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l. INTRODUCTION

Anna Lee [1] has initiated the study of secondary
symmetric matrices. Also she has shown that for a

Complex matrix A, the usual transpose A7 and
secondary transpose A< are related as 47 = VATV,
where ‘17 is the permutation matrix with units in its
secondary diagonal.

Also 47 denotes the conjugate secondary transpose
of 4. ie, A% = Ikc:-J.-] where ¢;; = @p— ;21 n—1+1

[2].

In this paper our intension is to prove some
equivalent conditions on conjugate unitary matrices.

Il. PRELIMINARIES AND NOTATIONS
Let ¢,y De the space of nxn complex matrices of

order n. For A € C,.,. AT A, A, A% A7 denote
transpose, conjugate, conjugate transpose, secondary
transpose, conjugate secondary transpose of a matrix
A respectively. Also V satisfies VI =V =V* =V

and VI =1

A matrix A€, is called unitary if
Ad = A4 =] []

A matrix 4 € C,,.., is called conjugate normal if
Adr= ﬂ [3].

A matrix A&, is called s-normal iff
AAf = AP4 [6]

A matrix A € C,,.., is called secondary unitary
(s-unitary) if A4% = 494 =1 [5].

A matrix A&l is called s-hermitian if
A=A =A°.

A matrix A4 £ ,,.., is called is called conjugate
unitary if 44* = A*A =T [4].

nxmn

I11. EQUIVALENT CONDITIONS ON CONJUGATE
UNITARY MATRICES
Theorem 3.1 Any two of the following imply the
other.
(i) A is conjugate unitary matrix (ii) A is hermitian
(iii) A is involutary
Proof (i) and (ii) = (iii)

A is conjugate unitary matrix = AA*= A4 =1
Case (i) A4'=1
Ad=1T (- A ishermitian)
A% =1
Case (i) 474 =1
Taking conjugate on both sides, we have
AFA =1
A*A=T1 (1=
AAd=1T (-~ A ishermitian)
A =1
Therefore, in both cases implies A4 is involutary.
(i) and (iii) = (i)
A% =1 (- Aisinvolutary)
AA =1
AAT=1T (o Aishermitian) (3.1.2)
Againtake A= =1 (= Aisinvolutary)
AAd =1
A*A=1 (- Aishermitian)
Taking conjugate on both sides, we have
AA=1]
A*A=1(~1=1] (3.1.2)

Therefore, from (3.1.1) and (3.1.2) we have

AAT= A4 =1
= Ais conjugate unitary matrix.

(|||) and (|) = (ii)

J".u".l — 21 21 —_— .Ir

Case (i) A4* =1

Pre multiplying the above equation by A on both

sides, we have

AAAT=Al
.d".lq.a'l.l —_.J"j
I A*=A (-~ Aisinvolutary)
ie, A" =4
~ A is hermitian

Case(u) A4 =1
Taking conjugate on both sides, we have

AtA =1
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AA=1 (x1=1)
Post multiplying the above equation by 4 on both
sides, we have

AT44 =14
A*A* =4
A*I=A4A (+ Aisinvolutary)
ie, A =4
~ A is hermitian

Therefore ,in both cases implies A is hermitian.
Theorem 3.2: Any two of the following imply the
other.
(i) Ais conjugate unitary matrix (ii) A is s-unitary
(i) A commutes with V (i.e., A" = T4)
Proof: (i) and (ii) = (iii) L
Als conjugate unitary matrix = AA = A4 =T
Case (|) AA =1
A -
AT =TVA* (- Aiss- unitary)
Taking conjugate transpose on both sides, we have
(A%) = (VA*V)*

A= V= {A*)*p=

=AY ('.' V==V )

Post multiplying the above equation by V on both
sides, we have
AV = VAVV

=VAv?

—Lz—: ( I«'I:=.|r)
Case (i) A4 =1
Taklng conjugate on both on both sides, we have

=I1(1=1)
21 21 ~l
A =VA*Y  (~ Aliss-unitary)
Taking conjugate on both sides, we have
(A7) = (VA" V)"
= V{4 )V
= VAV (w1 =1T)
Post multiply the above equation by 17 on both sides,
we have
AV =TVAVY
=TVAV?

=VA (v VE=1)
ie, AV=T1A4
Therefore, in both cases implies .4 commutes with 17
ie, AV=TA
(i) and (iii) = (i)
Aiss—unitary = A7 = V4V
Taking conjugate transpose on both sides, we have
Lﬁ-'j = (VAV)
(4%)7 = v+ (4%)*v*
=TVAV ('.' F*=1)
Post multiplying by A4 * on both sides, we have
(A*)7 A" = vAVA*

I = AVVA" (+ AV =VA4)

H
=17 (3.2.1)
ATl=vap
Taking conjugate transpose on both sides, we have
[.sr'j = (V4 V)"
AT =vr (At
=VAV (~T*=1T)
Pre multlplymg by A* on both sides, we have

ie, A7A

A* (A9 = 4= vav
I =A*VVA (= AV=VA)
=A4*V2A
I =A%4 (v Vi=1)

Taklng conjugate on both sides, we have

=44 I=)
ie, ATA =1 (3.2.2)
Therefore from equations (3.2.1) and (3.2.2) we
have,
AdT= A4 =1
(iii) and (i) =(ii)
AdT= A4 =1
Case (i) AA =1 (3.2.3)

Pre multiplying the above equation by " on both
sides, we have

FTAA* =TI

FTAA*=T (3.2.4)
Post multiplying equation (3.2.3) by 1" on both
sides, we have

AATY =11V

AAV =V (3.2.5)
Therefore, from (3.2.4) and (3.2.5), we have
VAA*=AAV =V

Case (i) A4 =1

Taking conjugate on both sides, we have

AA =]

A*A=1 (+I=10 (3.2.6)
Pre multiplying equation (3.2.6) by 1" on both sides,
we have

VA*A=VI

VA*A=T (3.2.7)
Post multiplying equation (3.2.6) by " on both sides,
we have
AAY =17
ATAV =T (3.2.8)
Therefore from equations (3.2.7) and (3.2.8), we
have

VA*A = A4V =T
Therefore, in both cases, implies A is s-unitary
matrix.
Theorem 3.3: Any two of the following imply the
other.

(i) A is conjugate unitary matrix (ii) A is
s—hermitian (iii) 17.4%is involutary
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Proof: (i) and (ii) = (iii)

A is conjugate unitary matrix = A4 = A4 =1

Case (i) AA" =1
TA*VA =1 (~

Case (i) A"A =1

Taking conjugate on both sides, we have

A= VAV)

AA=1
A*A=1 (=1=1
Post multiplying by 4~ on both sides, we have
AfAAT = A7
As =47
Pre multlplymg by A on both sides, we have
-

..*121 —J"-H"-l
=1
VA* -’A' =1 (- Aiss-hermitian i.e.,
A=TAT)
(VA" )2 =1

Therefore, in both cases implies (VA*)* = |
i.e., VA%is involutary
(ii) and (iii) = (|)

A= VATV
IA= VAV
(VA*)?A = VAV (+ VA*® isinvolutary)
AT VA A= VAV
A ATA= VAV
J".I.d".l J".I — J".I
Pre multiplying by 4~ on both sides, we have
ATlAA*A= A" A
ATA=1
Taking conjugate on both sides, we have
ATA=]
AA=1 (vI=) (3.3.1)
A= VAV
Al = VAV
AVA®)? = VA"V (= VA*isinvolutary)
AVATVA = VATV
AVA V) A* = VAV
AALAT =4
Pre multiplying by 4~/ on both sides, we have
ATTAA*A = A7IA
[ATA=1
ie., ATA=1 (3.3.2)

Therefore from equations (3.3.1) and (3.3.2) we
have

AAT= A%A =1
~ A is conjugate unitary matrix.

(iii) and (i) = (ii) L

Als conjugate unitary matrix = A4 = A4 =]
Case (i) AA*=1

A4 =(VA*)? (=~ VA*is involutary)
AA* = VA* VA

Post multiplying by {4*)~" on both sides, we have

AA(A )T = (VA A (4%)7)
A= VAV
Case (i) A4 =1
Taking conjugate on both sides, we have

AA =1
A*A=1 (~1I=)

Pre multiplying by A on both sides, we have
AA=1]

AATA=A4

Post multiplying by 4~/ on both sides, we have

A oA A A A

A& =1
AA*=(VA*)* (= VA®is involutary)
A4 =TA"V4*
Post multiplying by (.4*)~" on both sides, we have
A4 (AT =varv Ar (497
A=VAY

Therefore, in both cases implies 4 = VA4*V

i.e., A is s- hermitian.

Theorem3.4: Any two of the following imply the
other.

(i) A is conjugate unitary matrix (ii) A is skew
hermitian (iii) (i4) is Involutary

Proof : (i) and (ii) =(iii)

AA = A4 =1
Case (i) A4 =1
Al-4)=1 (= A =-4)
_‘,-_"2:
1EAE:
A =1

Case (i) A4 =1
Taking conjugate on both sides, we have

AA=]
AtA=1 (1=
—A4 = (v 47 =—4)
_‘,-_"2:

‘:z'-'j:—f

AR =g

Therefore, in both cases implies (i4) is involutary
(i )and (iii) = (i)

A= A
A — —A

A I
I1A*=—A
|"' 12 l- a
1AJ" = —A
-2 A2 4 '
A~ A = -4
AE r
—AAAT=—A
. AN AE A
l.e., Ad4A = A

Pre multiplying by A" on both sides, we have
{—I -1 A

A 21.3121 = A

Adr=1 (3.4.1)
Again take 4 = —4
A= -4
A*(iA) = -4
A*i%A? = -4
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—A*AA = -4
Atd44A =4
Post multiplying by A~ on both sides, we have
AfAA47T = A47)
AtA=1
Taking conjugate on both sides, we have,
AA=]
AA =1 (w1I=1) (3.4.2)
Therefore, from (3.4.1) and (3.4.2) we have
Ad = A4 =1
(iii) and (ii) = (i)
Take A*4 =1
Taking conjugate on both sides, we have

ATA =
Ard= ::_'-'-Ir:.lr)
I —_ f'-.l“f
A*d= {1A)

AE A a2

ATA= —A

A*A = —AA

Post multiplying by A~ on both sides, we have

oA A A A

Ar= -4 (3.4.3)
Now we take 4 4% = [
A= (i4)?
AAT=—4AA

Pre multlplymg by A~ on both sides, we have

A Iz—u—: =—A4""44

A= —A (3.4.4)
Therefore, from (3.4.3) and (3.4.4) we have A*
= -4

= A is skew-hermitian
Theorem3.5: If VA* = AV then any two of the
following imply the other.

(i) A is s-unitary (ii) A is conjugate
unitary (iii) A is hermitian
Proof: Giventhat 4" = AT
(i) and (ii) = (iii)

ATV = VAV (- Aiss- unitary)
A7 = VAV
A*AAT = VA"V ( + Ais conjugate unitary)
AT=AVV (v VA* = AV)
AT = AV?
A=A (=VI =1

i.e., A4 is hermitian

(i) and (iii) =(i)

Case (i) A4 =1 (3.5.1)

Pre multiplying by 7 on both sides, we have
TAAT=T1

TAAT =T (3.5.2)

Post multiplying equation (3.5.1) by ¥ on both

sides, we have

AV =1V

AATV =V (3.5.3)

Therefore, from equations (3.5.2) and (3.5.3) we

have

VAA*=AAV =V
Case (i) A4 =1
Takmg conjugate on both sides, we have

AFA = .|r
AtA=1] I.|r=.|r)
AA=1 (-~ Aishermitian)
AA*=1T (- Aishermitian) (3.5.4)
Pre multiplying by 17 on both sides, we have,
TAAT=T (3.5.5)

Post multiplying equation (3.5.4) by 17 on both sides,
we have,

AATV =1 (3.5.6)
Therefore, from equations (3.5.5) and (3.5.6), we
have,

VAA*=AAV =T
Therefore, in both cases, implies A is s-unitary.
(iii) and (i) = (ii)

AT =VA*V (-~ Aiss— unitary)
Pre multiplying by A on both sides, we have
AAT = AVATY
[ = AVAV (- Ais hermitian)
[ = AVV A"
I = AVZA®
I =44 (»VI=1)
ie, A4 =] (3.5.7)
Al =vaArY
ATl =VAV (- Ais hermitian )
Pre multiplying by A on both sides, we have
AA™ = AVAV
[ = A*FVAV (-~ Aishermitian)
[ = ATV 47

I =AV34"

I=A"A" (=Vi=I)

I =A%A (- Aishermitian)
e, ATA=1
Taking conjugate on both sides, we have,
TA=]
AA =1(+1I=1] (3.5.8)
Therefore, from equations (3.5.7) and (3.5.8), we
have
Adr= A =1
i.e., A is conjugate unitary matrix.
Theorem 3.6: Any two of the following imply the
other.

(i)A is conjugate unitary matrix (ii) A is
hermitian (iii) 47 is involutary
Proof: (i) and (ii) = (iii)
A is conjugate unitary matrix =

Ad* = ATA =1
Case (i) A4 =1
Take transpose on both sides, we have
(A4 =17
(A )TAT =1 (w1T=1)
ATAT=1
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[ ]

(AT =1
i.e, ATisinvolutary
Case (i) A"A =1
Taking conjugate on both sides, we have

AA=1

AsA=1 (~1=1)
AA=1 (- A ishermitian)
A2 =
Taking transpose on both sides, we have
-h:}r — T
An2=1 (=I"=1)

Therefore, in both cases we have A7 is involutary.
(ii) and (|||) = (i)
AT=A4A
Pre multiplying by A on both sides, we have
21.31 - z-'u-s

A2

Aoas o4l
AR — A

Taking transpose on both sides, we have
(A45)T = (47)7
(447 = (47)?
(44T =1 (= ATisinvolutary)
(iii) and (ii) = (i)
(AT)2 =1
ATAT =1
Taking transpose on both sides, we have
(AT AT = 17

AA=1 (+1"=1)

Pre multiplying by 4~ on both sides, we have
A7lAA = A7

H=A
A=47 (Al =T= A':A"}
= A is hermitian

IV. CONCLUSION

Some equivalent condition on conjugate unitary
matrices are obtained. Conditions related to
secondary unitary matrices, unitary matrices,
hermitian, s-hermitian and involutary matrix are also
derived.
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