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ABSTRACT

The present paper is evaluated a new Eulerian integral associated with the product of two multivariable I-functions defined by Prasad [1] a
generalized Lauricella function , a class of multivariable polynomials and multivariable Aleph-function with general arguments . We will study the
case concerning the multivariable H-function defined by Srivastava et al [7] and Srivastava-Daoust polynomial [4].
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1. Introduction

In this paper, we evaluate a new Eulerian integral of most general characters associated with the products of two
multivariable I-functions defined by Prasad [1], the Aleph-function of several variables and a class of polynomials with
general arguments. The Aleph-function of several variables is an extension of multivariable I-function defined by
Sharma et al [3].
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Suppose , as usual , that the parameters

a]?]:L 7pab]7j:17 7@5
k k .

()j_l 7Nk;c§i()k)aJ:Nk+17"'7Pz'(k);
k) . k

dg )7.] = 17 7Mk;dgz()k)7.] _Mk—’_la 7Qi(k>;

with k=1---,ri=1,---,R ,i¥ =1, ,R(k)

are complex numbers , and the O/S, 15} /S, ’7/8 and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

Ny P (k)
k k) k k (k k (k
R SR S I MR D S o g
j=N+1 j=1 j=Ng+1 j=1
Q, (k)
o 3 <o s
J=Mp+1

The reals numbers T; are positives for ¢ = 1 to 2, T, () are positives for i%) = 110 R

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if

necessary ,ensure that the poles of F(dgk) — (5§k)8k) with 7 =1 to M} are separated from those of
- : ,

r'l—a; + Zo{gk)skz) with 7 =1 to n and I'(1 — (k) —|—’Y( ) s) with 7 = 1 to Ny to the left of the
=1

contour Lj . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

|a7“gzm|< A(k)ﬂ' where

N P Qi Ny, P (k)

k k - k k
EID ST SR CI) SV U0 SN IS SUN.)
i=1 J=N+1 i=1 j=1 J=Nit1
My, Q1)
+3 8t — 7 60> 0, with k=1, ri=1- R, i® =1... R® @5
i=1 J=Mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(2", 20 =00 |21, -, 12019 ) s max(|2)7), -, |z0]) = 0
R(zy", -, z) = 0(|217, 1P ) cman(([2)"], - |20]) = o0

where k = 17. LTI = mZn[Re(dEk)/(Sj(k))],] — 1’ -+, My and

_ (k) ON T
B = maz[Re((c;” — 1)/ )], j =1, m
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Serie representation of Aleph-function of w—variables is given by

G1+ +G,
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X 61 (77G17g1) o 'ffu (nGU,gv)ZInGLgl e ZvinGv’gv (1-6)

Where 1/1(, S .), «92-(.),2' = 1,---,7 are given respectively in (1.2), (1.3) and

G s = 7’ ) Guy v 7@
1,91 591 g 5“5]”)
which is valid under the conditions (5&) [d; + pi] # (550 [dﬁh + Gy 1.7)
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The multivariable I-function of r-variables is defined in term of multiple Mellin-Barnes type integral :
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1 J ,
:W/L /L d(81, - ’ST)H 0;(si)z;'dsy - - - ds, (1.9)
1 r =1

The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [1]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largz;| < §Qi7r, where

n(® n D
=5 a - § @mzﬁ S e (3 )
k=1 k=n(®4+1 E=m() 41 k=1 k=no+1
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Ps q2 qs
Z o) — 3 o) - (D8R + Z B+ > Y (1.10)
k=ns+1 k=1 k=1

wherei =1, ---,r

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

I(zl’ e 7Z'r) — 0( |z1|a1 ,

)omaz( |zl |z]) = 0

I(z1, o yz) =0l oo |zl ) omin( |l 2] ) = 00

where k =1,--+ ,r:a) = min[Re(bgk)/ﬁ;k))],j =1,---,myand
B = maz{Re((a” = 1)/aj)],j =1, nx

Condider a second multivariable I-function defined by Prasad [1]

)
zZ (1) 1(2) ) .
(a 2]7a2] ,O[2J )1,p’25 Ty
I( roo /) _ 0,m%;0,m%; ;O,n:_:m’(l),n'(l);-u im/(#) /()
Ph,ab,0%,ah5 - 3p%,qh ') g/ (Do sp/(s) g/ ()

' 1 2
sz ( 2]75/( )7ﬁ/( )) ,qé;”' ;

1 S . 1 1 . . S S
(aéj,ozsg), i, a;jU)l,p;.(a;( >,a;< Ny SCASNAC) RIS

(1.11)

T AR (O VIR (A Al P ERRREY (AN AC) P

s

1 : .
:W/L /L Yt t) [ [ &)z dt - dt, (1.12)
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The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [1]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
where |argz]| < 59;71’
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n’, P, a5 a3 q,

TN B DG SEPACN I ) I Y AU IR AL (L13)
k=1 k=n/+1 k=1 k=1 k=1

wherei =1, ---,5s

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

I(z,- 20) = 0( |4 o 24 ) omaa(|=4] - |24]) = 0

I(z,-- . 20) = 0(|1% - 2% ) min( |21 - |2l ) = 00

wherek =1,--- ,2:a) = min[Re(b;-(k)/B;(k))],j =1,---,mjand
¢ = maz[Re((af" — 1) /o)), j = 1,--- m}

wherek = 1,--+ ,2:0a) = min[Re(b;(k)/ﬁ;(k))],j =1,---,mjand

By = max[Re((a;(k) - 1)/06;-(@)}»]' =1,

Srivastava and Garg [5] introduced and defined a general class of multivariable polynomials as follows

h1R1+"'huRu<L ZRl ZRU
h yeee 7hu . 1 ct e
St [z, zu]= > (L)t Roooth R, BB By Ru) gy (114)
DRy,
Rl:"' 7Ru:O
The coefficients are B[E; Ry, . .., R,] arbitrary constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [6 ,page 39
eq .30]

[T, T(4;)
H]Q - B)PFQ [(Ap); (Bg); —(a1 + -+~ + )]
Zﬂ-w / / HJ 1 181 i ce I 8,,-; F(—Sl) . ~F(—Sr)$i1 .. ,xirdsl e dsr (21)
S1 Sy

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(A4; + s1 +--- + s,.)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula
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B

Jj=1

b l k
/(t—a)‘* Lb—t)P~ H 1—T7t—a’“ B Hfﬂf—i—g, 7idt = (b—a)*"P"1B(a Haf7+g] i
a j=1 Jj=1

(w:hy, - hy, Lo 1) (A1), (N i 1) (=010 1), (—og 2 1)
(a+6:h17"' )hhl?"' 71):_7"' y Ty Tty T

b-a)fi  (b—a)f

R 2.2
afi + g1 afr + gk 2.2)

;Tl(b_a)h17"' 7Tl(b_a)hl7_

where a,b € R(a < b),, B, fi,9i,0i, 75, hj € C, A ERM(i=1,--- k;j=1,---,1)

} <1,
11

and F: 1: 0 0707 0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[4,page
454] given by:

(b—a)f;
afi + g

min(Re(a). Re(8)) > 0, max, {|7;(b— )|} <1, 1<g<k{

(a:hlv"' 7hl717"' 71):()‘1:1)7"' 7()\l:1);(_01:1)7"' 7(_0k:1)
(Oé+,3!h1,"' ,hlvl,':"vll):_a"' y Ty Ty T
(b—a)fr (b—a)fk (o + f)

: h— h1,,,,, h— hl7_7,...,_ =
mi(b—a) ni(b—a) afi + g1 afk + gk () 1=y TG TT5=, T(=0;)

a+Z] 1 hj 9J+Z]19H_]) ! k
el oo

z\kr Oé+5+21 1h53+2j 151+])J=1 j=1
I+k
[IT(sa o atay o gyt dsy - gy (2.3)
j=1

Here the contour Ls are defined by Lj = Lu¢;(Re((;) = vj) starting at the point v; — woo and terminating at the
point v + woo w1th vy € R(j =1,---,1) and each of the remaining contour Li1,- - - , Li1x run from —woo to woo

l
Y
(2.2) can be easily established by expanding H [1 —7j(t — a)’“] ’ by means of the formula :
j=1

o0

(1-2) ZO i') (2] < 1) (2.4)

integrating term by term with the help of the integral given by Saigo and Saxena [2, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [4, page 454].
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3. Eulerian integral

In this section , we note :

l RENNe ! I
H L=t —a)™ K C]('l)>0(i:1;"',7‘>;9;:H[1—Tj(t—a)hi] S ,(;»(l)>0(i:1,~--,s)
=1 J=1
l hy ~¢/® 11(4) .
9;/:H[1—Tj(t—a) i) > 0(i=1, u)
j:
l h; —¢r® 111(2)
0;//:1_[ [1—Tj(t—a) z] 3 ’Cj >006=1,---,v) 3.1)
j=1

U =1D2.q2:DP3,q3; i Pr—1,0r—1;D5: G5 Dy @53+ i Ds—1,0—150,0;---50,0;0,0;- -+ ;0,0 (3.2)

V =0,n92;0,n3;---;0,nr-1;0,n5;0,n%;--- ;0,n,_4;0,0;---;0,0;0,0;--- ;0,0 (3.3)
X =m® nW: om0 g @ /) ()1 0:-0:1,0:1,0; -+ 51,0 (3.9
Y :p(l),q(l);--- ;p(r),q(r);p/(l)’q'(l);... ;p’(S),q/(S);(),l;... :0,1;0,1;---:0,1 (3.5)
1 o2 r—1 1 2
oM o' oD
(a/(sfl)k’ (s—1)k> Fs—1)k> """ X 1)k) (3.6)

1 2 1 2 r—1 1 2
B = (b2k7 ék)u ék))v ;(b(r‘—l)k};6((T)_1)k7ﬁ((7«)_1)k7"' 75((7=_1))k);( /2k:76;(k;)7 ;(k;))’7

( /(s 1 k’ﬁlil)l)wﬁzf—)l)k"” 75/28 11)2) (.7)
A =(ape; 0l 0 o a0, 0,0---,0,0,---,0) (3.8)
W =(aly;0,-+ 0,07 o/ o o/ 0.0 0,0, ,0) (3.9)
—(b: 8,82 ... 8D 0,--0,0,---,0,0,--- ,0) (3.10)
B =(b,,;0,--- 0,8, 8%, ... g 0,---,0,0,---,0) (3.11)
A = (), o)y i@ af )y i@ o) o (@ 0l s
(1,0);---5(1,0); (1.0);- - - 5(1.0) (3.12)
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1 1 r r 1 1 s s
B, = (bl(c )’ l(g ))l,qU); T a(bgg )7 ]E; ))1 ,q(™)s (b( ) l/g( ))1,q’(1); te ’(b;{;( )7 ]/<;( ))1,q’(5);

(071);"' ;(Oal);(()?l);"' ;(0»1) (3.13)
Kl:(]-_a_ZRiai_ZnG“gl za/“LlJ”'7/~’L’I"7/~’L/17"'7/~’L;ahla"'7hl717"'71) (314)
4_ —1
u v
_Zszz _ZnGi,gib;;pla'” 7p7‘7p,17"' 7p,5707"' 7070"' 70) (3.15)

=[1-X— ZR C"(l) Zn GrogiC ///(z) C(l ,CﬁT)aC]I‘(l) . ’C;(s),

Oa"'717"'70a0"'a0]1,l (316)
j

Gi,gi j ; ]

K 1+ 05 — Z R )\N( ) Z yle ’/’( (1)7 te 7A§T)7 )\;(1) T )‘/'(8)7

Oa"'7070"'717"'a0]1,k 3.17)

<

le(l_a_ﬁ_ZRi(ai-l_b Za_l_b/ 77Glgza#1+;01, a#T-I'pT'mu’ll-l_p,lawu’;"-i_p'lm
= 1=1

hi,---  hyy 1, 1) (3.18)

Lj = [1 - )\J - ZRZC;/(Z) - Z C;‘/,(i)nGi,giS Cj('l)v T 7C]('T)7 C;(l) o 7<;(8); Oa e 707 0--- 70]1,l (3.19)
i=1 i=1

140, — ZR )\// Z /\/// 1) o )\(r) )\/‘(1) o ,)\/‘(5)7 0, 0,0, 014 (3.20)

u‘h’J’ LR AR J

h
Py = (b—a)*"8 1{1_[ (af; +9i)° } (3.21)

>

Bu,v _ (b _ CL)Z i (ai4+bna, g+ (aitbi) R; {H af] + g] 1 A Mg g — 2oy A R }Gv (3.22)

where G'” = ¢(77le917 e ’nvagv) X 51 (77G1 791) e 571 (TIGvygv)

¥1,&,1=1,--- v are defined respectively by (1.2) and (1.3)
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(_L)h1R1+“'+huRuB(E; R17 T 7Ru>

B, =
Ril - Ry

We have the general Eulerian integral.

b l k
>\_7
/(ta Hl—Ttha ]._[f]t+gJ
a :

j=1

11(1)

207 (t = a) (b= )" TT)_y (fit +9;)
o

’ 3 1(u)
2000 (t — a)@ (b — )% TTo_ (fit + g;) ™

111(1)

leu ’1"(25 _ a)all (b _ t)bll H?:l(fjt + gj)_)‘j
, /. N\ I11(v)

20 (t — @) (b — )P TTE_, (f5t + g;)

()

200, (t — a)#r (b — )P [T5_y (fit + ;)™

’ ’ _ /(1)
20, (t — a)M1 (b — t)P Hle(fjt +g;) N

dt

[ 0 (t — ) (b— )7 TT (ft + g;) ™

’ /. _\/(s)
7,0t — a)s (b — )7 [Ty (fit +g5) ™

My M, oo oo hiRi+-hy Ry <L
SOIEDIPINE M e | E S

hi=1  hy=1k;=0  ky,=0 Ry, ,R,=0 =1
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zl(b—a)“1+p1

A (D
Hk_l(af]—l—gj) J \
A;K17K27Kj7K§7m:Al

Zr(b_a)ﬂr‘f'Pr

(r)
Al
H?:l (afj+g;)"7
2 (b—a)“/l +p}
/(1)
[T%_, (afj+g;) "7

Vi0,n,+nl+H+k+2;X /o
Iy ) L b 2,00 b R 1Y zi(b—a)ts™Ps ' (3.24)
3 NG
’7'1 (b — a) ha

Tl(b—a)hl
(b—a)f1
afi+g1 :

B ; Ll,Lj,L; : Dl,% : B’

\ (b—a) fr
afrktgr

We obtain the I-function of 7 + 8 + & + [ variables. The quantities U7‘/’X7KA3B7K17K27Kj7K_;7Ql39[/7ml7Ll7Lj7L_/j7

B, B, P1, By, By, and B, are defined above.

Provided that

(A) a.b € R(a < b); iy tly, pis Py A N By € R fi g7, 70,0, A0 €C (i = 1,000 15j =1, 5k

u=1,---,s0=1,--- ,l),ai,bi,)\;’('i),g;-’(i) eER (=1, ,u;5=1,--- k)

aj, by )\;!l(i)ac,;//(i) €R+7(i =1--,uj=1-- 7k;)

79 Vi

(B) aij,bik,GC(izl,-~-,7';j=1,---,pi;k=1- LGi); 5),b§k)€(C
(i=1,~--,r;j=1,---,p(i);kzl,---,q(i))

Qg b, €C(i= 1, s =1 ppk =1, q); a5, b5V, € C
(i=1,---,rmj=1,--,pik=1--,¢W)

M) Ug)eR*((z*l -,T,j:L---,pi,k:1,~~~,7“);a§i),,5i(i)ER+(i:1,~-~,T;j:1,~"7pi)

1] 7

/(k)ﬁ A)ERJ’_((/L_l 7]217:p:ak:L*S);a;(t)aB;(L>ER+(Z:1a78a]:17ap:)
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1 (i) k
’ C 1(4) 1
arg H[l—r t—a’] ! H(fjt+gj)_’\j <§Q;7T (a<t<bi=1,---,5)

j=1
(H) The multiple series occuring on the right-hand side of (3.24) is absolutely and uniformly convergent.
Proof

To prove (3.24), first, we express in serie the multivariable Aleph-function with the help of (1.6), a class of
multivariable polynomials defined by Srivastava et al [5] Szl’“' hu [.] in serie with the help of (1.14) and we

interchange the order of summations and t-integral (which is permissible under the conditions stated). Expressing the I-
functions of r-variables and s-variables defined by Prasad [1] in terms of Mellin-Barnes type contour integral with the
help of (1.9) and (1.21) respectively and interchange the order of integrations which is justifiable due to absolute

convergence of the integral involved in the process. . Now collect the power of [1 — T (t - a)hi] with
(6=1,---,r;5=1,---,1) and collect the power of (f;t+ g;) with j = 1,--- , k. Use the equations (2.2) and
(2.3) and express the result in Mellin-Barnes contour integral. Interpreting the (r + s+ k + ) dimensional Mellin-
Barnes integral in multivariable I-function defined by Prasad [1], we obtain the equation (3.24).

Remarks

If aypi=-,pp=py=-,p,=0;b) 1=+, =p) =+, =0, we obtain the similar formulas that
(3.24) with the corresponding simplifications.

4. Particular cases

a)lf U =V = A = B = 0, the multivariable I-function defined by Prasad reduces to multivariable H-function defined
by Srivastava et al [7] and we obtain :

b l k
/ (t—a)* L(b—t)f? H [1—7(t—a)] N H(fjt +g4)%

=1 =1
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under the same notations and conditions that (3.24) with U =V = A =B =0

A B’ BM™ . (u)
Hj:l(aj)310;+...+3u93(“) Hj:l (b;‘)Rld); "'Hj:1 (bju )Ruqb;“)

b)If B(L; Ry, -+ Ru) =—5 ) e 5 () 4.2)
szl(cj)m;+-~+3w§“) =i (d) sy - TT5%0 (d) )Ru5;“>
then the general class of multivariable polynomial 5'21 U (21, -+, 2,] reduces to generalized Lauricella function
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defined by Srivastava et al [4]. We have the following integral.

b z
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(=L)n,Ri4-+h R, B(E; Ry, -, Ry)

!
where B, =

Remark:

Ryl Ry,!

,B[E; Rl,..

|

A » Kl,KQ,Kj,KJ/‘,Q[ . A/

(4.3)

B ; Ll,Lj,Lg-iDl,iBZB/

., Ry] is defined by (4.2)

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable I-functions defined by Prasad [1] and a class of multivariable polynomials defined by Srivastava et al [5].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable I-functions
defined by Prasad [1],a expansion of multivariable Aleph-function and a class of multivariable polynomials defined by
Srivastava et al [5] with general arguments. The formulae established in this paper is very general nature. Thus, the
results established in this research work would serve as a key formula from which, upon specializing the parameters, as
many as desired results involving the special functions of one and several variables can be obtained.
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