifi = 1.6(mod 8)
) =) 21 i = 250m04 8) :
—i  ifi = 4.7(mod 8)
l1=i=n-3
flup_y)=—i and flu,) =1
The induced edge labelings are
i ifi = O(mod %)
—1  ifi = 1(mod 4)
f* TCuid= ) L ifi = 20mod 4) '
1 ifi = 3(mod4)

l=i=n-—4%
fun_z)* flup_yd=i, flup_g)* flu,= —i ,
flup)= flu = 1

Vertex Conditions:
rore, 1) = (1) = (0 = an
vy (i) = "T” -1

Hence,|v (@) — vr(5)| = 1, v abe V,,

Edge Conditions:

- - n+1l
Here, ef{l:] = ‘,-{—::] = ef{::] =
n+l

=
4

Hence, |e; (@) — er (8)] = 1, v a,be V..

Hence, Cis a V,Cordial graph.

For example, the V,Cordial Labeling of C-is shown
in the Figure 3.1.7.

and EJ,-' {—1:] =

Figure 3.1.7

Theorem: 3.2

Cnis nota V, Cordial graph , whenn =

4(mod 8).

Proof:
For all the 4k vertices of w; assign the

label values as 1,—1,i and - i in any order . So that
each labela £ V, occurs k times . In this case Cy(n
= 4(mod 8)) satisfies the vertex condition of

V,Cordial Labeling. It is verified that in any case it
does not satisfy the edge condition of V,Cordial
Labeling . Therefore, C,,(n = 4(mod 8)) is not a V,

Cordial graph.

1 -1 i —i 1 -1
) @ — L 4 ] L i @ ]
i —i
1 ° —i o —1 o —t . 1
—i i -1 1 —i i
Figure 3.2.1
—i -1 [ 1 —i -1
L4 L L J L4
I —I L —I L
i —i
i o —i o & ° —i P
1 i -1 —I 1 i
Figure 3.2.2
i —i 1 -1
1 —i * -1 M i
;
=1 ° —i ° 1 P
-1 1 —i i
Figure 3.2.3
1 1 -1 i i —
1 T 1 T v Y1
1 i
-1 o i g1 g1 P
-1 1 —i i —I -1
Figure 3.2.4
1 1 -1 —i
1 ® -1 * i —i
1 ° i o o —!
I -1 -1 i
Figure 3.2.5
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-1 i —i 1 i —i
—i ¢ 1" —i 1
1 —i
i o o ° i . -1
1 i -1 —i -1 1
Figure 3.2.6

For example, the V,Cordial Labeling of Cysis
shown in Figures 3.2.1-3.2.6.

Here, vr(1) =vp(i) =wp(-1) =wp(—i) =3
Here, v (1) =v (i) =vf (—1) =vp(—i) =3
&er(1) =3,6:(i) =0, er(—1) =3e(—i) =6
&er (1) =0,e7 (i)=6, g7 (—11=0,8; (—1) =6

Here, v(1) =vp(i) =v;(-1) =vp(—i) =3
Here, v (1) =v (i) =vf (—1) =vp(—i) =3
&er (1) =3er(i) =2, e(-1) =3,ee(—i) =4
&er (1) =4,67 (1) =2, g5 (—1) =4,e¢(—1) =2

Here, v(1) =vp(i) =v;(—1) =vp(—i) =3
Here, v (1) =v (i) =vp (—1) =vp(—i) =3
&er(1) =3, (i) =5, er(-1) =le(—i) =3

&er (1) =267 (i) =4, e (1) =2,6;(—1) =4

Theorem :3.3
Globe GI(n) is not a V, cordial graph,
(when n =2 (mod 4)).

* 1 -1 i —i
1 1 -1 i —i
-1 -1 1 —i i
i i —i -1 1
—i —i i 1 -1
Proof:

LetVG)={u,v,n:1l=i=n}
LetE(G)={ur;:1=i=n}P{rr:1=i=n}
Case(i) : Suppose the label values of u and ¥ are
different.

For the first 4k vertices of 1; assign values from
UE., 5, 5={1-1, i, —i} for 1=/ <k in any
order. From the table, it is observed that the edge
values 1,—1,i and - i occur equal number of times
for the edges induced by 4k vertices together with
u and v . Further, it also satisfy the vertex
condition of V,Cordial Labeling . Hence for any
choice of labeling of G, if there is any difference

in vertex labeling as well as edge labeling occurs it
depends on the choice of vertex labelings of two
vertices of v}, say 14541 ,Var+z and u, v and the
corresponding edge values among them.

Given that f(u) = f(v) . If two of f(ygp.s)
F(vy 422 F(u) and () are equal, then the vertex
condition is not satisfied. Therefore the vertex
labelings of u, v,14;.,; anduye., are different.
Now consider f(u) = 1, f(v) = =1, f(vyr,y) = @
and f(vur.2) = —i . The other possible different
vertex labelings of u, v,1,;,; andw; ., can be
similarly discussed.

From this table, we observed that

v (1)=vp (D) = vp(—1) = v (—1)= % .
So, For all a,b € V, , the number of vertices with
label a and the number of vertices with label b
differ by atmost 1. Without affecting vertex
conditions of V,Cordial Labeling. We check the
edge condition for all possible cases.

1.

i -i
1 i -i
-1 -i i

Here e¢ (1) =e(—1)" and e;(—) = (i) =

n+2

It is observed that, |e; (1) — e (b)| = 1, where be{
* 1 -1 =i | f(varsa) | F(ais2)

—i e

fa)=1 |1 | -1]: |-t | —i

fo)= | -1|1 [ -t —i i
-1

t,—i}and lg; (—1) — g (5) = 1,
where be{ i, —i}.
2.

1 -1 -i

i -i 1

It follows that, |ef{a] - ef{&:]| = 1, where a,be
V,— {1, -1}

3.
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It is seen that, |es(a) —ef(b)| = 1, where abe
Vi {1, -1}.

4,

* 1 -i

-1 -1 i

i i 1

It is observed that, |ef(a) —e; (8| = 1, where
abeV,—{1,-1}.

5.

It follows that, |e‘r-{aj - e‘,-{bj| = 1, where a,be
V,— {1, -1}

6.

It is seen that, |ef(1) — e (5)| = 1, where be {
i, —i}and |ep(—1) — r (8)| = 1,
where be { i, —i}.

From the above 6 cases, we observed that

it does not satisfy the edge condition of V,Cordial
Labeling. Hence Globe GI(n)( when n = 2 (mod
4)) is not a V, cordial graph.
Case(ii): Suppose f(u) = f(v) .

First we consider vertex condition. Let
f(u) = f(v) =i (say). For the other choices the result
follows in similar way. It remains 4n+2 vertices.
Label 4(n—1) vertices with 1,—1,i and -i. So that
eachlabel occur n—1 times. The vertex condition
depends on the choices of the 6 remaining vertices
of w; . As we assigned the label ¢ for u« and v , we
label 1,—1 and -i for 6 vertices so that each label

occur two times. There is no other choice of
labeling of G, otherwise vertex condition will be
violated.

For edge condition the edges formal form
4(n—1)v;'s together with u and v have equal

representation for each labels of V,. So it is enough
to consider edges induced by u and 17 together with

six left over vertices of w; . Consider,

*T1| 1] —i[1]-1]—=i
ili|—=i|1 |i]|—-i]|1
ili|—i|1 |i]|—-i]|1

If flu) = f(v) =i , as discussed above the only

vertex labeling of the 6 vertices are shown above.
Hence, les(—1)—es(a)| = 1, for all ae V,—
{—1}. Hence, if f(u) = f(v) = a,

as V, , then the edge condition is violated for any

labeling of satisfying vertex condition.
Hence Globe GI(n)( when n = 2 (mod 4)) is not a

V, cordial graph.

Theorem: 3.4
K,isa V4 Cordial graph , whenn = 7.
Proof:
(i) when n=2
Vertex v | v
® 1 E3 —
= i 1 i
1)1 =
w111 ' ]
—1 i =l =
P il i i 1
ol -1l i * 1] = * i =i
-1 1|-1 1] 1 i i | -1 1
i|-1( 1 —-i| i | -1 il 1] -1
(ii) when n=3
Vertex v | vy | Vs * i —i| -1
1 -1« =T =
vy | 111 -1] 1 i 1 ]-1] i
va | =1 -1 1| i -1 =] i |1
vy i i —i| -1
* -1 —i * 1 i | =i
1|11 1| 1] ¢ |
—1| 1] 1] i | i [-1] 1
—i | —i| i | -1 -t =t 1|1
(iii) when n=4

Vertex vy | v2 | va | e

w] 1| 1| 1] 1 |
vo | —1|—1]| 1 | =i | i

vy | 1 i | =i |-1]1

v | =i | —i| i | 1 |—-1
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(iv) when n=5

vertex v vy V3 vy Vs

]
* 1 -1 ¢ [=i] ¢ * 1| -1 @ [ —if|—i
1 1| -1 i | —i| @ 1 1| -1 ¢ | —1]|—t
1| -1 1| =] i |- “1|-1] 1 |-i| & i
i i | —i|-1] 1 ]|-1 i 3 —1|(-1] 1 1
—i| —i i 1]/-1|1 =i | =i i 1(-1|-1
i i | —i|-1]1]|-1 —i| - i 1|1-1]-1
(v) when n=6
Vertex vy | vo | vz | v | Vs | v E3 1[-1 _ 1 i
T[-1] ¢ |=t|1]-T T T
w] 1| 1] -1] || 1]-1 e B —T =
vy | =1 -1 1 | =t -1 1 i 1] 1 1
B -1 1| |= ST T T A =1
I N e T 1|1 Y
v 1|1 |-1]| & |—=|1]-1 e -
ve| 1| 1| 1| — a1
]
* 1]-1 —i 1] = * 1|-1 —i -1
1 1|-1 — 1| —i 1 1 (-1 - -1
—1|-1] 1 |- -1 -1 -1 1 | - 1| -
-1 1| | 1 i 1| 1] ] 1
N 1 -1]—=]-1 -] - 1]-1 1
1 1|-1 — 1| —i -1 -1] 1 |- R
i T[-1]-i| -1 i | -1| L | -] -1
* 1[-1 —i[-1[ = * 11 = =
11 -1 —i [ -1 = 1] 1)1 = =
1 —1] 1 — 1 -1[-1|1 —i -
=1 1 =i 1 - | -1 1 |-1|1
e 1| -1 -1 —i | = 1]-1]1|-1
1| -1 1 | = 1 - -1 1 ]-1|1
 — T 1 =i -1 e 11|11

From all the table,it is observed that, the vertex
condition and edge condition of V,Cordial
Labeling is satisfied. Hence |vs(a) — vy (b)| =1

and|ef (a) —ef (b}| =1,¥ a,bE V, . HenceK,in
=6) is a V, Cordial graph.

Theorem: 3.5
K,is not a V, Cordial graph , when n
=T7.

Proof: whentt = 7
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vertex vo [ ve [ wa | vy [ vs | ve | v T — =T
1]-t N EE T 1|1 — [ =
W] 1] 1| -1 [ e B S N B e e B T
vp | 1| 1| L |—t| ¢ |-1] L B e S A e B o
va R HE eI
wl - Pl -t IR IR
v | 1| 1]-1L —i| 1 1] - e SRR
ve| 1| 1| L || |-T]1 B S N e e s B 1
v | - T -1] - -1
1)1 |1 =i 1] -1 [ 1]-1
T[] 1|1 —i| 1 = T[1|-1 | 1|1
—1[ -1 1|~ -1 -1 ¢ S I I 1| 1|~
—i[-1]1 111 T | 1] 1 |1
| - T |-1] | 1]-1 puryy T -1]|— 1
T[1]-1 E —i 1|11 =i 11
- -1 1 -1 1 1 -1 1| = 11 [ =
IR R R R R

In this case, the vertex condition of V,Cordial
Labeling is satisfied. It is observed that,

|v¢(@) —vp(B)| =1 ¥ ab€ V.. But it does not

satisfy the edge condition of V,Cordial Labeling.
Hence,|ef (a) —ef (b}| =1. We can extend

K, (n > 8)it also does not satisfy the edge
condition of V,Cordial Labeling. HenceK,,{n = 7)
is not a V4 Cordial graph.
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