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1. INTRODUCTION
K. P. R. Sastry et. al[2] proved a fixed point theorem for four self-mappings on a complete Menger
space using compatible, weakly compatible and continuity concepts. Now, this result is extended to six
self-mappings and proved under weaker conditions using CLR / JCLR property.

Throughout this paper ; and | * stand for the set of all reals and the set of all non-negative reals
respectively.

2. PRELIMINARIES AND BASIC RESULTS

Definition 2.1. ([3]) A function F:j — | ' issaid to be a distribution function if and
only if
(i) Fis non-decreasing (i.e. monotonic increasing),
(if) Fis left continuous and
(iii) inf{F(u): uej }=0andsup{F(u): Ue }=1
D denotes the family of all distribution functions on | . H is a special element of D defined by

0 ifux<oO
H)= .
1 if u>0.

( H is called the Heaviside function.)

Definition 2.2. ([3]) Let X be a non-empty set and D denotes the set of all distribution functions. The ordered
pair (X, F) is called a probabilistic metric space if and only if F is a mapping from X x X into D satisfying the
following conditions:
(i) Fx .y (U) = H(u) if and only if y = x;
(if) Fuy (U) = Fy  (U);
(iii) Fx y (0) =0, and
(iV)ifFe, (UW=1,F, y(M)=1thenF,y(u+v)=1
for all x, y, z in X and u, v>0.
(Fyy is the distribution function F (x, y) associated with (X, y )).
Every metric space (X, d) can be viewed as a probabilistic metric space by taking F, , (u) =
H(u - d(x, y)) forall x, y in X.

Definition 2.3. ([3]) A mapping * : [0, 1] x [0, 1] - [0, 1] is said to be a triangular norm (known as t-norm) if
and only if * satisfies the following conditions. For all a,b,c in [0,1],
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(i) *(a, 1) =aand *(0, 0) = 0;
(ii) *(a, b) = *(b, a);
(iii) *(a, b) < *(c, d) whenever one of a, b is <c and the other is < d, and
(iv) *(*(a, b), c) = *(a, *(b, ¢)).
(*(a, b) is denoted by a * b)
If further * is continuous on [0, 1] x [0, 1] (under the usual metric) then it is called a continuous triangular
norm.

Definition 2.4. ([3]) A Menger space is an ordered triad (X, F, *) where * is a triangular norm and (X, F) is a
probabilistic metric space satisfying the following condition :

Fx.z (U+V) 2*(F y (u), Fy2 (V) = Fxy (u) * Fy .z v)
forall x,y, zin X and u, v >0.

Definition 2.5. ([4]) Self maps A and B of a Merger space (X, F, *) are said to be weakly compatible if and
only if they commute at their coincidence points; i.e., if Ax = Bx for some x& X then ABx = BAX.

Definition 2.6. ([2]) A mapping £ :j ~ —> * is such that ¢ is strictly increasing and for some
aec(,2), (x—-1)¢(t)>t forallt>0,then ¢ is called a contractive control function.

Notation: Z stands for the class of all contractive control functions.

Definition 2.7. ([1]) Let (X, F, *) be a Menger space and A, S be self mappings on X. The pairs {A,
S} and {B, T} share common property (E.A) if and only If there exist sequences {x,} and {y,} and a
point Z € X such that
lim Ax, =limSx, =limBy, =limTy, =z.
N—o0 nN—w

n—>o n—w

Definition 2.8. ([5]) Let (X,F,*) be a Menger space, where * denotes a continuous t-norm and f, g, h,
k be self mappings on X. The pairs {f, g} and {h, k} are said to satisfy the "common limit in the range
of g" (CLRy)- property if and only if there exist sequences { x,} and {y,} and a point U € X such
that

!,'_To F i, qu (t)= rI,I_TO Foq.an (t)= ,I]'_TO Fiys.au (t)= L'_TO Fay, qu

Similar is the case with CLRy, CLR;,, CLR,-properties where gu is replaced by fu, hu, ku in the above
equality quantities.

(t) =1, forall t>0.

Definition 2.9. ([6]) Let (X,F,*) be a Menger space, where * denotes a continuous t-norm and f, g, h,
k be self mappings on X. The pairs {f, g} and {h, k} are said to satisfy the "joint common limit in the
range of g" (JCLRg)- property if and only if there exist sequences { x,} and {y,} and a point

U e X such that and ku = gu and
M F (0= My, (0= M, (0=

Similar is the case with respect to other relevant combinations.
3. MAIN RESULTS
K. P. R. Sastry et. al[2] proved the following:

mF

li
n—oo Kyn.gu

(t) =1, forall t>0.

Result 3.1. Let A, B, S and T be self mappings on a complete Menger space (X,F, *) where
* is the min t-norm and satisfying:

(i) AX)< T(X)and B(X) = S(X);
(i) Fy g, (t) = Fgr, (1)) * Fae 5 (6 (1)) * Fgy 1y (S (1)) * Fay 1y (2 (1) * iy s (4 (1)) fo
rall X,ye X, t>0, { €Z and for some & < (1,2);

(iii) the ordered pair (A;S) is compatible and fB;Tg is weakly compatible or vice-versa;
(iv) one mapping of the compatible pair is continuous.

Then A, B, S and T have a unique common fixed point in X.

Now we extend the above one to six self mappings and prove under weaker conditions.
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Theorem 3.2: Let A, B, S, T, L and M be self mappings on a Menger space (X,F, *), where * is the
min t-norm and satisfying:

(i) AL(X)C T(X)and BM(X)C S(X):
(ii) FALX,BMy t)= FSX,Ty cm)* Fasosc cm)* FBMy,Ty cm)™ FALX,Ty (ag ()™ FBMy,Sx (o< (1))

forall x,ye X, t>0, { €Z and for some & < (1,2);
(iii) the pair {AL, S} and {BM, T} are weakly compatible;
(iv) AL=LA and either SA=AS or SL=LS;
(v) BM=MB and either TB=BT or TM=MT,;
(vi) the pair {AL, S} and {BM, T} share one of the CLR ., CLRgy, CLRs, CLRy-property.

Then A, B, S, T, L and M have a unique common fixed point in X.
Proof:

Case I: Suppose {AL, S} and {BM, T} share CLR,_ or CLRs-property. So, by the definition, there
exist sequences {x,} and {y,} in X such that

lim ALx, = lim Sx, = lim BMy, =limTy, = Su, for some ue X .
n—ow N—c0 nN—c0 nN—o0

Taking X=U and Y =Y, in (ii), we get that

FaLu euy, ) =F, TV, (M) Fyu s (CO)* Fawy, 1y, (1) *Fa, TV, (g ()™ Fawy, su (4 (1)

As N —> 00, we get that

Facsu () 2 Foy o (C () * Fary 0 (€ (1) * Foy 0 (€ (1) * Fapy s (@G (1) * Fyy s (@4 (1)
= Fanusu (G (0))* Fay s (@€ (1))
> Fpusu (1)

> Fuusa(C2(1) =L = Fyy 6, (" (1)) >1as n — oo(since 0<(ar —1)<1).
Hence ALu=Su.

Since AL(X) C T(X), thereisa V€ X such that ALU=Tv.
Taking X=X, and Yy =V in (ii), we get that

Faix, awv (= Fox, v 40k Facx, sx, (CO)* Fayn (S * Fa, v ()™ Fawv.se, (g (1)

As N —> 00, we get that

Frv.aa (8) 2 Fry 7 (€ () * By 7, (C () * Py 7 (C(0) * Ry 1 (e (1) * Py 7 (@£ (1))
= Fawvry )= Famv v (@< (1))
= FBMV,TV (é/(t))
> For (@) 2L > Fyy,, 1, (" (1) >1asn — .

Then BMv=Tv. Thus ALu=Su=BMv=Tv=z (say).

Since {AL, S} and {BM, T} are weakly compatible, ALSu = SALu and BMTv=TBMv. i.e, ALz =
Sz and BMz =Tz.
Taking X=12 and y =V in (ii), we get that

FALZ,BMV t)=F, Tv (40)k FALz,Sz 4Ok FBMV,TV (CM®)*Fy, v (ag (1)* FBMV,SZ (o< (1))

i.e, FALz,z (t)> FALz,z (49 I:Al_z,z (g )™ Fz,ALz (o () = FALz,z (£(1)
So, ALz =Sz(= ALz =Sz =12).

Similarly, by taking X=U and y = z in (ii), we get that BMz = z(= BMz =Tz = 2).
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Thus ALZz=BMz=Sz=Tz=1z.

Suppose SA=AS.
Since AL=LA, we have ALAz = AALz = Az and SAz = ASz = Az.

Taking X = Az and y =V in (ii), we getthat Az =2.
Since ALz =z, follow that Lz =z(= Az =Lz =Sz = 2).

Suppose SL=LS.
Since AL=LA, we have ALLz =LALz=Lzand SLz=LSz = Lz.

Taking X =Lz and y =V in (ii), we get that Az =z.
Since ALz =z, follow that Az = z(= Az =Lz =Sz = 2).

Suppose TB=BT.
Since BM=MB, we have BMBz = BBMz = Bz and TBz = BTz = Bz.

Taking X=U and y = Bz in (ii), we getthat Bz =2z.
Since BMz =z, followthat Mz2=z=Bz=Mz=Tz=12.

Suppose TM=MT.
Since BM=MB, we have BMMz = MBMz = Mz and TMz = MTz = Mz.

Taking X=U and Yy = Mz in (ii), we get that Mz =z.
Since BMz =z, followthat Bz=z=>Bz=Mz =Tz =1z.
Thus Az=Bz=Lz=Mz=Sz2=Tz=1z.

Case II: Suppose {AL, S} and {BM, T} share CLRgy or CLR+-property. So, by the definition,
there exist sequences {x,} and {y,} in X such that

lim ALx, = limSx, = limBMy, = limTy, =Tv, for some ve X .

N—c0 N—c0 N—c0

Proceeding on similar lines of the previous case, we first get BMv=Tv. Since BM(X)C
S(X), thereisa U € X such that BMv = Su . Using (ii) we get that ALU = SU. Thus

ALuU =Su=BMv =Tv =z(say). Now, using (iii), we get that ALz =Sz and BMz =Tz.
Using (ii), we get that ALz=BMz=Sz=Tz=1.

From this stage, the proof is same given above. Hence, we get that z is a common fixed point of A,
B,S, T,Land M in X.
Uniqueness follows trivially.
Hence, z is the unique common fixed point of A, B, S, T, L and M in X.

Now, by taking L=M=I(the identity mapping on X), we get the following:
Corollary 3.3: Let A, B, Sand T be self-mappings on a Menger space (X,F, *), where * is the min t-
norm and satisfying:
(i) AX)S T(X)and B(X)S S(X);
(i) Fagpy (0) = Fs 1 (C(0)* Fr 5 (€ (0) * Fgy 7y (C(0) * Fy (€ (1) * o (@€ (D)) fo
rall X,ye X, t>0, { €Z andfor some & < (1,2);
(iii) the pair {A, S} and {B, T} are weakly compatible;

(iv) the pair {A, S} and {B, T} share one of the CLR, CLRg, CLRs, CLR-property.
Then A, B, Sand T have a unique common fixed point in X.

We give an example in support of our Theorem(3.2).
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Example 3.4: (X, F, *) is a Menger space, where X=[0, o) with the usual metricand F :; —[0,1] is

defined by F, (t) = " forall X,y <, t>0 and *is the min t-norm, i.e, a*b = min{a, b} for

v
+x—y]
all a,b[0,1].

Define {1 " — " by (t) =2t
Let A, B, S, T, L and M be the self-mappings on X, defined by

0 if x<16 0 if x<16
A(x):{ . ’ SM=| 1
1 if x>16, x2 if x>16,

BXzO,Mng,LX:X and Tx = X2, forall Xe X.

Take X, =Y, :1.
n
Then lim ALX, = lim Sx, = lim BMy, = limTy, =0 =S(0).

So {AL, S} and {BM, T} shares CLRs-property.
Case 1: When X <16 and y € X.

L.H.S= Fy, oy (1) = Fyo(t) =1.
Clearly, L.H.S > R.H.S.

Case 2: When X >16 and ye X ..
LHS=F,, BMy O =F,t)= L
’ ’ t+1
R.H.S=Fg, 1, (€)™ Fas s (€ (1)) * Fayzy (1) * Fary (@ (1) * Ry (£ (1))

:Fx%’yz 2t)* Fl,x% 29)* F0sz 2= FLyz (x2t)* Fo,x% (ax2t)

2t 2t 2t 2ct 2at

= min , , : ;
2t+‘x}/2—y2 2t+(x'2-1) 2t+Y° 20!t+‘1—y2‘ 2at+ X2

ot
2t +(x2 ~1)
_t
t+7(X% -
2

=L.H.S.

IA

IA

t
t+1

The other conditions of the theorem are trivially satisfied. Clearly, ‘0 is the unique common fixed point of A,
B,S, T,Land M in X.

<

Remark 3.5: If we assume JCLR-property instead of CLR we can omit condition (i) in Theorem(3.2).

We now prove the following:
Theorem 3.6: Let A, B, S, T, L and M be self-mappings on a Menger space (X,F, *), where * is the
min t-norm and satisfying:

(i) the pair {AL, S} and {BM, T} shares JCLRst-property;
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(ii) FALX,BMy t)= FSX,Ty cm)* Fasosc cm)* FBMy,Ty cm)™ FALX,Ty (ag (®)* FBMy,Sx (o< (1))
forall x,ye X, t>0, { €Z and for some & < (1,2);
(iii) the pair {AL, S} and {BM, T} are weakly compatible;
(iv) AL=LA and either SA=AS or SL=LS;
(v) BM=MB and either TB=BT or TM=MT.
Then A, B, S, T, L and M have a unique common fixed point in X.

Proof:
Suppose {AL, S} and {BM, T} shares JCLRst-property. Then there exist sequences {x,} and {y,} in
Xand Ue€ X suchthat SU=Tu and

lim ALx, = limSx, =limBMy, =limTy_ = Su(=Tu).

n—>oo n—c N—o0 N—o0

Taking X=U and Yy =Y, in (ii), we get that ALu=Su (ALu = Su =Tu).

Taking X=X, and Yy =U in (ii), we get that Tu=BMu.

Thus ALu = Su=BMv = Tv = z(say).

Since {AL, S} and {BM, T} are weakly compatible, ALSu = SALuU and BMTu = TBMu. i.e, ALz = Sz and
BMz =Tz.

Taking X=1Z and Yy =U in (ii), we get that ALz=Sz=z.

Taking X=U and Yy =2z in (ii), we get that BMz = Tz =z.

Hence, ALz=Sz=BMz=Tz=z.

From this stage, the proof runs as in Theorem (3.2).

We now give an example in support of our Theorem(3.6).
Example 3.7: (X, F, *) is a Menger space, where X=[0, o) with the usual metricand F :; —[0,1] is

defined by F (1) = " forall X,y e, t>0 and *is the min t-norm, i.e, a*b = min{a, b} for

_t
+[x-y]
all a,b[0,1].

Define i " — " by {(t) =2t
Let A, B, S, T, L and M be the self-mappings on X, defined by

0 iIf x<25 0 i x=<25
A(x)={ L S(X)=| 1
1 if x>25, x2 if x> 25,

BX:O,MX:;,LX:X and Tx = X2, forall Xe X.

Take X, =Y, :1. Then lim ALx, = limSx, =limBMy, =limTy, =0=S(0) =T (0).

n n—oo nN—oo n—cw
So {AL, S} and {BM, T} shares JCLRsr-property.
Case 1: When X<25 and y € X.
L.H.S= Fy, oy (1) = Fyo(t) =1.
Clearly, L.H.S = R.H.S.
Case 2: When X>25 and ye X ..

ISSN: 2231-5373 http://www.ijmttjournal.org Page 60



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 43 Number 1- March 2017
_ _ ot
LHS= FALX,BMy (t) - Fl,O (t) - _t 1

R.H.S=Fy, 1, (C(0)* Fayx (€ (0)* Fapyry (€ (0)* Fayry (€ (1) * Fay 5 (@ (1)
=F, [@O*F ,(@2)*F ,(2)*F .(@2)*F (a2

2t 2t 2t 2at 2at
2t+‘x% Lyl ot (2 —n) 2+ 20t 41 v gt 4 X

min

2t

2t + (x% -1
vt
(X% -1)

t+— 2
2
t
<——=L.HS.
t+1

The other conditions of the theorem are trivially satisfied. Clearly, ‘0’ is the unique common fixed point of A,
B,S, T,Land Min X.

IA

IA

We have the following theorem where the pairs share common property (E.A). The proof runs on
similar lines of the Theorem (3.2).

Theorem 3.8: Let A, B, S, T, L and M be self-mappings on a Menger space (X,F, *), where * is the
min t-norm and satisfying:

(i) AX)S T(X)and B(X) S S(X);
(1) Faimy (1) = Foqy (7)) ™ Fasy s (6(1)) * Fayy 1y (6 (1)) * Fasyry (@€ (1) * Fgy 5 (£ (1))

forall x,ye X, t>0, { €Z and for some & < (1,2);
(iii) the pair {AL, S} and {BM, T} are weakly compatible;
(iv) AL=LA and either SA=AS or SL=LS;
(v) BM=MB and either TB=BT or TM=MT;
(vi) the pair {AL, S} and {BM, T} shares common property (E.A);
(vii)one of AL(X), BM(X), S(X), T(X) is a complete subspace of X.
Then A, B, S, T, L and M have a unique common fixed point in X.
Example 3.9: (X, F, *) is a Menger space, where X=[0, o) with the usual metricand F :; —[0,1] is

defined by F, (t) = " forall X,y e, t>0 and *is the min t-norm, i.e, a*b = min{a, b} for

_ vt
+[x-y]
all a,b<[0,1].

Define 1) " — " by {(t) =2t
Let A, B, S, T, L and M be the self-mappings on X, defined by

0 if x<9, 0 if x<3,
AX) =4, . S()=| 1
1 if x>9, X2 if x>09,

Bx:O,Mx:g,Lx:x and TX = X2, forall Xe X.

1
Take X, =Y, :E.
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