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Abstract

In this paper we consider the vibration of nonlinear deforma-
tion of elastic shallow shell. This is a parabolic problem of
Von-Karman evolution without rotational inertia, in quasi-
static form. The aim of this article is to finding a condition
verified by the internal and external loads in up to have a
uniqueness weak solution.

For illustrate our theoretical results we use the method of
finite difference known that by alternating direction implicit
schemes (ADI).
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1.

Introduction

In [3] I.Chueshov and I.Lasiecka present the problem
of quasi-static Von-Karman evolution and establish the
existence of weak solution, but the uniqueness is not
known. However the existence and uniqueness dose hold
for strong solution. This model in the quasi-static form
of clamped boundary conditions describe the case when
the inertia forces are small in compression with the re-
sisting forces of the medium (u = 0). We well known the
quasi-static Von-Karman evolution without rotational
inertia (aw = 0), for vertical displacement u(x,y,t) and
the Airy stress ¢(x,y,t) has the following form [3] :

ut + A%u — [p+ Fo,u+0] + Lu) =p in wx][0,7T],
U,y = U0 mn w,

(Po) u=0,u=0 on TI'x[0,T],
A2¢ + [u,u+20] =0 in wx|[0,T],
6 =0,0,6=0 on T x[0,T].

Where w is the middle surface of the shell, ug is ini-
tial datum and [.,.] is the Monge-Ampeére operator [10].
The shell is subjected to the internal force Fj and exter-
nal force p, but 6(z,y) [2] is the mapping measuring the
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deviation of the middle surface of the reference configu-
ration of the shell from a plane, moreover L is a linear
operator source and characterize the non conservative
potentially loads to the system.

The aim of this article is to finding a condition veri-
fied by the external and internal loads and the linear
bounded operator L [3], in up to have a weakly unique-
ness solution of the Von-Karman evolutions, without
rotational inertia with clamped boundary conditions, in
quasi-static form, by another approach distinct from the
preceding presented in [3], one which yields immediately
a simple numerical approach of finite difference method
to the considered problem.

This paper is organized as follows. In section 2 we
present the some theoretical results for established a
uniqueness weak solution. But in the third section we
use the noncoupled approach of 13-point [9] and the al-
ternating direction implicit schemes [11] for approached
this solution.

2.

Dynamic quasi-static Von-Karman equations

In this paper, w denotes a nonempty bounded open do-
main in IR?, with regular boundary I' = dw.

Let us consider the following problem:[3]

Fund (u, ¢) € (L([0,T], HZ(w)))? such that

ut + A%u — [¢p+ Fo,u+ 0]+ L(u) =p in wx][0,T],
U,y = U0 n w,

(Po) u=0,u=0 on T'x[0,77,
A2¢ + [u,u+260] =0 in wx][0,T],
6=0,0,6=0 on T'x[0,T].

Where T' > 0 is a real number, u; = %7; and

[0, u] = O11PD22u + O11uD22¢ — 2012¢0012u.

Let p > 1 and m € IN*, we put by:

ul, = ([, )P, llull = |Auly, |ull,,, the classical
norm in H™(w) and

W(0,T) = {u/u € L*([0,T], H (w)),us € L*([0,T],L*(w))}
is a complete Hilbert space with associated norm

2 2
I-lw o,y = (-2 0,17, 520 + |'|L2([O,T]7L2(w)))1/2'
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Theorem 2.1 [7, 8] Let f € L*(w), then the next problem

Av=f in w,
Q)¢ v=0 on T,
o,v=0 on T.

Has one and only one solution v in HZ(w) N H*(w) sat-
isfying that ||v]| < co|fly. Where co > 0 is a constant
which depends only of mes(w).

Remark 2.1 If f € L?([0,T], L*(w)), the umqueness s0-
lution of the problem (Q) is in L*([0,T], H3 (w)NH*(w)).

Theorem 2.2 [6] Let 0 < T < +4oo and f in
L2([0,T], L?(w)). The Dirichlet problem for linear fourth
order parabolic equation:

u+A*u=f in wx][0,T]

with initial datum ug € HE(w) admits a unique weak so-
lution in the space

C([0, 7], H3(w)) N L2(0, 7], H (w)) N H([0,T], L*(w)).
The corresponding problem with initial datum wug n
HY(w)N H?(w) admits a unique weak solution in the fol-
lowing space

C([0,T], H2(w) N HE (w)) N L2([0, ), H(w)) 0 H([0,T], L2(w)).
Furthermore, both cases admit the estimate.

2 T 2 T, |2 2 T 2
sup lull”+ fo lull”+ [y luely < e(lluoll®+ fo 1£12)
0<t<T

We will study the problem (FPp) by considering the fol-
lowing iterative problem :

Let n > 2 and 0 # wul(z,y) € HZ(w) is given.
In the firstly we find ¢, 1 € HZ(w) as a solution
to the problem A2?¢, 1 = —[up—1,un—1 +26] and

un, € L%([0,T],HZ(w)) is constructed by the follow-
ing problem :
(un)t+A2un = F1(Un—1,¢pn—1) +p in wx[0,T],
(Pp) Up = Opunp =0 on T'x[0,T7,
(un)hzo = uo mno w.

Where F(un_1,¢n-1) = (F1, F2) =
L(un71)7 - [ Un—1,Un—1 + 260 ])

([ $n-1+ Fo,tun—1+6]—

Remark 2.2 By virtues of the theorem 2.1 and theorem
2.2. IfVn > 0, (un,dn-1) is a solution of the problem
(Py), this solution has the regularity :

(tn, dn-1) € L*([0, T], HY(w)N HE (w)) x H (w) N HF (w).

Theorem 2.3 Let ¢ = 0, & = (u,¢) and v = (v,v¥) in
L3([0,T), H*(w) N H3(w)) x H*(w) N HZ(w) such that
VO <t < T, [[ull g2y w2y < ¢ a0 [0 g2 )20y < ¢ If
10]l2.» 1F0ll,,, are small and |[L|| < 1, then there exists
0 < c1 <1 such that

|Fa-F@ .. < el

Proof Let u = (u,¢) and ¥ = (v,¢) in
L2([0,T], HY(w) N HZ(w)) x H*(w) N HZ(w) such that
18/l 12 (o) x 112 ) < € a0 [[0]] g2 0y x 12 () < €5 We have
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|F@ = F@ o0 S 1Wul+ =001+ [u=v.Fo] = [g,0]]
1= fuu] = [u=v,20] 4+ [0,0]] + |[L(u =),
< ‘[¢7u}_ [¢7U]|2+|[¢—%9]|2+|[u»u]— [U7U”2

+1u—v,20]l; + IL] lu —oll + | [u — v, Foll5 -
It follows that
[, u] = [#,v]ly = | — ¢, u] — [$,u —v]|5
< = ully + 1o u—v]l,
Using the injoction H?(w) — C’(f) we have
= ully, < ([, 10118 — ) 822ul*)/2 + ([, 1022(4) — @) |* |011u[*) /2
+2([, 1012(8 — @)? D12ul*)1/2,
< i (v — Ol 400 1011l + ||322(¢) = @)l 400 [022uly
+2[1012(% — )l 4 o0 [O12ul5
<ol — el llull + 1v = el [lull + 2[1¥ — ol [[ul)
<dees [l — |-
By an analogous method we have

\ v]ly < deea |lu— v,
W @, 0|y < dea [0l ([ — ],
[ — v,20]], < 8ez [|0]],,, lu— o],
| [u,u] —

[[u—v, Folly < dez [ Folly, lu— 2.
It become that

|F@

[0,
[
[
[ [0, v]], < 8ees u— v

[

F@) a0y < 20120+ 81805,0 + L]

T4l Foll2,0) 17 =0l g2 () x 52 ()
12¢ + 8 Ht9||2’w +||L|| + 4 ||F0||2M7 if we
choose 0 < ¢ < %, 0 < ciea <1 and
8110l +4[Folly,, =1 —12¢—[|L||, we have
|F@-F@) ... < ali=Tlmemse) wd
0 < ¢1 < 1. Then the desired result is obtained.

We put by ¢; =

Remark 2.3 by virtue of the theorem 2.3 there exist a
constant 0 < ¢1 < 1 such that

[F1(u) — F1(v)], < Hﬁ(ﬂ) - (T’)H(BW))Z

<ca(llu— §|‘Hg(w)ng(w) 5
and by analogous method from the theorem 2.3 we can
proved that. |Fy(u) — Fo(v)], <1 |lu—v].

Proposition 2.1 let u, v in H3(w) and 0 in H*(w), of
small norm. If ¢ and ¢ are two solutions of the follow-
ing Dirichlet problem:

A%2¢ = —[u+ 20,u] and A% = — [v + 26, ].

Then, there exist 0 < ¢1 < 1, such that

[, @] = [v,9]ly < erflu— ol

Proof Let ¢ > 0, ||ul| < cand ||v]| < ¢. In [3] we have
s 8] = [v, ¥l < colllul® + lol|* + 16]15.,,) llu =]

< co(2¢ +110]15.,) llu — o]
If we choose ¢ sufficiently small, ¢; = 2¢? + ||9H;w <1

and 0 < c1¢9 < 1, we conclude that
l[u,d] — [v,¢]], <ei|lu—wv|| and 0 < ¢; < 1.

Proposition 2.2 Let u € HZ(w) and ¢ be a uniqueness
solution of the following problem:
A2+ [u,u+20]=0 in wx][0,T],
$»=0,0,06=0 on T x][0,T].
Then, there exist a constant K > 0 such that
([¢+ Fo,u+0],u)r2(),2) < — 61> + K.
Where (.,.)12(w),12(w), 5 the duality crochet in L?(w).
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Proof : Let u € H3(w), then (un)t = (um)t + A% (un — um) = F1(un—1, ¢n—1) = F1(tm—1, $m—1)
Up — Um =0

[+ Fo,u+0],w)p2wy,r2w) = (wu+20],0)r20,),02(w) — Ay (tn — tm) = 0

([u o] 70)L2(w),L2(w)+([ u,ut0 ], FO)L2(UJ),L2(UJ)':_ fw A2pp— (un — U'm)\t:o =0,

[, 0ol + [, Folu+6,u].

By using the Green formula and the injection H?(w) —
C(w) we have ,
([¢+F07u+6]7u)L2(w),L2(w) < _”(bH +||9||00Hu7¢]|1 <00f0T|F1 un 17¢n 1) Fl(um717¢m71)|37

1 Follo [+ 6, u ]l >
00 < _ _
According to the theorem 2.3, there exist a constant €1 fo (Htn—1 = ttm—1), (fn—1 ¢m*1)”H§(UJ)XH§(w)’

2
K » 0 which depend only of [[0]l,,, [ Folly,. |lull such = coci 2 o (Allun—1 = wmal* + 461 — Small).
that ([ ¢+ Fo,u+0],u)r2(w),12w) < — Hq5||2 + K. Moreover (¢n—1—¢m—1) is a solution of the next problem :
A2(¢n—1 - ¢m—1) = - [un—l + 297“%—1] + [Um—l + 297“’771—1}
¢n—1 - ¢m—1 =0 and 8u(¢n—1 - d)m—l) =0

Using theorem 2.2 again, we have
2 T 2 2
sup [[un = uml|l” + fo (lun — wmll” + [(wn)e = (um)el)
0<t<T

Theorem 2.4 Let p(z,y) € L?(w) and ug € Hi(w). If

2
HHHQ,W ||F0||2,m Iplys lluol|™ are small and ||L| < 1, Afterword theorem 2.1 and remark 2.3 we have
then the problem (Py) has one and only one weak solu- lpn-1 — Pm—1]l < coct ||tn_1 — Um—1]|-
tion (u, @) in the following space : It become that
(C([0, 77, H§ (w)) N L*([0,T], H(w))) x H{ (w) and sup_ = wml* + [ (ltn — wnl|* + [(un)e = (i )el3)
ug € L2([0,T], L*(w)). Such that for any 0 <t < T this  0<t< )
solutiontveriﬁes the inequality < cocy fo (4 ||t —1 = U 1H + 4(cocr)? [[tn—1 — um—1"),

2 2 2 2
July + Jo (lull” + 1617) < |uol; + Kt. < 80 C§ fo (lun—y =t 117,
Mo;’eover ghefi)tems;f(a constant w > 0, such that 001 ym=2 fo fo Hun g2 — u1H
|U|2 S |UO|26 +E. ” H m 2[0 . fo n m+1 8 ‘ fO || ,UJ?*u H
Where, K = 0 is a constant which depend only of ||0]], R S m+1 =
: (80202T> Sy saar HulH v HulH

and ||F0||27w.
We conclude that

Proof Let consider the problem (P,) with u!(z,y) #0  [un = e o e e (U (“m il

as not depend of t. < (8cGAT)™ > Y r g (8eh A T) (J|ut] + HulH
We vgill prove that f02r alln > 2 and VO < t < T, Oiltlp [t — wml|® < (8cGIT)™ 2 X pZg" T (8B T)" (||u'|| + HUIH )
[un ™ < = Hu S H ’ and we have

Suppose that for £ = 2,...,n and V0 < t ST, Ydn — dmll < co|Faltun) — Fa(um)| < coct |[tin — tml| .

H“kH2 < ||“1H7 ||¢k—1H2 < ||“1H and ||Uk||W 0r1) = HU H Therefore ¢ is small, the sequence (upn,@n—1)n>2 is a
According to the theorem 2.1 and remark 2.3 we have Cauchy sequence in HZ(w) x HZ(w) and (uy,)n>2 is also

lbnll* < co |[un + 26, un]|* < co |F(Un)|§ <coer funl®.  a Cauchy sequence in W (0,7) and C([0,T], H3(w)).
Since (un41,¢n) is a solution of the problem (Pni1) by  Moreover (uy,, ¢p—1)n>0 converge to (u,¢) in (H3(w))?,
virtue of the theorem 2.2 yields that there exists co = 0 4, converge to u in C([0,T], H3(w)) and (u,); converge

such that VO <t < T to ug in L2([0,T], L?(w)).
. lun2l® + 3 Ul l)? + [(uns)el3) A%(u,, ¢n_1) that weakly converge to A2(u,$) in
2 2 o, .

< colluo® + 7 ( HF tn, ) H ] +|p\ ) (Hj(w))® and afterword proposition 2.1 we hav.e,
(L @) F(unflv(?nfl) + (pv 0) converge to F(U,(b) + (p7 0) m

< co(lluoll® + 3 (| Unv(b’ﬂ)”HQ(w XHz o T (pl2)?) L2(w).

< co([luol® +er (4 [un® + 4 [n +(|p‘ )?) Since the operators "trace” and ”0,” are continuous

< co(Jluoll® +f 4 (4 llunll® + 4c3¢ [[unll® + (Ipl3)?)- and Vn > 2, (un, dn_1)r = 0, Oy (tn, dn_1)r = 0 then,

If we choose ¢ = 0 sufficiently small, then 0 < ¢; < 1,

0<cocp <1,0< 86(2)01T <1 and (u, @)r =0 and 9, (u, $)r = 0.

According to theorem 2.2 we have Vn > 2, u, is in

2 2 (1—8c2c?
[uoll™ + Ipl; < o C([0,T],H3(w)) and (upn)|,_, = uo, this implies that
sup unsal® + f5 (sl + [ (ung1)e]3) (u)},_, = uo.
<t< - . . .
< CO(”UO” + 83T Hulll +Ipl2 ) It becomes that (u,¢) is a weak solution of the quasi-

||¢n”2 < H“lH and static Von-Karman evolution.

It follows that ||u
| n+l” For the uniqueness, we suppose that the problem (Fp)

2 1
ln-1llwom) < - ) has two solutions (u', ¢1) and (u?, ¢2)
Hencg forall m > 2 an;l VO <t < T, Jup||” < ||U1H, in L2([0,T], HZ(w)) x HZ(w)) such that HulH < ¢
161" < [Jut|| and Jlunllyy o r) < [Ju*]]- [w?]| < ¢ 41l < cand [|gof < e
Let m < n, (tpn, Pn—1) ( reSp, (Um, dm—1)) is a solution With ¢ is sufficiently small.
of the problem (P,) (resp, (Pp)), then (u, — ty,) We have

is a solution of the following problem :
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(u*)e — (u®)t + A%(u* —u*) = r(u, 1) — F1(u, ¢2)
AZ(¢1 — ¢2) = — [ul, ul +20] + [u?, u? + 20]

ul —u?2=0 Oy (ul —u?)=0

¢1 — 2 =0,0,(p1 —p2) =0

ul(z,y,0) — u2(x,y,0) =0,

then (u! —u?, ¢1 — ¢2) is a solution of the problem (P3),
Theorem 2.2 and theorem 2.1 given that there exists
co > 0 such that
[t =" < colfy |Fiet, 61) = Py, 2)]

< eper([Ju’ —u?)
and [|¢1 — ¢a| < o [Ju' —u?||
c is small thus 0 < cgc; < 1, then u; = us and ¢ = ¢s.
Lastly the dynamic quasi-static Von-Karman equations
without rotational inertia admits a unique weak solution
(u,6) in C(0,7], H3(w)) N LA(0,T), H3(w)) x HE(w)
and u, € L%([0,T], L*(w)).
Now we will show that
July + Jo (lull® + 161°) < Juols + K.
We have u is weak solution of the problem (Fp), satisfy
that

(Ps)

(wts ) 20y 12 () HAZU W) 12 (0) 12 (w) = (F2(u, 0)s 1) 1200y, 120y

Use the proposition 2.2 to deduce that
2 2 2
£l + ul® < — 6] + K,
then, for all 0 <t < T we find that
t 2 thon2 £ 2 t
Jo i luls + fo llull” < = [ I9]I° + [y K hence,
2 2 t 2 2
luly = luoly + fo ([ull” + llo]") < +Kt,
finally we deduce that
2 2 2 2
luly + fo (lull” + [161°) < luol; + Kt.
Afterword the inequality of Poincare, there exist a con-
stant wg > 0, such that Yu € HZ(w), \u|§ < wo ||ul?,
moreover we have, ||¢|| < ¢ ||u|| then, there exist a con-
stant w > 0 such that
2 2
i luls +wlul; < K,

A“v = f1 m w,

v =g on T

d,v = go on T.
Second step : We present the alternating direction
scheme developed by T.P.Witelski and M.Bowen in [11],
to the following parabolic problem :

)

w+A%u=f in wx][0,7T],
(k%) ¢ u,_, = o in w,
u=0,u=0 on T'x[0,T].

3.1. Noncoupled Approach

In [9], M.Gupta present the numerical analysis of finite-
difference method for solving the Biharmonic equation.
This method has known that of noncoupled method
of 13-point. Moreover Glowinski and Pironneau [7]
made the observation that the 13-point finite difference
scheme combined with a quadratic extrapolation formula
near the boundary is equivalent to mixed finite element
method with piecewise linear elements.

3.1.1. Discrete formulation of 13-point

In order to solve the problem (P) of Biharmonic equation
numerically, we introduce a uniform mesh of width h. Let
wp, be the set of all mesh points inside w with internal
points z; = ih , y; = jh, i,j =1,..N =1, h = 5, @n
be the set of boundary mesh points and vy, represent the
finite-difference approximation of v.

Lemma 3.1 [J] The 13-point approzimation of the Bihar-
monic equation for approaching the uniqueness solution
v of the problem (P) is defined by:

Lpvijg = h™*[vij_2 + vijro + vi—2j + vir2j — 8(vij—1 + vij41)
(1) +8(vi—1j + Vit1j) + 2(Vic1j—1 F Vie1j4+1 + Vit1j—1)
+2v5 41541 — 201}@'] = fl(a:i,yj) , for iy =1,....N-1

using the lemme of Gronwall, we find the desired in-
equality: |ul3 < |uo|3 e™™" + £

3.

Numerical application

In this section let w be the square ]0,1[x]0,1[ in IR?
and T > 0. For approached the weak uniqueness solution
of the quasi-statc Von-Karman evolution without rota-
tional inertia, we utilize the following iterative method:
vi(z,y) is given in HZ(w)
A2¢p_1 = —[vn—1,vn—1 + 26
(*)n>2 ¢n71 N 07281/(;5”71 =0
= (vn)t + A% = [Ppn—1 + Fo,vn—1+0] — L(vp-1) +p
Up = Opn =0
(vn)|,g = w0
For approached v,, over w for all 0 <t < T and n > 2
if v,_1 is known, we have need to calculate firstly ¢, _1
and we find v,, over w x [0, 7.
Then we have transformed the above problem to the
numerical resolution in tow steps:
First step : we use the numerical procedure of 13-point
formula of finite difference developed by M.Gubta in [9].
For illustrate a uniqueness solution of the next bihar-
monic problem:
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where vi; = v(z4,Y;).

When the mesh point (z;,y;) is adjacent to the boundary
Wh, then the undefined values of vy are conventionally
calculated by the following approximation of d,v defined

by [9):

Vim2j = FVit1j — Vij + Svi_1j — h(Ox0)i1;
Vij—2 = Vij+1 = Vij + 5vij—1 — h(Fyv)ij 1
Vig2j = 3Vit1; — Vij + 50i-1; — M(0a0)it1;
Vij42 = 3Vij+1 — Vij + 30ij—1 — h(Oyv)ij1

Remark 3.1 In [9] M.Gubta generalized the approzima-
tion of the d,v known that by the (p,q) formula or the
two-point formula. In the next Lemma 3.1 the approzi-
mation of O,v correspond at the (2,0) formula.

3.1.2. Matrix system of scheme (1)

Let V = (’U11, V125 -y UIN—=1,U21y «-.U2N —15 -+ 'UNlefl)
be a vector of unknown values of the approached solu-
tion vy, by using the 13-point finite difference method,
the discreet problem :
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thij =
+8(vi—15 + vig1j) +2(vic1j—1 F Vic1j41 + Vig15-1)
+2vi 41541 — 20v45] = fi(mi,y;5) , for i,j =1,...N-1
is equivalent to the linear system AV = F , where A
is a matrix system of scheme (1) of order (N — 1)? and
F a known vector depend only of body forces f; and
lateral forces gg, g1.

Such that
ay ag 1 0 0
bp b b I 0. 0
I b b b I .. 0

A= 0 0
0 L0 I by by by I
0 L0 T by by by
0 0 1 a2 aq

Where I is the identity matrix, A; = (a1, a2)
and B = (b, ba, b1) such that

2 =L 1 0 .. 0
-8 21 -8 1 0 .. 0
1 -8 21 -8 1 0 .. 0
0 1
o = 0
= 0 0
0 1
0 0 1 -8 21 -8 1
0 0 1 -8 21 -8
0 0o 1 =T 22
and
=T 2 0 0
=17
2 =L 2 0 0
0 0
az = 0 0
0 0
—17
; S
0 2 =
-8 2 0 0
2 =8 2 0 0
0 0
by = 0 0
0 .. 0
0 2 -8 2
0 2 -8
21 = 1 0 .. 0
-8 20 -8 1 0 .. 0
1 -8 20 -8 1 0 0
0 1 0
0 0
by = 0 0
0 1 0
0 0 1 -8 20 -8 1
0 0 1 -8 20 -8
0 o 1 =T 2

Theorem 3.1 [J] The scheme (1) of 13-point is conver-
gent and the error is of h% order.

ISSN: 2231-5373

h7* Vij—2 + Vij42 + Vi—2j + Vit2j — 8(Vij—1 T Vij+1) 3,2,
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Numerical solution of parabolic problem

In [11], T.P.Witelski and M.Bowen present a new finite
difference approximation to the last problem (xx), known
that of alternating direction implicit schemes (ADI) and
study the stability and convergence. Moreover the au-
thors generalize the some results of the (ADI) scheme in
the case of linear problem to the nonlinear equations.

3.2.1.

Discrete formulation of finite difference
method

In order to solve the problem (%) of parabolic equation
numerically, we introduce a uniform mesh presented in
the last subsection 3.1.1 and we introduce the next typ-
ical notation for difference operators :

w(iAz, jAyY, nAt) = w;jp

T L Wijn41—Wijn
Athjn - 8th]n -

(At)
2, a4, _ Wit2in—4Wit1jn+06Wijn —4Wi_1jntWi—2jn
Aa:wljn - a:rw’bjn - (Az)* :
92, Wit1jn—2WijntWi—1jn
Arwwn = azwmn = (Az)2 .

Now we approximate the problem (xx), by the following
finite difference (ADI) system presented by T.P.Witelski
and M.Bowen in [11]:

L.w" = —(At)AQwim + fijn

Lyv* = w”

Wijn+l = Wijn +0* for ij=1,..,N—1
Boundary conditions

Wojn = WNjn = Wion = Winn =0 for ¢ =0,...N,
i=0,.Nand 0 < nAt<T

Wijo0 = (UO)ijO fOT Z] = 0, N

2)

Where w* and v* represent an intermediate results ob-
tained from solving the first and second equations, but
L, =T1+0(At)A2, L, = I+ 0(At)A? are two operators
and 0 <0 < 1.

3.2.2.

Matrix system of scheme (2)

Let W™ = (wlln; Wi2ny -+ WIN—1n, W21ln, ---W2N —1n, -~-wN—1N—1n)

be a vector of unknown values of the approached weakly
uniqueness solution wy, of the problem (xx), by using the
next (ADI) scheme (2) of finite difference approximation
to the parabolic problem :

Lyw* = 7(At)A2wijn + fijn
Lyv* = w*
Wijn41 = Wijn +0*

(2)

This scheme (2) presented under matrix form, is equiva-
lent to the following linear system :

BW* = AW™ 4+ F™,

Ccv* =Wwr,

Wn+1 =Wn" + V*,

Where A, B = I+ 0(At)By and C = I + 0(At)Cy are
tree matrix of order (N — 1)? and F is the known vector
depend only of body forces and the boundary conditions.
Such that
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T -4l T 0
—4I 61 -4 I 0
I —4I 61 —4I 0 0
0 I 0
By = 0 0
0 I 0
0 0 —4I 61 —4I I
0 I —4I 61 -4l
0 0 I -4 71
7 -4 1 0
-4 6 -4 1 0 0
1 -4 6 -4 1 0 0
0o 1 0
ch=1| o 0
0 1 0
0 0 1 -4 6 -4 1
0 0 1 -4 6 -4
0 o 1 -4 7

Where C; = (Cil‘)lgijSNfl is matrix of block diago-

nal matrix and A is the matrix of scheme (1).

Example 1. We consider in this example the following
analytical external forces p, internal forces Fj, source L

and the mapping 6.
Fy(z,y) = 0.8ze~% ~¥" ,
L(u) = O.8x(67”“’2 - 6792)u ,
0(x,y) = —0.5wy(z — 1)(y — e~ =" v
p(r,y) = sin®(7x)cos?®(rx)

Transversal displacement of plate, t3g = 2.4s

ISSN: 2231-5373

Transversal displacement of plate, t1p00 = 80s

) 10 20 30 10 50 60 70 80

displacement in the point (3,7) for, t1000 = 80s
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