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Abstract— The object of the present paper is to
obtain a necessary condition for an invariant
submanifold of (LCS), -manifold satisfying the
Q(e.R) = 0.¢(5.0) =0  and
@z C) = 0 to be totally geodesic, where 5. R, C,

conditions

are the Ricci tensor, curvature tensor and
concircular curvature tensor respectively and & is

the second fundamental form.
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. INTRODUCTION

This The study of LP-Sasakian manifolds,
Matsumoto[8] and Shaikh [13]was introduced by
Lorentzian concircular structure manifolds (briefly
(LCS),-manifolds). Then applications to the general
theory of relativitiy and cosmology have been
investigated by Shaikh and Baishya [15, 16] Later, it
has been carried out by Atcken [2], Prakasha [12],
Shaikh and Hui [17], Sreenivasa et al. [22], Shaikh
et al. [18] and others.

In modern analysis the geometry of
submanifolds has significant applications in applied
mathematics and theoretical physics. i.e., the notion
of invariant submanifold is used to discuss
properties of non-linear autonomous system [5].
Also the notion of geodesics plays an important role
in the theory of relativity [9]. For totally geodesic
submanifolds, the geodesics of the ambient
manifolds remain geodesics in the submanifolds.
Hence, totally geodesic submanifolds are also very
much important in physical sciences. The study of
geometry of invariant submanifolds was initiated by
Okumara [10]. In general, the geometry of an

invariant submanifold inherits almost all properties

of the ambient manifold. The invariant submanifolds
have been studied by many geometers like Yano and
Ishihara [25], Kon [6, 7], Ozgur and Murathan [11],
Sular and Ozgur [23], Atcken [2], Anitha and
Bagewadi [1], De and Majhi [4], Shaikh et al. [18],
Siddesha and Bagewadi [19] - [21] and many others
Motivated by the above studies, in the
present paper we consider invariant submanifold of
(Lecs), Q(a.R) = 0,

Q% e) = 0and @{w.C) = 0 where 5. R C are the

-manifold  satisfying
Ricci tensor, curvature tensor and concircular
curvature tensor respectively and & is the second
fundamental form.

The paper is organized as follows: In section 2, we
give some preliminaries which have been used later.
In section 3, we recall the notion of (LCS), -
manifold. In section 4, we recall the definition of
invariant submanifolds and some results. Sections 5,
6, 7 deal with the study of invariant submanifolds of
(Lecs), Q(a.R) = 0,
Q% e) = 0and Q(e.C) = 0, where 5. R.C, are

-manifold  satisfying

the Ricci tensor, curvature tensor, and concircular

curvature tensor respectively.

I1. PRELIMINARIES
Let M be a submanifold of a (LC5),, -manifold

I with induced metric g. Also let ¥ and ¥+ be the
induced connection on the tangent bundle TM and
the normal bundle T3 of M respectively then the
Gauss and Weingarten formulas are given by,
VeV = V¥ + oL YD, (2.1)
Vel = —Ay X + ViN, (2.2)
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for all X.¥ e [(TM) and where & and A, are
second fundamental form and the shape operator
(corresponding to the normal vector field N)
respectively for the immersion of M into if , the
second fundamental form & and shape operator Ay
are related by,
glAy X.¥V) = gle(X. V)L N).

If & = 0 then the manifold is said to be totally
geodesic.
Now for a (0.k)—tensor T, & = 1 and a (0.2)-
tensor E. G{E. T} is defined by
QEB.TX, X .. X : X.V)=

—T((x Ag V)X, Xy . X )

— =T L (X A VIED, (23)

where (X Az ¥) is defined by
(Xnz ¥)Z = B(Y.Z)X — B(X.Z)Y. (2.4)

A transformation of a n-dimensional
Riemannian manifold M, which transforms every
geodesic circle of M into a geodesic circle ,is called
a concircular transformation. The interesting
invariant concircular transformation is the curvature
tensor £ which is defined by

C(X.Y)Z = R(X.¥)Z

v

- {g(V.2)X — g(X.Z2)¥V} (2.5)

nin— 1)

where = is the scalar curvature tensor of the

manifold.

I11. LCS- MANIFOLD
An n-dimensional Lorentzian manifold M

is a smooth connected paracompact hausdorff
manifold with a Lorentzian metric g, that is, M
admits a smooth symmetric tensor field g of type
(0.2} such that for each point the tensor. is a non-
degenerate inner product of signature {—.+..... +J},

where T, M denotes the tangent vector space of M at

p and R is the real number space.

Definition 3.1. In a Lorentzian manifold (M. 57 a
vector field F defined by
g(X.P) = A(X),

for any X € I'(TM). is said to be a concircular
vector field if

(% A)Y) =al[gX.¥) + w(X)A(Y)]
where @ is @ non- zero scalar and w is a closed 1-
form and ¥ denotes the operator of covariant
differentiation of M with respect to the Lorentzian
metric g.
Let M be an n-dimensional Lorentzian manifold
admitting a unit time like concircular vector field £,

called the characteristic vector field of the manifold

then we have
gl&.85=-1
since £ is a unit concircular vector field, it follows
that there exists a non-zero 1-form # such that for
9(X.£) = n(x).
the equation of the following form hold
(@) =al[gx.¥ )+ nIn¥ )L a=z0
for all vector field X, ¥.where ¥ denotes the operator
of covariant differentiation of M with respect to the
Lorentzian metric g and & is a non-zero scalar
function satisfies
(% ) = X(a) =da(X) = pn(x),
g being a certain scalar function given by
p = —(fa), Let us take X = W& from which it
follows that ¢ symmetric (1.1) tensor and called the
structure tensor manifold. thus the Lorentzian
manifold M together with unit time like concircular
vector field £, its associated 1-form# and an (1.1)
tensor field @ is said to be a Lorentzian concircular
structure manifold (briefly, (LCS),, -manifold) [13].
Especially, if we take @ = 1 then we can obtain the
LP-Sasakian structure of Matsumoto [8]. In a
(LCS5),, -manifold (n = 2). the following relation

hold [13, 18]:
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dn(X.¥) = g(X ¢V ) n(¥X) = g(X.£). (@1
¢? (X) = X + n(0E () = 1

pf =09 ¢ =10 (3.2)
glpX.¢¥) = g(X.Y) + n(X)n(¥)
g(x,¢¥) = —g(@X, V), (33)
Ve = apX, (3.4)

REEY)E = (@® — p)n(¥ )X — n(X)¥]. (3.5)
REY)ZI = (a* — p)[g¥.2) — n(Z)¥]. (3.6)
(Veg)(Y) = a{g(l.¥ )

+2nXm(Y ) + n(¥)XL (37)
5(%.8) = (n — D(@* - p)n(X). (38)
r=(n - 1)@® - p) (3.9)

for all X.¥.Z € I'(TM). where R is the curvature
tensor, 5 is the Ricci tensor of type (0. 2. @ is the
Ricci operator, i.e., g(@X.¥) = 5(X.F) and r is
the scalar curvature of the manifold. From (2.2}, we

have

cxv) =(a?-p -——)

nn— 1)

[7(¥ )x — n(x)¥]. (3.10)

IV. INVARIANT SUBMANIFOLD OF (LC5)
MANIFOLD

A submanifold M of a (LC5),- manifold i
is said to be invariant if the structure vector field £ is
tangent to M at every point of M and ¢.X is tangent
to M for any vector field X tangent to M at every
point on M, that is, ¢{TM} = TM at every point on
M. The submanifold M of (LCS),-- manifold i is
called totally geodesic if o{X.¥} = 0 for any
X.¥ e [O(TM).

Proposition 4.1. [18] Let M be an invariant
submanifold of a (LC5),,- manifold & . Then

the following equalities hold on M

Vil = agd, (4.1)
o(X,£) =0, (4.2)
REXIY=(a’-p)+[glx.V)F—n¥IX]. (43)
5(x.8) = (n—1)(a® - p)n(x). (4.4)
(Vxp)Y = alglX. V)& + 29X (¥)E + (VX3
(4.5)

o (X.¢¥) = go(X.¥) (4.6)
for all vector fields X.Y tangent to M. So we have
the following:

Theorem 4.2. [18] An invariant submanifold
M of a (LCS), - manifold M is a (LC5),,- manifold.

V. INVARIANT SUBMANIFOLDS OF A {LC5),-
MANIFOLDS SATISFYING @(a,R) = 0

This section is devoted with the study of
invariant submanifolds of (LCS), - manifolds
satisfying @{o.A) = 0. Therefore by using
(2.3) and (2.4) with B = o.T = R we have
ie.,

—a(V.X)R(U.¥Y)Z + o(U.X)R(V.Y)Z

— (V.Y JR(X. UVZ +a(U.Y JR(X.V)Z

—a(V.Z)R(X.V U + o(U,Z)R(X.¥V IV = 0.
(5.1)

Putting 2 = V =£in (5.1) in view of (4.2), we

obtain

o(U,X)R(E,V)E + o(U.VIR(X.E)F = 0. (5.2)

Using (4.3) in (5.2) we have

(@® - pFIoWU.XIE - (a® - p)a(U.X Y

+ (a* - Po(UYIX ~ (@® - p)o(U¥)E=0
(5.3)

Taking inner product with w vyields

(a® = pdn(¥ )o(U.X In(W )

~(a® - pP)o(U.X g% W)

+(a’ - p)a(U.V)g(X. W)

—(a® = p(X Yo (U.YIn(W) = 0 (5.4)
Contracting ¥ and W we get

(a® - p)oU.X) - (a® - pno(U.X)

+ (e - plo(ULX) = 0 (5.5)
This implies
(e - p)2 - n)o(U.X) = 0. (5.6)

Hence o(U/,X } = 0, provided fa® - p} = 0.
Thus the manifold is totally geodesic. Conversely,

if o{X.¥) = 0, then from (5.1), it follows that

Qlg.R) = 0.
results we get

Therefore, in view of the above
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Theorem 5.3. An invariant submanifold of
alLCS),- manifold with(e? — p) = 0 satisfies
Qo R) = 0if and only if it is totally geodesic.
Tekew = 1 thenp = —(fa) = 0 from(5.6)
then {2 — m)o{L,X ) = 0.

Hence we can state

Corollary 5.1. An invariant submanifold of a
LP-Sasakian manifold satisfies (= R} = 0 is

totally geodesic.

VI.INVARIANT SUBMANIFOLDS OF (LCS),-
MANIFOLD SATISFYING Q(z.5) = 0

In this section we study invariant
submanifolds of (LCS), - manifold satisfying
@5 a) = 0. Therefore by using (2.3) and (2.4)
with 8 = a.T = R we have i.e.,
-S(VX)o(U.Y) + SU.X)o(V.¥)
—S(V.V)e(X.U) 4+ S(UY)e(XV) = 0. (6.1)
Putting ' = ¥ = £ in (6.1) we obtain

S(E8e(XV) =0 (6.2)
This implies
(n - De® - plo(X.V) = 0.
It follows that ofX,Fy3 = 0 , provided
(e —p) = 0 Hence totally geodesic.

Conversely, let M be totally geodesic, then from
(6.2) we get @(5.o) = 0. Thus we can state the
following:

Theorem 6.4. An invariant submanifold of a
(L€5),, —manifold with (e — g} = 0 satisfies
Q(5.0) = 0 if and only if it is totally geodesic.
Corollary 6.2. An invariant submanifold of a
LP-Sasakian manifold satisfies @(5. o} = 0 if

and only it is totally geodesic.

VIl.  INVARIANT SUBMANIFOLDS OF
(LC5),,-MANIFOLD SATISFYING

Qe.C) = 0

In this section, we consider Invariant submanifolds
of (LC5),, - manifold satisfying @(e.C ) = 0.
using (2.3) and (2.4) with

E = 5.T = R we hawe i.e,

Therefore by

—a(V,X)C(U.Y)Z + a(U,X)C(V.¥ )Z
—oWYICX UZ +o(U.¥VICX,VIZ
—o(V.D)CE VI + o(UICEY IV = 0. (77)
PuttingZ = V = fin (7.1) and in view of (4.2), we
obtain

g(UXICEYY + a(UVICXEE =0, (7.2
Using (3.10) in (7.2) we have

) T
({a‘ _ - m] ol(U, X) [n(¥) & —¥]

({a:—_ﬂ]— . ]U':U,X:][X—??{X:]f]:[].

nin-1
(7.3)
Taking inner product with W’ yields
((a: _ - n{;——ﬂ] o(U, X)
[aWIn W) — g(v, w)] ({a: - P - ,.,,l{ﬂr—_ﬂj
s, V) [gLOW — n(xn(w)]l = 0 (7.4)

Contracting ¥ and W we get

) T
(@ - - o) e @0 - )

+({a= - p)—— ]U{U,X:] = 0. (7.5)

nin-1)

This implies

[(2 — ) ({ct: — g ——

nin-1

)] a(U.X) =0.(7.6)

and hence o (U, X} = 0, provided

r 2 nn—1la? — p).

Thus the manifold is totally geodesic. Conversely, if
g(X.¥) = 0, then from (7.1), it follows that
J(g.C) = 0. Therefore, in view of the above

results we get

Theorem 7.5. An invariant submanifold of a
(LC5),,- manifold with (n — 2)re(U,X) = 0

satisfies @z, £} = 0 if and only it is totally geodesic.
Corollary 7.3. An invariant submanifold of a LP -
Sasakian manifold with + = 0 satisfies Q{z. L) =0

if and only it is totally geodesic.
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From the above Theorems (5.3}, (8.2 and (7.5),
and corollaries 3.13(6.27(7.3) we can state the
following

Corollary 7.4. Let M be an invariant submanifold of
(LCS)n- manifold, then following are

equivalent

(1) M is totally geodesic

(2) @(z.R)= Dand (& — p) = 0,

(3) Q(g.5) = Dand (a® — p) = 0,

(4) @(e.Cy=0andr = nln — 1)(a® — p).
Corollary 7.5. Let M be an invariant submanifold of
LP- sasakian- manifold, then following

are equivalent

(1) M is totally geodesic

(2) (e.R)= 0,
@) @le.5) =0,
(4) Q(e.C)= Oandr = 0.
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