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On general Eulerian integral of certain product Prasad's multivariable I-function, the
classes of polynomials and generalized hypergeometric function

FY. AYANT!

1 Teacher in High School , France

ABSTRACT

The object of this paper is to establish an general Eulerian integral involving the product of the multivariable I-function defined by Prasad [1], the
general classes of multivariable polynomials and a generalized hypergeometric function which provide unification and extension of numerous
results. We will study the particular case concerning the multivariable I-function defined by Sharma et al [3] and the Srivastava-Daoust polynomial

[4].
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1.Introduction

In this paper, we evaluate a general Eulerian integral concerning the product of the multivariable I-function defined by
Prasad [1], a generalized hypergeometric function and the classes of multivariable polynomials.

The multivariable I-function of r-variables is defined in term of multiple Mellin-Barnes type integral :

VA L " . .
(a2j7 0523'7 azj)l,p27 Tty
I(z1, -+ ,2,) = 107712;0,”3;'--;Omr:m(l),n(l);m ;m (™) (1)
1s e P2,42,P3,43; ;P ,qr:p(1) ()5 5p(r) g (7)
. / 12 . .
(b2j, 623‘,62]')1,(12’ T
T
RNEY) (r) () (D) . () (r)
(aTj7 Qs 5 Oy )Lpr : (aj ) O )l,p(1)7 T (aj )y O )l,p“’)

(1.1)
(bry; B 881 g0 - 0, 8, s (87, 87, 4o

1 : y
:W/L /L (81, ,ST)H 0;(s;)z;'dsy - - - ds, (1.2)
1 r i=1

The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [1]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largz;| < §Q¢7r, where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.
We may establish the the asymptotic expansion in the following convenient form :

Iz, 5 20) = 0( 2| oo 2| )  maz (2l 2] ) = O

I(z1,- - 20) = 0(|za|™ oo 2f) omin( |21, 2] ) = 00

where k=1, ,r:a) = min[Re(bgk)/ﬁék))],j =1,---,myand

Bt = maz([Re((af” —1)/af?)],j =1,--- .y

We will use these following notations in this section :

Ur = p2,42:P3,435 -+ i Pr—1,qr—1; Ve = 0,12, 0,n35 - 50,m0 1 (1.4)
W, = (pM, gD (p™, MY X, = (mD, D). (m) ) 15)
A = (agk; O‘Sc)v O‘Sc)); R CICS O‘Ei)—l)k’ O‘Ei)—l)k’ o ’aE::Bk) (1.6)
B = (bai By, 55+ 3 by B 1y By Bl 1) (L7)
A= (ark; oy, 0qy)) B = (ks By, 8% B 1.8
Ar = (005 (0 o) 0 Br= 0 B )i 00 B e 09

The multivariable I-function of r-variables write :

VAl

A A A,
I(z, o z) = Iriomede | (1.10)
B; B; B,

Zp

The generalized polynomials of multivariables defined by Srivastava [4], is given in the following manner :
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T ol ] = ' (ND)on, x, - (=Ny)o, ke
S N, [yh 7yv — Z Z K1' Kv'
K1=0 K,=0
K K,
A[Ny, K-+ s Ny, Kylyp -+ -, (1.11)
where 2, - -+ 9N, are arbitrary positive integers and the coefficients A[N 1, K15+ 1 Ny, KU] are arbitrary

constants, real or complex.

Srivastava and Garg [6] introduced and defined a general class of multivariable polynomials as follows

h1R1+"'huRu<L ZRl ZRU
h [ ahu . 1 e
SLl I:Z]-’ T ,Zu]: Z (_L)th1++huRﬂB(E7 R17 U ’R ) S | (1‘12)
Ry!'---R,!
Ry, ,Ry=0
The coefficients are B[E; Ry, .. ., R,] arbitrary constants, real or complex.
—N N,
We will note a,, :( Do, 16 (=)o, K”A[Nl,Kl;--- ; Ny, K] and
Ky! K,!
—F B(E;L{,---,L
p, TRt Fur  BUE Ly L) w13)

Ll Ly

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [7 ,page 39
eq .30]

HJZZI (4, pFQ [(Ap), (B ) (iUl + + xr)]
Hj:lr B;)
[ DA+ 814+ s0) 5 pordgy -
27rw / / J B;+ s +- +sr)r(_51)"'r(—5r)$1 ceayrdsy dsy 2.1

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(4; +s1 + -+ + s,)
are separated from those of I'(—s;),j = 1,--- ,r. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k
/ (t—a)* ' (b—1t) H 1—75( (t—a) H fit+g;)7dt = (b~ a)** 7 B(a H afj+9;)”
a 7=1

i=1 Jj=1

(w:hy, - hy, Lo 1) (A : 1), (N i 1) (=012 1), (—og 2 1)

(a+5:h1>"'7hl717'”71):_7"'7_;_7"'7_
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b—a b—a)fr

where a,b € R(a < b),q, 8, fi, gi,0i,7j, hj € C, N e RY (i =1, ks =1,---,1)

bet,

1:1,---,1;1---,1 . . . . . . .
and I 1:0,--- ,0:0,--- ,0 is @ particular case of the generalized Lauricella function introduced by Srivastava-Daoust[5,page
454] given by :

(b—a)fi
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1<5<!
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Jj=1

Here the contour Ls are defined by L;j = L, (Re((;) = v}) starting at the point vj — woo and terminating at the
point v} +woo with v € R(j = 1,---,1) and each of the remaining contour Liy 1, - , Ly 4 run from —woo to woo

l N
2.2) can be easily established by expandin [1 —T7i(t - a)hi] ’ by means of the formula :
( y y expanding y

Jj=1

1-z=Y i! 12| < 1) (2.4)

r=0

integrating term by term with the help of the integral given by Saigo and Saxena [2, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [5, page 454].

3. Eulerian integral

In this section , we evaluate a general Eulerian integral with the product of two multivariable Aleph-functions, class of
multivariable polynomials and generalized hypergeometric function. We note

! O ! IO
H L-ryt-a) ] (s 0i= 1 )0 =[[ L -nt -] (P S0 =1, ,5)
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ISSN: 2231-5373 http://www.ijmttjournal.org Page 115



vts-6
Text Box
ISSN: 2231-5373                          http://www.ijmttjournal.org                                Page 115


vts-6
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 43 Number 2- March 2017



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 43 Number 2- March 2017

! @ .
0 = H [1 —7(t — a)hi} ¢ ,C;”(Z) >00@=1,---,v) (3.1)
j=1
U=p2,92:p3,493; " ;Pr-1,9-1;0,0;---;0,0;0,05---;0,0;0,05--- ;0,0 (32)
V =0,n2;0,n3;---;0,n,-1;0,0;---;0,0;0,0;---;0,0;0,05--- ;0,0 (3:3)
X=m® pW:om p105051,0:1,0;-:1,051,0;- - 51,0 (3.4)
Y =pW Wi ptgl050, 15 :0,150,15-+-50,150,15-++ 50,1 (35)
1 2 1 2 r—1
A= (a2k;agk)’agk)); e 5(a(r—l)k;agrll)wO‘Er)fl)k’ “‘ 7agr713k (3.6)
1 2 1 2 r—1
B = (b2k§ ék)a ék))a T ;(b(rfl)k:;ﬁ((,«),l)k7/3((7n),1)k7"' 7ﬁ((7n,1))k (3.7)
A=(arp; a0 o a0 0,0--,0,0,---,0) (3.8)
‘B:(ka,Bﬁi),ﬁﬁi), 767(~1];)707 3070"' 70707'“ 70) 3.9)
1 1 r r
2, = (al ol s 5 (@l @)y e s(1,0) -+ 5 (1,0)3(1,0); - - 5 (1,0);
(1,0);---;(1,0); (3.10)
1 1 r r
By = (0. B ) grs o (08 B )1 g5 (0,1)5- -5 (0,1):(0,1); -+ (0, 1);
(0,1);---;(0,1) (3.11)
Kl = (1_Q_ZRZG’Z_ZKZa;7/’L17 7/'1’7’7/~L/17"' ,M;’h17... ,h[,l,“‘ ’1) (3.12)
1=1 =1
KQ:(l_ﬁ_Zszl_Zbi;)pla7p7‘,p/177p;,0,70a0 aO) (3.13)
=1 =1
Kp = [1*147107 ;0,1,---,1,0,---,0,0,- 70]1,P (3.14)
1(% e 1 r /(1 /(s
Kj=[1-X— Y R/ =S K"V 0 W ),
=1 =1
07" 717 ’ 7070 70]1,1 (3.15)
j
r - 1(1) - m(z) (1) (r) /(1) 1(s)
Kj=[ltoj =Y R\ = K75 7 AT A0
=1 =1
0,---,0,0 o1 ao]l,k (3.16)
j

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 116


vts-6
Text Box
ISSN: 2231-5373                          http://www.ijmttjournal.org                                Page 116


vts-6
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 43 Number 2- March 2017



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 43 Number 2- March 2017

Li=1-a=B8-Y Riai+b)— Y Ki(aj+b)ipma+pr,-- s pr+ pefly + 05y s i+ 9}
= =1

hl»"'ahlala"'71) (3.17)

LQ: [1—Bj;0,--- ,0,1,---,1,0,---,0,0--- aO]l,Q (3.18)

Ly=[1—)— ZRiC;/(i) _ ZKiC;/,(i); C](l)’ o ’C](r)7C;(1) L aCJ/'(S)707 ,0,0- -+ ,0]1.1(3.19)
=1 =1

= Loy = Y RN =KX AT N0, ,0,0,0- 01 sa20)

i=1
h
Bu,v _ (b o a)zizl Ki(a;+b))+3>71  (ai+bi)R; H a/fj +g] L KN =3 N R (3.21)
=1

We have the general Eulerian integral
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This result is an extansion the formula given by Saxena et al [3].

Provided that

A) a,b € R(a < b); ul,p“)\(z) ho € RT, fi,95, 70,05, A € C (i =

(B) a??vblkaec(lzl~7T7J:1:7p17k:1~7ql):a§2)ab§k)e(c
(2:1777'7]:177p(l)7k:177q(l))
ff)vﬂk)€R+ (Z_l 7j:17"'7piak:17"'77‘);05_?)’657;) €R+(Z:1:
b—a)f;
(C) max M <1, max{‘Tj(b—a)hj}}<1
1<k || afi +gi 1<l

b(l)

min

1<J<m(>5()] > 0 and RGﬁ-ﬁ-sz

(D) Re[o + Z i
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v u T 1 v u s
(E) Re (a +Y Kidj+ Y Riai+ > pisi+ Y hw> > 0:Re (5 + Y Kb+ Ribi+ Yy pisi> >0
=1 =1 =1 =1 1=1 =1 =1
(A +ZK>\”’(’)+ZR)\” >+Zslg<z>>oj—1 1)

(UJ+ZK/\’”<>+ZRX’>+Zm“>>o;—1 k)

n(® q” no P2
=S S e S o (B 5 )
O N~ 0 O~ () o (™ o)
K2 7 K3 (3 7
S0y 85 )= (Sl S 350 -
k=ns+1 k=1 k=1
k .
A0 =1
=1
! et G 1
(G) |arg ZIH l—Tjt—ah] J H(fjt—i—gj)_j <§Qiﬂ' (a<t<bi=1,---,7)
j=1 =1
(H) P < @ + 1. The equality holds, when , in addition,
l —¢® b o) o
either P > ( and zéZ[l—Tj(t—a)h"] I H(fjtJrgj)’Aa' <l(a<t<b)
i=1 j=1
l ha1 ¢ u A
or P < Qand max Zy [t=m—a)™] > Tt +9)™" <1 (a<t<b)
Isis j=1 j=1

Proof

To prove (3.22), first expressing a class of multivariable polynomlals S N1 ]3? " [] defined by Srivastava [4] in

serie with the help of (1.11), a class of multivariable polynomials .S Ll’ o [] defined by Srivastava et al [6] in serie
with the help of (1.12) and we interchange the order of summations and t-integral (which is permissible under the
conditions stated). Epressing the I-functions of r-variables defined by Prasad [1] in terms of Mellin-Barnes type contour
integral with the help of (1.2) and the generalized hypergeometric function pL Q () in Mellin-Barnes contour integral
with the help of (2.1) and interchange the order of integrations which is justifiable due to absolute convergence of the
integral involved in the process. Now collect the power of [1 — T (t — a)hi} with(i =1,--- ,r;j=1,--- 1)
and collect the power of (f;t+ g;) with j =1,---,k. Use the equations (2.2) and (2.3) and express the result in
Mellin-Barnes contour integral. Interpreting the (r + s + &k + 1) dimensional Mellin-Barnes integral to multivariable
Aleph-function, we obtain the equation (3.22).
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4. Particular cases

a) f U=V =A=DB=0 , the multivariable I-function defined by Prasad [1] reduces to multivariable H-function
defined by Srivastava et al [8].

We the following generalized Eulerian integral concerning the multivariable H-function under the same notations and
conditions that (3.22) with U=V =A=B =0

b 1 k
/ (=@ o= P [ [1 - -] [[ (5t +9)°
a j=1 =1

17(1)

407 (t —a) (b — 1) [TE, (f5t +g;) ™

5217 7hu
17(w)
2000 (L — a)® (b— )% [TV (fit + g5) ™
’ ’ k /(1)
2'0)'(t — a)™ (b — )" T[;_y (fit + g5) A
ml?“' 79)’{[)
SN17... ,NU

, , _y1(w)
200 (t — @) (b — )P TT5, (f5t + g;)

k A
2101 (t — ) (b — )™ Hj:l(fjt + 9;) A
I
M p. k —am
2:0r(t — a)t" (b —1) THj:l(fjt—i_gj) I
s k )
PFQ ( Zzzgzt_aul(b_t Hf]t+g]) /\J dt =
=1 7j=1
H ( ) Nl/ml] [NU/mo]thl‘F huRugL v
(b~ a)* =t [Tasi+a D - > >, [1=" H 2",y By,
HJ 1F(AJ) 5=1 K1=0 K,=0 Ry, ,R,=0 =1 k=1
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( z1(b—a)H1tr1
(1)

H?:l(afj—f_gj))\j
Kl,KQ,Kg,,Kj,KJ/-,Q[ : Q[l

2y (b_a)ur+pr

(r)
AL
H?:l(afj‘i’gj) J
zi(b—a)“llJ“p,l
>\ (1)

H 1(afj+gj)

0,n,-+P+l+k+2; X / /
HpT+P+l+k+2 ¢r+Q+I+k+1;Y Z;(b—a)“8+ps ’ (4.1)
k A (8)
_]Zl(afj +g]) J
T1 (b — Cl)hl

Tl (b — a)hl
(b—a)f1
afi+g1

Ll,LQ,Lj,L;,% : %1

K (b—a) f
afx+gk

A B’ B(w) u
| R CR P Hjﬂ(b'.)w; T 05 oo
b)If B(L; Ry, -+ ,Ry)=—= : 4.2)

C D), i(u
=10 Ry ot [T;%(d TR Y (d ))Ruéﬁ-u)

then the general class of multivariable polynomial S?Jl ;b

defined by Srivastava et al [5]. We have

b l k
/(t—a Hl—T7t—CLh Hf7t+g]
a j=1 Jj=1

[21, KN zu] reduces to generalized Lauricella function

)\//(1)

207(t = a)™ (b= 0" [T (fit + 95) ™

1+A:B’;-. ;B
Felpr piw

()

2007t — ) (b — )% TI5_ (fit+g;) ™

((L)iRa, -, Ra]l(a); 0, -, 0] - [(b’) ¢l 5 [(01); 0]
[(C);d)/, o ,"Qb(“)] : [( )7 51]7 ) [(d(u))v 5(u)]
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711(1)
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(1)
2101t — ) (b— )" [T5_, (fit +g5)

’ (M
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s k
A D
PFo | (Ap)i (Bo)i— Y 0t —ay (b — ) [[(fit+g;,) N |dt =
=1 j=1

Nu/mn]thl+"'huRu<L v

/O,
Q
* (B
(b_a)a_;,_ﬂ_lng:l ( ) af]+g] E : E IIZ///K I | z”R"aq,b/ 7”

szlr(Aj)J 1 K,=0 Ri,,Ry,=0 i=1 k=1

zl(b—a)“ﬁ"’l
A
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Zr(b_a)ur‘FPr

(r)
Al
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2, (b—a)“ll"'p/l
,\ (1)
H] (afi+g;) 7

V;0,np+P+I+k+2;X L,
IU:pT+P+l+k+2,qr+Q+l+k+1;Y z’ (b_a)MS-FpS
,\ (s)
1_[] 1 (a’fj +gg )h
1 (b ) 1
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\ (b—a) f&
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(4.3)
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under the same notations and conditions that (3.22)

(_L)h1R1+"'+huRuB(E; Rla T 7Ru)
Ryl Ry

/
where b, =

,B[E; Ry, ..., R, is defined by (4.2)

Remark:

By the following similar procedure, the results of this document can be extented a class of multivariable polynomials
defined by Srivastava et al [6] and Srivastava [4]. The formula (3.22) is an extension of result concerning the
multivariable H-function defined by Srivastava et al [8]. For more details, see Saigo et al [3].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of the multivariable I-function
defined by Prasad [1], the classes of multivariable polynomials and generalized hypergeometric function with general
arguments. The formulae established in this paper is very general nature. Thus, the results established in this research
work would serve as a key formula from which, upon specializing the parameters, as many as desired results involving
the special functions of one and several variables can be obtained.
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