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On general Eulerian integral of certain product of multivariable Aleph-function, the
classes of polynomials and generalized hypergeometric function
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ABSTRACT

The object of this paper is to establish an general Eulerian integral involving the product of the multivariable Aleph-function, the general classes of
multivariable polynomials and a generalized hypergeometric function which provide unification and extension of numerous results. We will study
the particular case concerning the multivariable I-function defined by Sharma et al [3] and the Srivastava-Daoust polynomial [4].
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1.Introduction

In this paper, we evaluate a general Eulerian integral concerning the product of the multivariable Aleph-function, a
generalized hypergeometric function and the classes of multivariable polynomials.
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Suppose , as usual , that the parameters
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with k=1 ,ri=1--- R ,i®=1,... RO

are complex numbers , and the a’s, 153 'S, ’y/S and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers 7; are positives for i = 1 to R’ , T;(k) are positives for i®) =11 R'*)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if
necessary ,ensure that the poles of I (d;(k) — 5;(k) Sk) with 7 =1 to my are separated from those
T

NGRS a; + Z Oé;-(k)sk)of with j = 1ton and I'(1 — /(k) + ’)/( ! %) with 7 = 1 to ny, to the left of the
i=1

contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A;(k‘)7r , where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(z1, -5 20) = 0(|2a|* o J2e|™) ymaa( [zl -+ J2e] ) = 0
N(zlv' o 527“) = 0( |z1|617"' >|Z7"|Br)’min( |z1|7' ) |Z7"| ) — 00
where k=1,--+ ,r:a) = min[Re(d‘/j(k)/@;(k))]?j =1,---,m)} and

Bt = maz[Re((c]") — 1)/7[)].j =1, ,m}

We will use these following notations in this paper
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The multivariable Aleph-function write :

A C
N(z1, -, 2r) ZN%’?V}V L (1.12)
B:D

Zo-

The generalized polynomials of multivariables defined by Srivastava [6], is given in the following manner :

mla"'ymn (_N].)le (_NU)WUK
SN1,"',NU [ylv'” 7y1) — Z Z Kll 1... 7l

ANy, Ky 3 Ny, Kyt -yl (1.13)

where 91, , - -+ , 9, are arbitrary positive integers and the coefficients A[Ny, K1;--- ; N,, K] are arbitrary
constants, real or complex.

Srivastava and Garg [6] introduced and defined a general class of multivariable polynomials as follows

h1R1+'“huRu<L ZRl ZRu
h PR ,hu . 1 e
SLl [’Zl?"‘ 7Zu]: Z (_L)hlR]+"'+h1l,Ru,B(E7 Ry, Ry ) > ] (1.14)
R{!--- R,
Ry, ,Ry,=0
The coefficients are B[E; Ry, ..., R,] arbitrary constants, real or complex.
—N- N,
We will note a,, :( DR (=)o, K”A[Nl,Kl;--- ; Ny, K] and
Ky! K,!
—-F B(E;Ly,---,L
o, o TRt Fur  BUE Ly L) (wL15)

Ll Ly

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [7 ,page 39
eq .30]
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H?:lF(Bj)P Q[( P)a( Q), (3;1_|_ +x )]
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where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(A; + s1 +--- + s,)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j = 1, -

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k k
(/(pﬂn IIl—gt—a IIfﬁ+% )7dt = (b—a)*** 1 B(a, B) [[ (af; + g;)"
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where a,b € R(a < b),a, B3, fi, gi,04,7j, h; € C, N\ ERT(i=1,-++ ki =1,---,1)

bet,

1:1,---,1;1---,1 ., . . . A .
and I 1:0,---,0;0,--- ,0 1 @ particular case of the generalized Lauricella function introduced by Srivastava-Daoust[5,page
454] given by :

(b—a)fi
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Here the contour L’;s are defined by L;j = L, (Re(¢;) = v}) starting at the point v; — woo and terminating at the
point v} +woo with vj € R(j =1,--- ,1) and each of the remaining contour Li41, - - , Li4+& run from —woo to woo
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l

1=
(2.2) can be easily established by expandin [1 —7j(t — a)h’] ’ by means of the formula :
y y exp g y
=1
(@)

(=27 =3 (s < 1) 2.4
r=0 ’

integrating term by term with the help of the integral given by Saigo and Saxena [1, page 93, eq.(3.2)] and applying the

definition of the generalized Lauricella function [5, page 454].

3. Eulerian integral

In this section , we evaluate a general Eulerian integral with the product of two multivariable Aleph-functions, class of
multivariable polynomials and generalized hypergeometric function. We note

! (4) . ! (i) .
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7 1 T 1 s
— 40— ZR/\// ZK/\/” ). )\() 7/\5‘)7/\;'( ). .. 7)\;(),0,...,()7(),... ,0]1,£(3.10)

=1

Vi=V;1,0;---51,0;1,0;---:1,0;1,0;--- ;1,0 ; Wy = W;0,1;---;0,1;0,1;---;0,1;0,15--- ;0,1 (3.11)
Cq 205(170)7"' ,(1,0);(1,0),-'- 7(170);(1?0);"' ;(170);

Dy = D; (07 1)7 Ty (07 1); (0’ 1)7 T (07 1); (07 1); R (07 1) (3.12)
V, W, C and D are defined by (1.6), (1.7), (1.10) and (1.11) respectively

h
By = (b— a)Zim K@it Ein (et b e F TT (g f; 4 g;) = Zoim KT =20 A (3.13)
j=1
We have the general Eulerian integral
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pFg [(Ap); (Bg); — g 2000 (t — a)*i (b — t)P: H(fjt +g)™N |dt=
=1

Jj=1

[Ny/O.]  [No/MolhiRit+ehy Ru<L

(b - a)a-l-ﬁ—l H;J:I F(B]) H(af _’_gA)Uj Z e Z H ZI”K H z’/R’“aq,b By,
7 A ) j j 3 u u,

Hj:lF( i) j=1 Ki= K,=0 Ry, ,Ry=0 =1

ISSN: 2231-5373 http://www.ijmttjournal.org Page 220


vts-6
Text Box
ISSN: 2231-5373                          http://www.ijmttjournal.org                                Page 220


vts-6
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 42 Number 3- February 2017



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 42 Number 3- February 2017

0,n+P+k+k+2:V;
UPtith+2,Q+k+i+1:Wi

\
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A
H?:l (a“fj -I_gj) J
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B ) LlaLQ7Lj7L;'aD1

where Up i 1o pihrin =U + 0, + P+ k+14+2,¢; +Q+k+1+1,7; R

This result is an extansion the formula given by Saxena et al [2]. Provided that

(b—a)fi
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|
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(A) max
1<k

®) Re[o + Z i
=1

1<j<m!, 5’()

<1, 112?§l{}7'jb—a j‘}<1,
d’(l) d/-(i)
<] >0and Re| 5—1-sz 7] >0

1<J<m 5’(1)

v u r l v u T
(C) Re <Oé + Z Kia/i + Z Ria; + Z,uisi + Z hzwz> > 0;Re (6 + Z Kib; + Z R;b; + Z pi5i> >0
1=1 =1 =1 1=1 =1 =1 =1
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I
9;(k) k

my
+Z5;'(k)_ z’l(k> 5;(112) Mi—,Oi—Z)\l(Z)>O (i=1,--,7)

j=mj +1 =1

! W F i 1
(E) |arg H 1—7;(t—a)t d G H(,fjt+gj>_)\;) <§A;(k)7r (a<t<bi=1,---,7)

Jj=1

(F) P < @ + 1. The equality holds, when , in addition,

! _er )T
either P > Qand | [ 2/ > " [1—7;(t — a)"] e [Tt + g <1(a<t<b)
i=1 j=1
/ l hi1 =G k A
or P<Qand max ziZ[l—Tj(t—a) i H(fjt—i-gj)’f <1 (a<t<b)
1<i<k = i
Proof
To prove (3.14), first expressing a class of multivariable polynornlals S ]33} ° H defined by Srivastava [4] in

serie with the help of (1.13), a class of multivariable polynomials S Ll’ h ’h“ [] defined by Srivastava et al [6] in serie
with the help of (1.14) and we interchange the order of summations and t-integral (which is permissible under the
conditions stated). Expressing the Aleph-functions of r-variables in terms of Mellin-Barnes type contour integral with
the help of (1.1)and the generalized hypergeometric function pF Q () in Mellin-Barnes contour integral with the help
of (2.1) and interchange the order of integrations which is justifiable due to absolute convergence of the integral
involved in the process. Now collect the power of [1 — 7t — a)hi] with (i =1,--- ,r;5=1,---,1) and
collect the power of (f;t + g;) with j =1,--- k. Use the equations (2.2) and (2.3) and express the result in Mellin-
Barnes contour integral. Interpreting the (r 4+ s + k + ) dimensional Mellin-Barnes integral to multivariable Aleph-
function, we obtain the equation (3.14).

4. Particular cases

a)lf T, Z’ y T, {(1) s, T, ,L-/(r) — 1, the multivariable Aleph-function of s-variables reduces to multivariable I-function
of s-variables defined by Sharma and al [3] and we have

b k
/u— 01— P LT[ [1- 7t — ] T[ (st + )

Jj=1 Jj=1

k _ /4/(1)
207 (t — a)* (b — )" [T5—, (fit +g;)
Sj’;h N
k _ /‘/(u)
Zoy Oy (t — @) (b — t)b“ H_j:1(fjt + 95) A
/ / 711(1)
20t — a)™ (b — )% [Ty (Fit +9) ™
SNla" 7N’U

, , _ 111 (v)
200 (t — @) (b — 1) TT5_ (f5t +g;) ™
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Nl/ml]
2, T(By)

(b—a)aJrﬁ 122g=1 V)7 (af; + g5)

HLP(AJ-)E T Klz_:o
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Uprtitk+2,Q+k+1+1:W1

\

zl(b—a)“l"'pl
(1)

Ay

f:l (afj+g;)"7

Zr(b_a)ﬂr‘HDT

(r)
A

2 (b_a)u’1+p’1

k
-t [[(fit+95)
71=1

[Ny/MyolhiRi+-hy Ry <L

K,=0

(1)
15, (afi+9;)

z' (b_a)“’s"‘/)/s

k
71(

Tl(b

T (b — a)’”
(b—a)fa
afi+91

(b—a) fi
afr+gk

under the same conditions and notations that (3.14) with
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A
dt =

v
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i=1 k=1

2. X

Rly"' 7Ru:0
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4.1)
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A ’ ()
T 0o T O TU G50
b)If B(L;Ry, -+ ,Ry) = 4 R105++Ru0; J 19 j i) Ruo) w

C D(w) u
Hj:l( )le +--+Ry, w(“) H ( )Rl(sl o 'Hj 1 (dg ))Ru5§~u)

then the general class of multivariable polynomial 521 o h

defined by Srivastava et al [5]. We have

[21, JEIE zu] reduces to generalized Lauricella function

b l k
/(t—a Hl—Tyt—ah Hf,t+g,
a j=1

k _ /4/(1)
20 (t — a) (b — 1) [T;—y (fit +g;)

F1+A:B/;~--;B(“)
C:D’;--- ;D)

71(w)

Zi0(t — a)® (b — t)% [TV, (fit + g5)

((L)iRa, -, Rull(@): 0, 0] = [(); '] - 5 [(B)); 0]
()5, ] [(d); 07); - ,[(d(”))ﬁ(“)]

) , 111(1)
207" (t — a)a (b — 1) [T5_y (it + g5) 1

93’{17... ’i)jtn
SNla"' aN'U

, /. 111(v)
20" (t — a)% (b — t)b'u H?:l(fjt + gj)_Aj

(1)
2101(t — a) (b — 1) [T5_, (fit +95) ™

' N
200, (t — )i (b — )P [T5_, (fit +95) ™

s

k ,
PFo [(Ap):(Bo)i— Y 26t —a)* (b — ) [ (St +9) ™ | dt =

=1 j=1
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UPtith+2,Q+k+i+1:Wi

Nl/iml]

K1=O

z1(b—a)r1 +pr1

(1)
A
?:1 (afj+g;)"7

Zr(b_a)MT+PT
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where b,, =

Remark:

R R,

,B[E; Ry, ..., Ry is defined by (4.2)

By the following similar procedure, the results of this document can be extented a class of multivariable polynomials
defined by Srivastava et al [6] and Srivastava [4]. The formula (3.14) is an extension of result concerning the
multivariable H-function defined by Srivastava et al [8]. For more details, see Saigo et al [2].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of the multivariable Aleph-
function, the classes of multivariable polynomials and generalized hypergeometric function with general arguments.
The formulae established in this paper is very general nature. Thus, the results established in this research work would
serve as a key formula from which, upon specializing the parameters, as many as desired results involving the special
functions of one and several variables can be obtained.
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