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ABSTRACT

The present paper is evaluated a new Eulerian integral associated with the product of three multivariable Aleph-functions and a generalized
hypergeometric function with general arguments . We will study the cases concerning the multivariable I-function defined by Sharma et al [2] and
Srivastava-Daoust polynomial [3].
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1. Introduction

In this paper, we consider a general class of Eulerian integral concerning the product of three Multivariable Aleph-
functions and a generalized hypergeometric function.

The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [2] ,
itself is an a generalisation of G and H-functions of several variables defined by Srivastava et al [6]. The multiple
Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our

present study and will be defined and represented as follows.
b
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Suppose , as usual , that the parameters

a]?]:L 7pab]7j:17 7@5
k k .

()j_l 7Nk;c§i()k)aJ:Nk+17"'7Pz'(k);
k) . k

dg )7.] = 17 7Mk;dgz()k)7.] _Mk—’_la 7Qi(k>;

with k=1---,ri=1,---,R ,i¥ =1, ,R(k)

are complex numbers , and the O/S, 15} /S, ’7/8 and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

Ny P (k)
k k) k k (k k (k
R SR S I MR e S o g
j=N+1 j=1 j=Ng+1 j=1
Q, (k)
o 3 <o s
J=Mp+1

The reals numbers 7 are positives for ¢ = 1 to R, T; (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if

necessary ,ensure that the poles of F(dg-k) — 5§-k)8k) with 7 =1 to M} are separated from those of
T

'l —a; + Za§k)8k) with 7 =1 to n and I'(1 — Cg- ) —|—7§ )Sk) with 7 =1 to INi to the left of the
=1

contour Lz . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

|argz’"|< A( )71' where

N P; Qi N, P, (k)
k k k k
AE) :Za§)_T£ Z gl) Izﬂ§i)+z'7.7(‘ — Tim Z 1(1@)
Jj=1 J=N+1 J=1 Jj=1 Jj=Nr+1
My, Q, (k)
+ Z 6§k) - T;(k) 5;1:()k> > O, With k — 17 o 7T,’i = 17 LRI ,R s ’L(k) — 17 “ e ’R(k) (1.5)
J=1 J=Mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

W(z", 2 ) =001 - [0 ) s maz(|217] - 12 ) = 0
(21", o 2y) = 02", -2 17 ) smian(|2)), -+ |2)]) = o0
where k=1,--+ ,r:ay = mz‘n[Re(dg.k)/éj(.k))],j =1, -+, myand

k k)N -
Br = ma:c[Re((c; ) _ 1)/%(. ))],J =1, -, n
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Serie representation of Aleph-function of w—variables is given by

G1+ +Gy
N(Ziﬂf" 7zgl) = Z Z 25 G 5. G |¢1(77G1,917"' 7/'7Gvag'u)
Gq,,Gy=0g1=0 g,=0 1 o 0"
X 61 (77G17g1) o 'fv (nGU,gv)ZInGLgl e Z;ncmgv (1-6)

Where 1/1(, S .), «92-(.),2' = 1,---,7 are given respectively in (1.2), (1.3) and

_d§1)+G1 (U)—I—G
NG1,91 = 76_5,}) ) y NGy,90 = 759;)
which is valid under the conditions (5&) [d; + pi] # (53@ [dfh + Gy (1.7)
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We have : N(21, -+, 2) = 2;:;:7}%;9(;??; Z: @ RO 5D, ()4, () Ty () 5B .
Zy

[(ajéOé;l)v"' ,Oé(r))l,n] [T (%w (5) - ())n—kl,pz]:

........................... [7- (b]’wﬁﬂ ’ 755L))m+17(11] .

1 1 1 1 T r
1) 25 1ma s e (€ V3 )y 01 [(”W Y s [T (€55 Tyt g1 0]

1) 1) 1 1 r T T
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with w = v/—1

M., T(1—a + z’“ '™ sp)
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R(k) k k k k
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Suppose , as usual , that the parameters

and 0 (Sk) =

(1.10)

a]?jzla 7p7ij.]:]-7 » 45
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k) . k .
C§' )7] :17 7nk;0§'i()k)7] :nk+1a y Di(k) 5

k) . k .
dg )7.] :17 7mk7d512k)7j :mk:+15 y 4i(k) 5

with k=1---,ri=1,---,R,i® =1... R®

are complex numbers , and the O/S, 15} /S, ’y's and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

D;(k) qi mg
k
0 =Sl 35 S e 3 n S-S
j=n+l j=nik+1 =1 j=1
4q;(k)
TR Z 5(k()k) X (1.11)
j=mp+1

The reals numbers 7; are positives for ¢ = 1 to R, 7;(x) are positives for i*) =11 R®

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to 0 + 900 where 0 is a real number with loop , if
necessary ,ensure that the poles of P(d;(k) - (5;»(k)s ) with § =1 to my are separated from those of
T

P(1—aj+ Y i sp) with j =1 to n and T(1 = ¢ +7Ms) with j =1 to 1 10 the left of the

=1
contour L . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §Az('k)7r’ where

n i P,k
k k k k k
T P L B0 oS S AR o)
j=1 j=n+1 j=1 J=nr+1
mp q;(k)
‘ j=mpr+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(z1,-- 5 20) =002, s |2|*7)  maz( [z, -+, |20 ) = 0
N(zl7"' 727“): O( |Z1|BI"" v|ZT|/8T)’m7;n( |Zl|7"' 7|Z7’| ) — o0
wherek = 1,--- 7 ag = min[Re(d" /8)], j =1, ,my and

Br =maz[Re((¢)"” — 1) /7). j =1, m
We will use these following notations in this paper
U=pi,¢,7:R; V=min;- - ;mp,n, (1.13)
W=p,0). g, T s RY o pie s gy Ty s R (1.14)
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1 r
A:{(a]7a§ )7 7Oé§' ))17n}7{7-7:(aj7;7 §7,)7 ;Z))nJrl,pi} (115)
1 T
B ={r(bji 8%, B Ymstai} (1.16)
C {( 51),731))1 TLl} T4(1) (C]’L(l)’ j,L(1))nl+1 p. (])} {( ; )7,7‘7(7‘))17nr}’7'i(r) (CE’:()T);’73(’;()7"))7LT+1~,I)1(T)} (117)

1 1 r r T T
D = {(d;") <hm}<w%@6%mmﬁmﬁ A8 i (03050 D1, 118

The multivariable Aleph-function write :

A c
R(z1, - ,z) =R (1.19)
B:D

Zy

Consider the Aleph-function of s variables

Al
N( te ) = No’n/:mllanllf" 7m/5,’rLIS
21, yRs) = Pé»qqubi;r’:p;(1)vq;(1)7Li(1);r(l);...;p;(s),q;(s>;bi(s) (s
Zg
/
[(u]’ lug'l)7 : 7M§rl)) n’] [[’ (ugz, /”L_gl)a .. 7#5:/ ))n’-|-]_7p§] :
, 1
........................... 7[L’L(U_77,, U;i)v . ,U‘g-: ))m/+1’q£] :
1 1 1 .
[(a§- ));oz§- ))1,71’1]7 (i) ( 2131) O‘§Z<)1>)n +1 p'<1>] S [(aES));ag's))1,n;], [Lics )((Igj() );a§j25>)n 41,P o]

Kw%ﬁwnmuwwﬂmﬁﬂmmﬂdw R (R ) R (LY. I W

C(ty,--- ,ts) H G () 2k dty -+ - dt (1.20)
k=1

// L//

with w = v/—1

n’ s (k)
(- ) = Hj (T =y + 30 1 My tk) (121)
5 yls) = r ] k s k ’
S e T s Tloags = Sp s it T T — i + i, 0P 1]

m) k k n! k &
and @k (tk) = [T D05 = 87 0) T T = af + afs)
- r(k) . 5 : .
St leaen T, D01 =680, + 6%, t) T, Tal By — a5

Suppose , as usual , that the parameters
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/

u]?J:L 7pl7vj7j:17 y 45

k) . k
CL§ )7j = 17 7n;€7 gz()k)h? —le‘f’l ' 7p;(’€);
k k .
b§¢2k>7]_mk+1 -,q§<k>;b§),j:1,---,m§€;
With]{}:l---,s”[:::[?...,r/’i(k):]_’...7r(k)

are complex numbers , and the 0/8, ﬁ/S, ’)//S and 'S are assumed to be positive real numbers for standardization
purpose such that

’

P, (k)

/(k) k k k k

ZM + Z Gt )+Za( Do D gy —Lzzv( -3 A

j=n’+1 j= ”k"’l 7=1
%)
k

—Li(k) Z BJ(Z()k) < (1.23)

j=mj +1

The reals numbers T; are positives forz = 1,- -+ | S , t;(x) are positives for iR = 1., (k)

The contour Ly, is in the ¢- -p lane and run from 0 — 200 to 0 + 200 where O is a real number with loop , if
necessary ,ensure that the poles of F(b (k) ﬂ§k)tk) with 5 =1 to 77123 are separated from those of

T(1—uj+ Z“j M with j =1 to N and (1 —al® +al™1;) with j =1 10 7, to the left of the

=1
contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < —Bfk)ﬂ, where

2
( ) (k) _ 4 (k) d (k) s (k)
k k k k

Z,u Z Hji _LiZU +Za — Li(k) Z i (n)

j:n’—H j=1 =l 41
My (k)
+Zﬁ§k) - Li(k) Z /B(’L(k)>0 with kzl, ,S,'l.:17'~~ , T ”L(k) :1’... ,T(k) (124)

j= j=m} +1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(217"' 728) - 0( |Z1|alla"' 7|Z8|a/s)’ma'r( |Zl|7"' ) |z8| ) - 0
(21, 25) = 0(]z1], By min(|z1], -+, |z ) = 00
where k =1,---,2:a) = min[Re(bhg-k)/ﬁj(-k))],j =1,---,mjand

By, = maa:[Re((agk) - 1)/a§-k))],j =1,---,ny

We will use these following notations in this paper
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/ !/

U =i, q;, ;s Vi=ming; - ymi,ng (1.25)
W= pé(l) ) q;m 5 i) 7“(1), e ’p;(r) ) qém y Li()s r(®) (1.26)

=g b e i) ) (127)
B’ = {5;(vji; 08, 08 ) 1} (1.28)
' :(ag‘l);o‘;'l))lm’l y bi(n) (aﬁ()l)5a§;<1>)n’1+1,p;(1)a"‘ ; (af);ozﬁ-s))l,n; 210 (aﬁ?sﬁO‘;st))n’s—l—l,p’i(s) (1.29)

1 1 (1 s
D’ :(bg- )§BJ(' ))1,m1 1(1)(b( ()1>75ﬂ<)1>)m +1,¢’ e (b( ), 5( ))1 m/ bis )(/8(1(3)7/8‘72( )) ’S—Fl,q;(s) (1.30)

The multivariable Aleph-function write :

lao
0,n':vV’ . ’
(21, ,20) = ROPEY . (1.31)

B D’
Zs

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [5 ,page 39
eq .30]

[T, T(4))

WPFQ [(Ap); (Bg); —(z1 + -+ + )]

1 H“ Aj+s1+- -+ 8y) . e
<27rw>’"/Ll / Bj+ 51+ +ST)F(_81)'”F(_S’”)””1"'”dsl dsy 1)

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(4; +s1 + -+ + s,)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k k
/ (t—a)* ' (b—1)°" H 1—7;( t_ah H fit+g5)%dt = (b—a)***'B(a H afj +9;)°
a Jj=1 Jj=1 Jj=1

(w:hy,--  hy, oo 1) (A1), (A s 1) (=0 2 1), (—og 2 1)
(a+/6:h17"' 7hl717"' 71):_7"' y Ty Tty T

b-—a)fy = _(b—a)fk

r(b—a)m o (b —a)h, - R
1l ) H ) afi+g1 afr + gk

(2.2)
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Wherea’7beR(a<b)aaaﬁafiagi7o-ia7-j7hj E(C7)\] €R+(Z: 1, 7k,j: 1, ,Z)

(EOT1 IO

afi + gi
and F 0 01 ' 0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[3,page

454] and [5] given by :

min(Re(a), Re(B)) > 0, fg?gl {‘Tj (b—a) ‘} <L 1<]<k {

(w:hy, - hy, Lo 1) (A1), (N i )5 (=012 1), (—og 2 1)

7 (a_{—ﬂ:hl?"'7hl717':"7i):_7"'7_;_7"'7_
b—a)fi (b—a)fr T(a+f)
s (b—a) ... b—a)m _(7 — -
77'1( CL) ’ ;Tl( CL) ’ a,f1+§]17 ) afk+0k F(a)Héle(Aj)HfleF(—aj)

+ 3 hisi+ 2k ) k
1 / - / (a Z] 11585 Z] 1 SH-J) H (s + 5, H (=0, + s14;)
Ly Litx I ( j=1

I+k
(2mw) a+ﬁ+zj 1 hjs;j +Zj 19z+]) j=1
I+k
[T 0(=s)zt ettt o2t dsy - - dsin (23)
j=1

Here the contour Ls are defined by L;j = L, (Re((j) = v}) starting at the pomt v} — woo and terminating at the
point v} +woo with vj € R(j =1,---,1) and each of the remaining contour L1, - - , Ly £ run from —woo to woo

l

Y
(2.2) can be easily established by expanding H [1 —7i(t — G)h”] by means of the formula :
j=1

(1-=2) Z (@)r 2"(]z] < 1) (2.4)

r!
r=0

integrating term by term with the help of the integral given by Saigo and Saxena [1, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [3, page 454].

3. Eulerian integral

In this section , we note :

l

! OI O
H 1 —7(t—a)"] o 7C§l)>0(i=1,~-,r);GQ:H[l—Tj(t—a)’“] 4 7gj’.(z)>0(i:1,...73)
l h, —¢/® 11(4) .
o =T -me—a)] ™ G >00=1,u)
l hs ¢ 111(%) .
0;”:1_[ [1—Tj(t—a) ] TG > 0(E=1, ) (3.1)
=1
_ - . / /
Ky = (1_a_znGi,gi(ui+ui)7ulv"' y Hsy gyt 7/1’11,717"' 71>U17"' 7Ul) 3.2)

i=1
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KQ: (1_5_2776‘1,91(101"‘,02)#1, apsvpllv"' ap;aoa"' 70,7-17"' 7Tl) 3.3)
i=1
Kp:[l—A],O, 30707"' 70707"' a0717"' 71]1,P 3.4)

Kj = [1 +oj5— ZnGi,Qi()‘z('j) +/\;('7));)‘('1)7 T a)‘g‘S) )‘/'(1) e X'(U)7O"' 10, Cg/> T aCj('l)}l,k 3.5)

1=1

Li=(1—=a=8=Y na.gti+u+pi+p)im+p1, o ps+ pespth + ol + Pl

i=1
L, Lvg 471, ,u+7) (3.6)
LQ: [1—Bj;0,--- ,0,0,---,0,0,---,0,1--- 71]17Q (3.7)

Li=[1+0; = n6.g (AW + X0 o AW N N 00, P @)

=1

h
P, = (b—a)**P- 1{1_[ afj+ g;)" } (3.9)

h
By = (b= a) Zimi btstocesinc. o {ij + g5) Tl O, }GU (.10
j=1

Where GU = w(TIG17917 e 7,’7Gv7gv) X 61 (nGl,gl) e §U (nGv7gv)

Y1,&,1=1,--- v are defined respectively by (1.2) and (1.3)

<_L)h1R1+---+huRuB(E; R17 e 7Ru)
Ri!'---R,!

B, — (3.11)
Vi=ViV51,05 51,001,050 01,0 5 Wy = WiW50, 150,130, 15+ 50,1 (3-12)
C,=C.C" (1,0),---,(1,0);(1,0),---,(1,0) ; Dy = D:;D'; (0,1),---,(0,1);(0,1),---,(0,1) (3.13)

We have the general Eulerian integral

’ / (1) _ /(1)
22t = )y (b — P T (St 4 g) N N

b k
/ (t_a)a_l(b_t)ﬂ H(f7t+9/) N
a j=1

/ .l (v) 7(v)
Z77 7U(t _ a)uf’u‘l'uu (b — t)Pv‘FPU Hle(f]t _|_ g‘])—AJ _Aj
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) 1 TTR —a57 ’ ¥ P TTE -\
z1(t — )1 (b—1) Hj:1(fjt+gj) ! z'1(t —a)"1(b—1) Iszl(fjt"'gj) !

' () , / / . _ /‘(3>
7,(t — a)k (b — t)Pr H?Zl(fjt +g;) N z's(t —a)!s(b—1)s Hf:l(fjt +9;)7

k .
PFo [(Ap)i (B)i— > 2t —a) (b —t)" [[(fit + 95) =67 | dt = — ay+e
- it

o hiRi+-h,R,<L

i Z HZ///n, e H SR By

v=0 Ry Ry=0 *=!

>
=
Il
=
>
e
Il
—_
=
=
Il
=}
S

z1(b—a)¥1 +p1
( D

[T, (afi+9:)™ 5
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(b—a)f1
afi+g1

(b—a)fk
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2/ (b—a)T1 V1

(1)

ITh_.(af; +g;)*d

BlaLlaLjaLQ7: D

z{/(b_a)‘l'l-i-vl

)

T15_ (afj+g;)

Provided that
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1 (k .
(G) < iAE I , A,(;k) is defined by (1.12) and

h
(4)
arg( HthJrqj A )

ISSN: 2231-5373 http://www.ijmttjournal.org Page 169



vts-6
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 42 Number 2- February 2017


vts-6
Text Box
ISSN: 2231-5373                          http://www.ijmttjournal.org                                Page 169



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 42 Number 2- February 2017

h 1
(i k .
arg | 2 T[] (st +a5)5" <§Bf )7t B™ is defined by (1.24)
Jj=1

(H) P < @ + 1. The equality holds, when , in addition,

k Q-F
. i)
either P > @ and |2/ H(fjtJrgj)’C.; <1 (a <t<b)
j=1

K

)

or P < @ and max ||f]t+g] =4 <1l (a<t<b)
X =1

(I ) The multiple series occuring on the right-hand side of (3.14) is absolutely and uniformly convergent.
Proof

First expressing the multivariable Aleph-function in serie with the help of (1.6) and we interchange the order of
summations and t-integral (which is permissible under the conditions stated). expressing the Aleph-function of s-
variables and u-variables by the Mellin-Barnes contour integral with the help of the equation (1.8) and (1.20)
respectively, the generalized hypergeometric function pFg () in Mellin-Barnes contour integral with the help of (2.1).
and interchange the order of integrations which is justifiable due to absolute convergence of the integral involved in the
process. Now collect the power of (f;t + g;) with j = 1,--- , k and use the equations (2.1) and (2.2) and we obtain k—
Mellin-Barnes contour integral. Interpreting (r + s + k + [)—Mellin-barnes contour integral to multivariable Aleph-
function , we obtain the desired result.

4. Particular case
TyT(1), " 5 T(r) s by b1y, 5 L) — 1, the Aleph-function of r-variables and the Aleph-function of s-variables

reduces respectively to I-function of r-variables and I-function of s-variables defined by Sharma et al [2],and we have :
We have the general Eulerian integral

/ / (1) /(1)
2 (= ap (b = AT (it o+ g) ™Y

b k
/ (t—a)* (b —t)7 [T (£t +g5)7N

Jj=1
/ / () _yr(v)
27 (= @)t (b — )P TTE (fyt 4 g) ™ N
k N C) R ’ / k N
z1(t — a) (b — 1)” Hj:1(fjt+9j) ! z'1(t —a)1(b— )" Hj:1(fjt+gj) !
I I
. k _ (1-) , ’ , ‘ L _ /A(S)
2e(t = a) (b= )P TT=y (fit + g5) ™ 25t —a)s (b — )P [T, (it + ;)™
l k o
pFQ (Ap);(BQ);—ZZ:/(t—CL H fjt—|—gj <j dt :(b—a)a+5_1
=1 7j=1
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r M, SRS hiRi+hyR,<L N
P

1%, 1(B,) S
_ P1 J=1 F(A]) . N Z Z H Z;//nhivkiH Z”RkBuBu,'u
J

[Tj= hi=1  h,=1ki=0  k,=0 Ry, ,R,=0 =1 k=1
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( (€]
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' T A17K17K27KP7Kj : C
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zi(b—a)“/ler/l :
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15 0 s ks 2,04 15wy H;?:l (af; +gj)>‘j( . (4.1)
(b=a)fr .
afi+g1 .
(b—a) [ :
afr+gx .

Zil(b—a)Tl +vq

(1) :

[Th_.(af; +g;)

Bl,Ll,Lj,LQ,Z D

K z{/(b_a)'rl—l—'ul
(1)

k ¢

Hj:l (afj+g;)7
under the same notations and conditions that (3,14) with 7, T(1), * ** , T(r) s by L(1), " =+ 5 b(w) — 1

Remark

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable Aleph-functions.

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable Aleph-
functions, a expansion of a multivariable Aleph-function and a generalized hypergeometric function with general
arguments. The formulae established in this paper is very general nature. Thus, the results established in this research
work would serve as a key formula from which, upon specializing the parameters, as many as desired results involving
the special functions of one and several variables can be obtained.
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