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Algorithm

Equation A

(m)!cos %

o 1
o = J cosiitbxm)dx
b 0

Where m £ n

e Jet'sassume ‘k’to be a variable and k €
n i.e. 'k’ belongs to asset of natural
numbers

Resultsl: if m= (4k)
Jy cosi?@bxl/‘”‘)dx:%
Where k € N

Result2: if m= (4k-2)

—(4k-2)!
pAk—2

1
Jy cosibx=2)dx =
Wherek € N

Result 3: if m= (2k-1) then;
N
Jy cosifibx7=T)dx=0
Where kK € N

Equation B

(m)! sin% © 1

— == J sinifbxm)dx
b 0

Wherem &n

Lets assumes the same variable 'k’ following
the same condition, that ism &n

Resultl: If m=2k

1
Jy sini@ibx@)dx=0

Where k e N

Result 2: if m=(4k-3)

- (4k — 3)!
fo sinfibx*k=3))dx = T
Where k € N
Result 3: if m= (4k-1)
. S —(4k — 1)!
f SinfiEbx D) dx = %
0

Wherek €N

The result written is derived in the following pages
starting from the basic definition of gamma
function.

Deriving a relation between gamma function
trigonometry function (sine or cos) using complex
number approach.

To start from basic definition of gamma function
) Zf()wut_le_“ du
Where t g2 ~
Now  make the substitution:
u = sx"
Where s is the complex number of the (a+ib)
Differentiating both sides
du = (s)(n)x" 1dx
n &R — {0} i.e. n cannot be equal to 0.

following

After making the substitution:
r@ = [ [ex ("))
0
F(t) zf S(t—1+1) x(nt—n+n—1)e—sx”ndx
0

r) =f (nst) x" 1 e=sx" gx
0
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rQ) _ (e, (nt-1) p—sx®
o Jo x e dx
o))

Where t&€Z " &n #0

Since we assumed ‘s’ to be a complex number of
the form (a+ib), we can rewrite Equation(1l) by
replacing ‘s’ with its complex conjugate, 3. 5 is of
the form (a - ib).

Replacing ‘s’ by §

Ir(t) (> (nt-1) ,—5x"
werke Jo ™D e dx 2

Where t&Z " &n #0
e Equation 1

r@ _

(nt—1) ,—sx"
=] x e dx
n(st) fo

Where t€Z ~&n #0

e [Equation 2

re _ f“’x (nt-1) 55" gy
0

n(st)

Where t€Z " &n #0
Where s is the complex number of the (a+ib)

s=a+ib

s = |s|ei®
b

where [s|=Va?+ b%? tana = ”
st = |s|teite

3
s=a-ib 5 =|s|te i@
(5)t = (Ishte

4)

- Substituting the results of (3) and (4) in equations
(1) and (2) respectively.
-Substituting the following values
— s=a+ib
— §=a-ib
Modified equation (1)

nl;ite)im:fowx (nt-1) e—(a+ib)x"dx

Where t €Z ~&n #0

Modified equation (2)

r

nlslte—ita

=J‘: x (mt-1) e—(a—ib)x"dx

Where t€Z ~&n #0

Case(i) :
Adding equation (1) and (2)

o  Case(ii) :
Subtracting equation (1) from (2)

Simplifying case (i)

r() r() _
n|5|tet(ia) n|5|tet(—ia) -
o0

(x (nt-1) , [e—(a+ib)x"
0
+ e~ (@) gy

> LW (pmia 4 giay =

nls|t
f (x (nt-1) e—ax"[e—ihx" + eibx"])dx
0
Applying Euler’s formula, which is given by:-
e +e

cosy = 5

on LHS and RHS

> Ir(t) cos(ta) —
n|s|t
Jo x @1 e=®" cos(bx™) dx

I(t) cos(ta)
n|s|t a
f0°°x mt-1) g=ax™ £ 5(hx™) dx------------
equation(b)

Where t&Z ~&n #0

Simplifying case (ii)

> r(t) r(t) _

nls|tet@+@  p|s|tetCita)
o0
f (x (nt—-1) [e—(a+ib)x“
0
_ e—(a—ib)x"])dx

> M(et(—iﬂz) _ et(i+a)) —

n|s|t

J (x (nt-1) e—ux"[ e—ibx" _ eibx"])dx
0

Apply Euler’s formula which is given by:-
ely_e~ly
2

siny =

on LHS and RHS
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> r)sin(ta) —
n|s|t
fowx mt=1) g=ax™ ¢ in(bx™) dx
> r(t) sin(ta) _
n|s|t
f;ox Mt-1) g=ax" ¢ jp(bx") dx --------n---

-(6)
Where t &Z & n #0 & 40

Equation (5)
rt t ® n
M = f X (nt—1) e cos(bxn) dx
n|s[* 0
Where t €Z ~ & n #0 & 0

Equation (6)

r(t)sin(ta)

(nt—-1) p,—ax™ o ; n
X e sin(bx™) dx
n|s|* fo

Where t €Z ~ & n #0 & t£0

Where s=a+

ib
|s| = VaZ + b?
a=tan 12
Simplyfying equation (5)
I'(t) cos(at) _

T fo x (=1 e=ax™ cog(hx™) dx
Now simplifying some variables by assigning them
values
Let :a=0, n =%
Wheret£0 &t gZ ~
Since a=0; |s| = Vb2=b. But
tana == s not defined implying e = (nm +
m/2) because tanz is not defined as well

Considering only the principal argument

o a =-—
2

Thus equation 5 reduces as
T
I() cos[(t]
— =
Z1bl*

r() tcos/= . 1
w = [, cos(bx®)dx

_____________ equation (7)

© 1
f x =D e(O0X™) cos(bxt) dx
0

Where t €Z ~ & t#0

Simplifying Equation (6)

r)sin(ta)
n|s|t B
Now simplifying some variables by assigning them
values
Let a tend to zero; a—0;

f x (1) e=ax™ ¢ in(hx™) dx
0

llmhﬁo(a =h)

1
n=<;),Wheret¢ 0&t & Z~

Now as a—0; |s| = Vb%=b and
tana - o
T 1
=>a=-. As we equate n = (;) where t= 0
=> (nt — 1) = 0 i.e.exponential power of x=0
These simplification reduces
equation 6 to

tr () sin (& o 1
%z Jy sin(bx?) dx

.............. equation(8)
Wheret# 0 &t 7 ~

Equations derived are:
» Equation 7
tI(t) cos|3]
bt -
o 1
Jo cos(bxt) dx

» Equation 8
o) sin) 1
Tzf sin(bxt) dx

0

Where t+
0&tgz"

Equation 7

mt 1

% = f;o cos(bxt) dx

Wherett 0 & t €7 ~

Now let us assume 'm’ to be a variable belonging

to the set of natural numbersi.e. m € N

Case (I): t €(m)

This assumption will reduce the above equation to:

@© 1
m I (m) cos(?) = f cositbxm)dx

0

Since m is a positive natural number the following
relation:

Tmy=m—-Drn-1)
rn)=m-1)!
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This will reduce the above equation to: —
mm
m(m — 1)! COS(T)

(b

oo 1
= J- cos <bxﬁ> dx
0

=p rmag;—w= fwcos(bx%)dx
0

------- equation (7.1)
wherem € N

Case(ll): t €(-m)
This will reduce the above equation 5 to: —
(=m)I'(—=m)cos( gm) ® -1
— = f cos (bxW) dx
(b 0
Now applying the following relation:

rmra—-n) = SiniTn)

Replacing n— (1+n)
r(1+n)r(-n)=———
1 +n) w= sinifr + n)

—TT
=n) (1 + n)siniifirn)
Replacing the above situation in the formula:

_ (—m)(—m)cos(mtm/2)
7 (1 +m)sin(mm) (b))

-1
= f cos <bxﬁ) dx
0

mmcos(mtm/2)(b)™ ® -1
— —f cos(bxm)dx
(m)! sinifrm) 0
equation (7.2)
Now the above relation has the constraint : m € N.
Since this is in contradiction what we started with
i.e. m € (—N), thus case Il is nullified

Case (I11): t € R* — N i.e. t belongs to a positive
number, excluding all natural numbers. Let ‘n’ be
a variable belonging to the class of (R* — N).

Let te(n)andt£0 &t €Z

This substitution changes Equation (7) to
nl'(n) wx%_ 0 1
(b—n)_fo cos (bxn) dx-----=mnn-

—————— equation (7.3)
wheren € (RT—W)

Case(IV): te —(R" —N)i.e.
t belongs to a class of negative

numbers not subsuming any
negative integer.

(= (=n)cos (55 _ (oo 1
— o - J, cos (bxn) dx
equation (7.4)

wheren € (Rt —W)

Since the above equation (7.4)
deals with a set of a numbers similar
To that in an equation (7.2) and both these
equations cannot be Solved further ,thus they won 't
be consider further.

Equation 8

1t
tr(t) sin(=-) ® 1
TZ = f sin (bx?> dx
0
Wheret£0 & t 7 ~

(i) Now applying similar cases which were applied
in

Equation 7

(if) Using same variables without changing the set
they belonged to in cases of equation 7 keeping in
mind that sin(-x)= -sin(x) which is in contrary to
the equation followed by the

Cosine function: cos(-x)= cos(x)
(i) #0&t€Z "

Case (I):tem
Applying the same derivations that were applied in
equation (7) to get the same result in sine function

m!sinifmm/2)

(b)™

o 1
= f sin (bxﬁ> dx — —
0

— —equation 8.1

wherem € N
CASE (II): t €(-m)
Considering the above scenario ,case Il will be
nullified as happened in equation 7 (case 1)
CASE (I11): t €(+n) and -0
This substitution will provide a similar result as
that equation 7, (case I11)

nr (n) sin (5
.bn
equation 8.3

© 1
= [, sin(bxn) dx- e

wheren € (Rt —W)

CASE (1V): t €(-n) and 0
Similar to equation 7 (case 1V)
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—Tnn

(—n)I'(—n) sin (T) ® -1
— =f sin(bxn)dx
b= 0
----------- equation 8.4
wheren € (RT—W)

since the equation 8.4 cannot be reduced to any
more simpler form, equation 8.4 will not be
considered. Similar is the case for equation 8.3

Final Results

Equation (7.1)

m! cos(mm/2) ® +1
—=f cos(bxm )dx
(b)m 0
WHEREmE€E N

Now lets assume °‘k’ to be a natural number
ie.kEN

CASE(l) : m=(4k)

(4k)! cos(4km/2) j‘” ( +_1)
= = 4k
| 2 DL | cos | bx dx
= > U0 — [ cos (bxw)d result
=» "0 = Jo cos (bx X---=m-mmmm- esu
@
Wherek €N

CASE(I1) : m=(4k-2)

(4k — 2)! cosif(4k — 2)m/2]
> p@k=2)

® +1
= f cos (bx4k—2)dx
0

_» (4k — 2)! cos[(2k — 1)m]
- p4k=2)

* +1
= f cos (bx4k—2)dx

=p M = (jfocos (bx%—lz) dx
0

p@k-2)
-------- result (2)
Wherek €N

CASE I : m=(4k-3) or m=(4k-1) i.e. that means:
m=(2k-1)

_» 2k — D! cosif(2k — 1)m /2]
= p@k—1)

® +_1
= f cos (bek—1>dx
0

© +1
=p Ozf cos(bxm)dx————
0

—result (3)
Where k € N

Equation 8.1

ml!sinifmm/2) © 1
—m=f sm(bxm)dx
(b) 0
WHERE m €N
Now lets assume ‘k’ to ba a natural number

i.e.k €N

CASE(l) : m=(2K)

(2k)! sin(2km/2) o +1
=p D% =f0 sm(bx2k>dx

w +1

= >0 = [ sin (bx ) dx
------------ result (1)

Where k € N

CASE (I1): m=(4k-3)

. (4k — 3)! sini(4k — 3)m/2]

p@k=3)
* +1
= f sin (bx4k—3>dx
0
(4k — 3)! fw ' (b %)d
=pb—= sin | bxak— X————
p(ak=3) o
—result (2)
Where k €N

CASE (111) : m=(4k-1)

4k —1)! sinif(4k — 1)m/2]
=» )

* 1
= j sin (bx4k—1) dx
0

—[(4k - 1)! |
= p@k—1)
*® +1
= J- sin(bxm)dx— - — =
0
—result (3)
Where k € N
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