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Abstract. This paper deals with the asymptotic and oscillatory properties of solutions of a class of second order non-

linear damped neutral difference equations of the form

Alrm)(Az(m)*] + a(n + 1)(Az(n + 1))* + q)f(x(n+0)) =0;  n=n,, (%)
where z(n) = x(n) —p(m)x(n —1),@ =1 is a ratio of positive odd integers, {p(n)}, {q(n)}, {r(n)} and
{a(n)} are sequences of real numbers, T and ¢ are integers, and f: R — R is a real valued continuous function. We
established some new sufficient conditions under which every solution of (*) is either oscillatory or tends to zero as
n — co. The results are illustrated with examples.
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1. Introduction
In this paper, we deals with the asymptotic and oscillatory properties of a class of second order nonlinear
damped neutral difference equations of the form
Alr(m)(Az(m)*] + a(n + 1)(Az(n + 1))* + q() f(x(n + 0)) = 0; n=ny, (1.1
where
z(n) = x(n) —pMx(n —1), (1.2)
A'is the forward difference operator defined by Ax(n) = x(n + 1) — x(n), @ = 1 is a ratio of positive odd integers,
{pm)}, {g(n)}, {r(n)} and {a(n)}are sequences of real numbers, and f: R — R is a real valued continuous
function with uf (u) > 0 foru # 0.
Throughout this paper, the following conditions are assumed to be hold:
(H;) {p(m)}isasequence of nonnegative real number and there exist a constant p, such
that 0 < p(n) <p, < 1;
(H,) {r(n)}is asequence of positive real numbers;
(H;) {a(n)}is asequence of real numbers such that a(n) + r(n) > 0,
(H,) {q(n)}isasequence of nonnegative real numbers and {g(n)} is not identically zero

for all sufficiently large n;

(Hs) R(n,ng) = ?;,1_0;1 — o asn — o, where

BTN
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b(n) = lj<1 +%)

(Hg) There exist a constant k > 0 such that > k for all u # 0, where g is a ratio of

f@w
uP

positive odd integers with a > B;

(H,) tisanonnegative integer and o is an integers.

By a solution of (1.1), we mean a real sequence {x(n)} which is defined for n* > min{ny,ny, — 7,ny + o}
and satisfies (1.1) for n = n* . We consider only such solution which are nontrivial for all large n. A solution {x(n)}
of (1.1) is said to be nonoscillatory if the terms x(n) of the sequence are eventually positive eventually negative.
Otherwise it is called oscillatory.

Recently, neutral delay difference equations, that is, difference equations in which the highest order
difference of the unknown sequence appears both with and without delays, have considerable attention in the study
of qualitative properties of these equations. The problem of asymptotic and oscillatory properties of solutions of
neutral difference equations is of both theoretical and practical interest. One reason for this is that they arise, for
example, in applications to electric networks containing lossless transmission lines such networks appear in
highspeed computers where lossless transmission lines are used to inter connect switching circuits. They also occur
in problems dealing with vibrating masses attached to an elastic bar and in the solution of variational problems with
time delays.

On reviewing the literature, it becomes apparent that most results concerning the oscillation of all solutions
of (1.1) are for the special case when a(n) = 0. Regarding the oscillation of undamped neutral difference equations,
that is, special case of (1.1) with a(n) = 0, many papers have been published for different cases of p(n) such as
-1<pmn) <0, —0 < po<pn) <0and 0 < p(n) < p, < 1. We refer the reader to [3, 4, 7, 11, 18] and the
references cited therein as examples of recent results on this topic.

In [9], we established sufficient conditions under which every solution of (1.1) is either oscillatory or tends
to zero and derived sufficient conditions for oscillation of all bounded solutions of (1.1) for the case @ = 1,a(n) =
Oand f(u) = u.

Saker et al. [20] established sufficient conditions which ensures oscillation of all solutions of the equation
(1.1) for the case p(n) = 0,a(n) = 0and o = 1.

Tunc et al. [19] consider the following second order nonlinear damped neutral differential equation of the

form

COEEND +h@(2®) +q0f (x(6®)) =0,  t=t>0,  (13)
and they established sufficient conditions under which every solution of (1.3) is either oscillatory or tends to zero as
t — oo. Motivated by the above observations, we establish sufficient conditions under which every solution of (1.1)
is either oscillatory or tends to zero as n — oo.. Our obtained results are discrete analogues of the some well-known
results due to [19]. For the general background of difference equations, one can refer to the papers [8, 10, 12-15, 17,

21], monographs [1, 2, 5] and references cited therein.
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2. Main Results

To simplify the formulation of our results, we will use the following notations:

n-1
1
(i) R(m,ny) = —— s forng<n; <n<w (2.1)
s=n, (b(s)r(s))e
(i) 6(n,n,) = R(n+o,n.) for sufficiently 1 : 2.2
ii n,n,) = Rt L n) or sufficiently large n; (2.2)
1; g=>1

Also for any sequence {u(n)}, we get
(u(m)), = max{0, u(n)}.

The following lemmas are very useful to prove our main results.
Lemma 2.1. [6]. If A and B are nonnegative and 4 > 1; then

AAB*1 — A% < (1 - 1)B% (2.4)
where the equality holds if and only if A = B.
Lemma 2.2. [6] If A and B are positive real numbers and A > 0, then

A*—BA>AB* 1 (A-B)if A>1
or
AY —BA> 1AM (A-B) if 0< A<1.

There is obviously equality when A = 1 or A = B.
Theorem 2.3. Assume that there exist a positive sequence {n(n)},-,, such that for all sufficiently large N, and for
N > N,,

(), ]

REs+1,N)| (25

limsup )’ [kb(s)n(s)q(s)qs(s, N,) -

with C* > 0, then every solution of (1.1) is either oscillatory or tends to zero.

Proof. Let {x(n)} be a nonoscillatory solution of (1.1). Without loss of generality we may suppose that {x(n)} isan
eventually positive solution of (1.1). Then there exist an integer n, > n, such that
x(n) >0, x(n—1)>0 and x(n+ o) >0 for n >n,. (2.6)
Multiplying (1.1) by b(n) we have
A[b(n)r(n)(Az(m)*] + g(m)b(n)f (x(n + ) = 0,

which implies that

A(b(n)r(n)(Az(n))a) = —q(n)b(n)f(x(n + O')) <0; forn=n,, 2.7)
so {b(n)r(n) (Az(n))a} is eventually decreasing sequence, say for n > n, > n,. We claim that
Az(n) > 0 forn = n,. (2.8)

If this is not so, then there exists n; = n, such that Az(n;) < 0. In view of (2.7), there is n, > n5 such that

b)rm)(Az(n))” < b(ny)r(ny)(Az(ny))’
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=C < 0forn >n,.

Hence
1 1
Az(n) < Ca T, (2.9)
(b(n)r(n))"‘
from which it follows that
n-—1
1 1
z(n) < z(ny) + Ca —— 5 forn = n,. (2.10)
s=ny (b(s)r(s))“
In view of (Hs) and (2.10), we follows that
lim z(n) = —oo. (2.11)
n—x
Thus, there are two cases to consider.
Case 1: If {x(n)} is unbounded, then there exists a sequence {n, } such that
lim,,_,,, n, =oand, lim,_,, x(n;) = o, where
x(ny) = max{x(s):ny < s < ng}, (2.12)

Then from (1.2), we have
z(ny) = x(ny) — p()x (e — 1)
> x(m)(1 - p(ny)
= x(ni)(1 —po) >0,
which contradicts (2.11).

Case 2: If {x(n)} is bounded, then, in view of the definition of z(n) and the factthat 0 < p(n) <p, <1,
it follows that {z(n)} is bounded, which again contradicts (2.11). Thus, in view of Cases 1 and 2, we conclude that
(2.8) holds.

Hence from (2.7) and (2.8) and the definition of z(n), we conclude that there exists n, > n, such that,
for n = n,, either

z(n) > 0,
Az(n) >0,
A(b(m)r(n)(Az(n))*) <0 (2.13)
or
z(n) <0,
Az(n) > 0,
A(b(m)r(n)(az(n))*) < 0. (2.14)
Assume that (2.13) holds. We note that x(n) > z(n) and set

b(n)r(Zrz)((nA)z(n)) for n > n,. (2.15)

w(n) =n(n)
Then w(n) > 0 for n > n, and, form (1.1) and (2.15) we obtain

Abmrm)(azm))
zP(n)

b(n+ Dr(n + 1)(Az(n + 1))°

2P(n)zF(n+ 1) Azf(n)

n(n)

Aw(n) =n(n)
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N b(n+ Dr(n + 1)(Az(n + 1))“

preh An(n). (2.16)

By using Lemma 2.2, we have
AzP(n) = 2ZP(n+ 1) — 2P (n) = BzP~T(n)Az(n). (2.17)

Using (2.17) and (2.16), we get
n(m)A(b()r(n) (Az(n))®) b(n+ Dr(n + 1)(Az(n + 1)*
Aw(n) < pIO) — Bn(n) FOYICES) Az(n)
b(n+ Dr(n+ 1)(Az(n + 1))a
* zZP(n+1)

An(n)

qbm)f(x(n+0))  Bn)b(n + Dr(n + 1)(Az(n + 1))*
< @) zP(n) B z(n)zf(n + 1) az(n)

b(n+ Dr(n+ 1)(Az(n + 1))*
* zZP(n + 1) (Ar}(n))+

—-nm)gmbM)xP(n+0) Pnm)b(n+ Dr(n+ 1)(Az(n + 1))“
<k zP(n) - z(m)zPF(n + 1) Az(m)

b(n+ Dr(n + 1)(Az(n + 1))*
* it 1) (an(m)), (2.18)

—kn()qmbm)zf (n+0) pnmb(n + Dr(n +1)(Az(n + 1)) R
- ZP(n+1) z(n)zZF(n + 1) ()

b(n + Dr(n + 1 (Az(n + )"
* At D) (an(m)),. (2.19)

In view of the fact that Az(n) > 0 for n > n, it follows from (2.19) that

Aw(n) <b(n+ Dr(n+1) [Azz(in:ll))] 2P + 1)(Ar) (n))+

z(n + o) A

oD (2.20)

—kb(m)n(n)q(n)

Since {b(n)r(n)(Az(n))"} is nonincreasing, we see that
zin+1)=z(n+1) —z(n,)

n

_ Z (b (s)r(s) (Az(s))a)&
s=ny (b (s)r(s))a

n

> (br(m) (Az(n))*)® Z m
s=n, (b(s)r(s))®

n

1

> (b(n+ Dr(n + 1)#Az(n + 1) z (—)_
s=nz (b(s)r(s))*

from which it follows that
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Az(n+1) 1
zm+1) —

. . (2.21)
(b(n + Dr(n+ 1))5 R(n+ 1,n,)

Using the fact that {b(n)r(n)(Az(n))"} is eventually decreasing for n > n,, we have
0< b(n)r(n)(AZ(n))a < b(nz)r(nz)(AZ(nz))a =C, n=n, (2.22)

and thus we have, forall n > n; =n, + 1, that

1 n

zn+1) <z(ny) + ClE ——=
s=n, (b(s)r(s))"‘

1
<z(ny) + CFR(n+ 1,n,)

1

z(n,) yce
1

R(n+1,n,)

_ z(n,)
B [R(n3 +n,)

R(n+1,n,)

1
+ CI“] R(n+1,n,)

1
holds, where ¢, = —2_ 4 €. Using (2.21) and (2.23) in (2.20) we obtain

R(nz+nz)

C3(An(n))+
RE(m+ 1,ny)

z(n + o)

Aw(n) < z(n+1)

B
— kb(n)n(n)q(n) ( ) for n = n,, (2.24)

where C; = ¢57°.
Now if o > 1, in view of the fact that {z(n)} is increasing, we have
z(n+ o)
z(n+1) 7

(2.25)

Using (2.25) in (2.24), we get
C3(An(n))+
RE(m+ 1,n,)

Now, if ¢ <0, we can choose n; >n, such that n+ o >n,, for all n>n5. Thus from the fact that

Aw(n) < — kb(m)n(n)q(n). (2.26)

{b()r(n)(Az(n))"} is eventually decreasing, we have

o (b©)r()(Az(s)")”
s=n+o (b(s)r(s))a

zm+1)—z(n+o) = (2.27)

n

1

< (b(n +o)r(n+ 0')(Az(n + a))a)% —<
s=n+o (b(S)T(S))“

= (b(n + o)r(n + o)(Az(n + a))"‘)é R(n+ 1,n+ 0);

that is

2+ _ (b4 o)r(n+ o) (Az(n + )Y

Znto) - 2+ 0) [R(n+1,n,) —R(n+o,n,)]. (2.28)
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Again
zn+o0) =z(n+o)—z(ny)
_ Z (b(s)r(s)(Az(si) )”‘ (2.29)
s=ny (b(s)r(s))"‘
> (b(n +o)r(n+ o)(Az(n + 0))“)% R(n +o,n,)
that is,
(b(n + o)r(n + o) (Az(n + o))“)é _
21+ 0) SRmtomn) for n = ns. (2.30)
From (2.28) and (2.30), we have
z(n+1) - R(n+1,n,)
zn+0)” Rn+o,n,)
or
z(n+o0) RMm+o,n)
z(n+1) " R(n+1,n,) 0(n,ny). (231)
Using (2.31) in (2.24), we see that
C5(An(n)
Aw(n) < R’;((nfln):) — kb(m)n(n)q(n)6% (n,n,). (2.32)
Combining (2.26) and (2.32), we see that
Cs(AYI(Tl))+
Aw(n) < —kb(m)n(n)qn)p(n,ny) + m for n = ns. (2.33)
Summing the inequality (2.33) from n; ton — 1, yields
Cs(an(s)),
2. | On©a©0(s, 1) = e B < win) — wln) < wing) (234)
which contradicts condition (2.5).
Now, let (2.14) hold. In view of z(n) < 0 and Az(n) > 0, we have
rlj_}r&z(n) =[<0, (2.35)

where [ is a constant, and so {z(n)} is bounded for sufficiently large n. We assert that {x(n)} is also bounded.
Otherwise if {x(n)} is unbounded, then there exists a sequence {n,} such that lim,_,, n, = o and lim,_,,, x(n;) =
oo, where x(n; ) is defined by (2.12) and so, from the definition of z(n) and t < 0, we see that
z(ny) = x(n) — p(y)x(ny, — 7)
> (1-p(n))x(n, —1) >0, (2.36)
which contradicts the fact that z(n) < 0 for n = n,, and so {x(n)} is bounded. Therefore, we have

limsupx(n) =u, 0Zpu<ow. (2.37)

n-x
If u > 0, then there exists a sequence {n,,} such that lim,_, n, =« and lim,,_,x(n,) =u Let €=u(l -

Po)/2p,; then for all large n, we have x(n,, — 1) < p+€. From this and the definition of z(n), we obtain
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#(1 = po)

—>0,
2

which contradicts the fact that z(n) < 0, and hence limsup,,_,,, x(n) = 0. Now, in view of the fact that x(n) > 0,

0 = lim z(n,,) = lim x(n,,) — po(u+€) = (2.38)
n—-o m-x

we conclude that lim,,_,,, x(n) = 0, which completes the proof of Theorem 2.3.

Theorem 2.4. If there exists a positive sequence {n(n)},-n, such that for all sufficiently large N, and for N > N..

a CbEr) ((an),)"
hg;sgpz ODODISEN) ~ o yem o STy | = @3

where C* > 0, then every solution of (1.1) is either oscillatory or tends to zero.

Proof. Let {x(n)} be a nonoscillatory solution of (1.1). Without loss of generality, we may suppose that {x(n)} is an
eventually positive. Then there exist an integer n, > n, such that

x(n) >0, x(n—1) >0, and x(n+ o) > 0 for n = n,. (2.40)
Proceeding as in the proof of Theorem 2.3, we see that (2.13) or (2.14) holds. If (2.13) holds, as in the proof of
Theorem 2.3, we obtain (2.17), (2.20), (2.21), (2.23), (2.25) and (2.31). Using (2.15) and (2.31) in (2.17), we have,
Bn(m)b(n + Dr(n + 1)(Az(n + 1)) Az(n)

z(n)zB(n + 1)
W(n +1)

Aw(n) < —kb(m)n(n)q(m)¢(n, n,) —

o)) (an(m)),. (2.41)
Using (2.15), (2.23), Az(n) > 0 and the fact that g — 1 < 0 in the middle term of the right hand side of (2.41), we
have
E—l E—l
Aw(n) < —kb(n)n(m)q(n)¢(n,n,) — ﬁn‘fi)cz Re (n+ 1,an) waTﬂ(n +1)

n e (n+1D)(b)r®))®

w(n + 1)

n(n +1) ( (n))
or

An(n)
Aw(n) < —kb(m)n(m)q(n)¢(n,ny) + ( n(n ¥ 3) w(n+1)

C4Bn(n)Ra ‘n+1, nz) aTﬂ(n+ D, (2.42)
n'e (n + 1)(b(n)r(n))

B4
forn > n; where €, = € . Letting

>R

4= C4ﬁ17(n)Ra 'm+1 nz) win+ 1),

ne(n+ 1)(b(n)r(n))
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l naTH(n + 1)(b(n)r(n))% ’ (An(n))+

B =
g C4ﬁﬂ(n)R§_1(n +1n,)) T+ D

and A = “TH in Lemma 2.1, (2.42) implies
Aw(n) < —kn(n)b(n)q(n)p(n,n,)
e b (),
(@+ D (C,pnm)) RE~<(n + 1,my)

Summing the above inequality from n; ton — 1, we have

@@ C3b(s)r(s) ((AU(S))J,)“H
(@+ D™ (Bn(s)) RE-%(s + 1,n,)

, for n>n,. (2.43)

n
> |knbs)atees ) - ‘sW(ng) <, (244)
P
which contradicts condition (2.39).

Finally, if (2.14) holds, proceeding as in the proof Theorem 2.3, we see that lim,_,, x(n) = 0, which
completes the proof of Theorem 2.4.
Theorem 2.5. Assume that @ > # > 1. Suppose that there exists a positive sequence {n(n)};-n, such that for all

sufficiently large N, and for N > N,.

b)) ((4n(s)),)
4Bn(s)RE-1(s + 1,N,)

limsup ) |kn(s)b(s)q(s)p(s, N.) — =, (245)
"~ s=N

where C* > 0, then every solution of (1.1) is either oscillatory or tends to zero.

Proof. Let {x(n)} be a nonoscillatory solution of (1.1). Without loss of generality, we may suppose that {x(n)} is an
eventually positive. Then there exist an integer n; > n, such that

x(n) >0, x(n—1) >0, and x(n+ o) > 0 for n > n,. (2.46)
Proceeding as in the proof of Theorem 2.3 and 2.4, we see that (2.13) or (2.14) holds. If (2.13) holds, as in the proof

of Theorem 2.4, we obtain (2.42) which can be rewritten as

A < —kn(n)b (&nm), 1
w(n) < —kn(n) (n)q(n)¢(n,nz)+mW(n+ )

B
C4Bn(n)RE_1(n +1,n;)

w1 _Wé_l(n + Dwi(n+1), (2.47)
na (n+ 1)(b(m)rn))e

for n = nz. From (2.15), we have

(Az(n + 1))04)%—1

wal(n+1) = (n(n+ Db+ Dr(n + 1))5_1< ZP(n+1)

— (n(n+ Db+ Dyr(n+ )i LZOED)
Z‘B(E_l)(n +1)
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B
$a(n+1)

= Db(n +1 Pyt L et
(n(n+ Db+ Dr(n+ 1)) e 1))a_1

zn+1)

! (a-1) B4
m) V4 (0‘ )(Tl + 1) (248)

— (1(n + Db(n + Dr(n + D) " (

From (2.21), we have

z(n+1) -

AT D) > (b(n+ Dr(n+ 1))%R“‘1(n +1,1m,). (2.49)

From (2.23) and the fact that (a — 1) (g - 1) < 0, we obtain,

B B B
2@ @)@+ 1) < @ VEVR@DE ) (0 4 1,0y, (2.50)
Substituting (2.49) and (2.50) into (2.48), we have
1 1 B B
wa '(n+1) =>na '(n+ 1)CZ<“‘1)(E‘1)R3‘E(n +1,n,). (2.51)
Using (2.51) in (2.47), we obtain
(an(m)),

Aw(n) < —kn(m)b(m)q(n)¢p(n,n,) + " wn+1)

n+1)
_ BRI (n+ 1,n,)

—w?(n + 1). (2.52)
Csn2(n+ D(b(m)r(n))®

Completing sequence with respect to w(n + 1), it follows from (2.52), that

C(byr ()T ((A’?(n))+)2

Aw(n) < —kn(n)b(n)g(m)¢(n,n,) + AR (n Ly (2.53)
Summing the last inequality from n; to n — 1, we obtain
z C3b(s)r(s)z ((An(s)), )
D b ©a@sm )~ S <wi) <, (259)

s=ng
which contradicts condition (2.45).

Finally, if (2.14) holds, proceeding as in the proof of Theorem 2.3, we see that lim,,_,,, x(n) = 0, which
completes the proof of Theorem 2.4.
Remark 2.6. If & = 8, then we have C* = 1 in Theorem 2.3-2.5.

3. Examples

Examples 3.1. Consider the following second order neutral advanced difference equation of the form

n

1 1 1
A% |x(n) —Ex(n - 1)] _EA [x(n +1) — Ex(n) + xn+1D)=0n=12.. (3.1)

2n—1
Clearly, we have r(n) = 1, a(n) = —%, q(n) = %,p(n) = %,‘r =1l,o0=1fw=uanda==1,C"=1.

Also we can see that

1
b(n) = ﬁl
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R(n+1,N,) =R(n+1,1) = 2"+t — 2;
and

p(m,N,) =p(n,1) =1.
Choose n(n) = 2", then An(n) = 2™. Now,

c*(an(s),
RB(s+1,N,)

n 25
= limsup )" (577—)
n= s=N

Sl
- 1. Z 2~ !
wsup g5 T
s=N

which implies that by Theorem 2.3, every solution of (3.1) is either oscillatory to tends to zero.

limsup )’ [kn(s)b(s)q(s)qb(s, N.) -

Example 3.2. Consider the following second order neutral delay difference equation

3
Aln3 (A (x(n) - %x(n - 1))) +(n+1)2 <A (x(n +1) — %x(n)))

¥3n-1)=0; n=12,... (3.2)

3

* 128n

Here , we have r(n) = n3, a(n) = n?, p(n) = % qgn) = %, t=10=1fw=u3 k=1 anda =p = 3. Let

us choose n(n) = n. Then An(n) = 1. Now

- a(s)
b(n) = ﬂ(l +m> =n+1

s=1
Also,
n-—1
R(n,1) = _—
s=1 (b(s)r(s))”
n-1 1
=) ———————>was noon
s=1 ((s + 1)s3)?
Now

¢, N,) = p(n,1) = 0f(n,n,) = 1.
Now we can show that

a®*Cb(s)r(s) ((An(s))Jr)aH
(@ + )%+ (Bn(s))*RE~*(s + 1,n.)

I . [s+1 s+11
‘?ﬁ&pz 128 2561 7
s=N

Then by Theorem 2.4 every solution of (3.2) is either oscillatory or teds to zero.

limsup " kn()b(s)a () (s, N.) -
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