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ABSTRACT

The present paper is evaluated a new Eulerian integral associated with the product of two multivariable Aleph-functions , the multivariable A-function
and a generalized hypergeometric function with general arguments . We will study the cases concerning the multivariable I-function defined by
Sharma et al [3] and Srivastava-Daoust polynomial [4].
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1. Introduction

In this paper, we consider a general class of Eulerian integral concerning the product of two Multivariable Aleph-
functions, the multivariable A-function and a generalized hypergeometric function.

The Aleph-function of several variables is an extension of the multivariable I-function defined by Sharma and Ahmad
[3], itself is an a generalisation of G and H-functions of several variables defined by Srivastava et al [7].

The serie representation of the multivariable A-function is given by Gautam [1] as
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which is valid under the following conditions : 65,2. [plg-” + pj] # elgi) [Prm; + 93 (1.5)
and
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Suppose , as usual , that the parameters

aj?,]: 17 7paij.7: 17 » 45
k k .

()J_l 'ank;cii()k)mj:nk—*_la"'7pi(k‘);

k) . .
dg )7321 kvd( ] = mk"‘l;"';qu(k);

with k=1--- ,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/S, 153 /S, ’y’s and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

P;(k) i m
U(k) —Za( ) +7; Z %z)+2 (i )_I_Tz() Z (i)m _Tzzﬂ§?)i59(k)
j=n+1 j=nk+1 =1 =1
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q;(k)
—T;) 050) S (1.11)
j=mp+1

The reals numbers 7; are positives for ¢ = 1 to 2, T;(x) are positives for i%) =110 R

The contour Ly, is in the Sp-p lane and run from 0 — 400 to 0 + 400 where O is a real number with loop , if
necessary ,ensure that the poles of F(d/j(k) — 5;(k)sk) with j =1 to my are separated from those of
- X .

D(L—aj+ Y as) with j =1 10 n and T(1— ¢ + 9 s) with j =1 to m 1o the left of the

=1
contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where
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j=l1 j=n+1 j=1 j=ng+1
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"’ng‘(k) — Tik) Z (5( ()k) >0, with k=1- i=1,--- R ,i(k) =1, ,R(k) (1.12)
' Jj=mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
R(zp,- 5 20) = 0(|za|™ oo [2*)  maz(z], - 2] ) = O
R(z1, o, 20) = 0( o), [z ) cmin( 2, - 2] ) = 00
wherek =1, | r:ap = min[Re(dg-k)/éj(.k))],j =1,---,myand

B = max[Re((cf”) = 1)/ j = 1.+ my

We will use these following notations in this paper
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B={ni(bi; 87, B msr.a,} (1.16)
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The multivariable Aleph-function write :
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Consider the Aleph-function of s variables
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Suppose , as usual , that the parameters

/
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with k=1--+,84i=1,---,7 ,i® =1,... ¢rH

are complex numbers , and the O/S, B/S, ’yls and 0’s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers T7; are positives forz = 1,--- |5 , ¢;(x) are positives for i) = 1...p0F)

The contour Ly is in the fz-p lane and run from 0 — 700 to 0 + 100 where ¢ is a real number with loop , if
necessary ,ensure that the poles of I (bgk) — ﬁ](-k)tk) with 7 =1 to m) are separated from those of
S

D(1—u;+ Yt )with j =110 N and T(1— i + a{t;) with j =1 to n}, to the left of the

=1
contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < —ng)ﬂ, where

2
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B _ Z“() Z I +Za Lo Y agz()k)
.7 =n'+1 j:1 J nk+1

My q;uv)
+Zﬁ§-k) = Lik) Z B(f()k)> 0, with k=1,---,8i=1-,r,i®=1... rF (124
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
7 /7

N(z1,- -+ 26) = 0( 21", 2] ) s maz(|z1], -+ [z ) = 0
/ / .

N(Z]_,"' 725) :O( |Z1|f817... ,|z8|f85),m2n( |Zl|,"‘ ’|zs‘)—) [ee)

where k =1,--- ,2:a) = min[Re(b'g-k)/ﬁlg.k))],j =1,---,mj)and

Bt = maz(Re((af” —1)/af?)],j =1, nj

We will use these following notations in this paper

U =p,, g, ;s Vi=mi,nl;- sml,n (1.25)
W= play, st ™M Dl oy Lo ;7 (1.26)

e (T RIS P O UM (TR Ty T SRl IS | (1.27)
B = {ui(vj; Uﬁ)a e gf))mw—l,q;} (1.28)
o :(a§1); a§'1)>1’"'1 » Ly (aﬁ()l)§042<)1))n’1+1,p;<1)a T (ag'S);ag'S))l,n’s s it ( 522 )3 giz ) In ALY , (1.29)
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1 1 1 1
D’ Z(b§ )76j( )>1’ml1’Li(l)(bgigl);/3("()1))m/1+19q:(1) (b( ). B( ))1 m/y bi(s) (6(1( )76(2( ))m r41, q( ) (1.30)

J

The multivariable Aleph-function write :

/ ! A, : C’
N(z1,- -, 25) = N R 1.31)
B D’

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [6 ,page 39
eq .30]

P—1 I'(4;
I o ((Ar): (Ba) —(@ 4+ 2.)

st +se
J l ! )F(fsl) coD(=sp)xit - airdsy - - - dsy 2.1
i+ s1 4+ sy)

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(A4; + s1 +--- + s,.)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b l k k
/(t—a) H 1—7;(t —a)™ Hfjt—i—gj idt = (b—a)* P B(a, B) [[(af; + 97)7

=1
(w:hy, - hy, Lo 1) (A1), (N i 1) (=o1 2 1), (—og 2 1)
(Oé+,3!h1,"' ,hlvl,"' 71):_7"' y Ty Ty Ty T

b-a)fi  G-a)f

hl hl
7"'7le_a y ’ )
) ( ) afi + g1 afr + gk

2.2)
where a,b € R(a < b),a, B3, fi, gi,04,7j, h; € C, N\ ERT(i=1,-++ ki =1,---,1)

o

and F () 01 0 is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[4,page
454] and [5] given by :

(b—a)fi

1<l afi + gi

min(Re(a), Re(3)) > 0, max {‘Tj(b —a) ‘} <L 1<g<k{
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(w:hy,--  hy, oo 1) (A1), (A s 1) (=0 2 1), (—og 2 1)
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Fl:O,-u,()?(), -,0 PR
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afi+g1 afk + 9k | T(@) [T, TON) T, T(—0y)

04+Z] 1}LJ5]+23 1‘51+J) ! b
(2mw l+k/ / LTy 1L rees o)
L, Ltk F O/—Fﬂ + Z] 1 h; jS; + Z] 1 9l+g> j=1 j=1

I+k
[ITCsp)zgt - aptagit o it dsy - - s 23)

Jj=1

Here the contour L;s are defined by Lj = Lu¢;o0(Re((j) = vf) starting at the point v — woo and terminating at the
point u !+ woo w1th u €R(j =1,---,1) and each of the remaining contour L; 1, - - , Li+x run from —woo to woo

l

Y
2.2) can be easily established by expandin [1 -7t - a)hl] by means of the formula :
( y y expanding y
j=1

(1-2=Y" i! "(|2] < 1) 2.4)

r=0

integrating term by term with the help of the integral given by Saigo and Saxena [2, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [4, page 454].

3. Eulerian integral

In this section , we note :

l 0 l

- , ) PO '
H 1—7;(t—a) ] I ,C]()>O(z:1,-~-,r);&i:H[l—Tj(t—a)hl] I ,C;()>0(Z:1,"-,S)
l hi1 =S ) -
0;’:H[1—Tj(t—a) i G >0 =1, u)
Jj=1
111(%) A
Kl:(1_a_znGiygi(ui+M;);ula"'husalu'/l»"'7“&717”'7171}17"'7Ul) 3.2)
1=1
v
KQ:(1_ﬂ_znGi,gi(pi—i_IOg);ph'”7p57p/17"'7p;707"'70a7—17"'7Tl) 3.3)
=1
KP:[1fAj;07...70707...,070,...’0717...71]1’P (3.4)
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1—|_O-.7 Znngz ] +A/( )) A§1)7."

’ 707 C3/7 T 7Cj('l)h,k (3.5)

Li=(—=a=B8=) na.g(pi+wi+pi+ )i+ pr o phs+ pss ih + 00 o il + 0l
=1
15"'717U1+7-17"'7Ul+7—l) (3.6)
LQ:[l_Bj;()?"'?O?O?"'70707"'7071 71]1,Q (3.7)
j ] 1 s /(1 /(u
= [1+0; = 6,0 A + XA AN A0 00,6 e @
i=1
h
Py = (b—a)* P S T (afs + 9 (3.9)
j=1
h
Buw = (b— a)Simt (@ H00ne, o+ i (b0 B [(af; +g;) == VA6 0 =K N R N (3.10)
j=1
where szgf)lnzzld) " <§ )
Hz 1 GgZ
¢1,¢; fori =1,--- v are defined respectively by (1.2) and (1.3)
—L B(E;R.,--- , Ry
B, — (=L)ns Ryt +hur B(ES Ry ) 3.11)
R R,!
Vi=V;V5L05---51,0;1,05--- 51,0 s Wy = W W50,15---50,1;0,1; -+ 50,1 (3.12)
Cl 2070/7(170)7 7(170)7(170)) 7(170) 7D1 :D7D/’(071)7 7(071)a(07]—)7 7(071) (313)
We have the general Eulerian integral
”9 +u 4o 1Tk @ @
271 (t — @) (b — t)r T Hj:1(fjt+9j) 7
b k
/(t_a(xl Hf7f+g]
79 +u! + " k 2@y
27y (t —a)l e (b — )PP T (f5t 4 g5) i

M
A

z1(t — ) (b— )" Ty (fit +g5)”

tolt =y (b= 1) Ty (ot +9) ™Y
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b
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Jj=1 j=1

/

z S

J=n'+1 Jj=n;+1 Jj=1
%)
(k)
—Lik) Z /B,L(k)\
j=mj +1
n qi P,(k)
(k) (k) _ (k) (k) (k)
® A" = Zo‘j Z & _Tiz +Z% — T Z Vil
7j=1 j=n+1 j=1 j=ni+1
mp 4q;(k)
1 (k) (k)
+ Z% Ti(k) 6gz(k) >0
Jj=1 j=mr+1

j=n'+1
mj, )
k
87w Yo Bl >0
j=1 j=mj +1

h
arg (z, H p]tJrqj )‘J )
j=1

1 _(k .
< §Bf )7t B™ is defined by (1.24)

h
1(3)
arg( Hpjt—i-qj e )

(H) P < @ + 1. The equality holds, when , in addition,

ISSN: 2231-5373

http://www.ijmttjournal.org

P, (k)

4
Z M(k) LiZU +Za = L) Z a;fgm
j=1

j= nk—l—l

k
< A( )7T A( ) is defined by (1.12) and

Page 206



vts-6
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 43 Number 3- March 2017


vts-6
Text Box
ISSN: 2231-5373                          http://www.ijmttjournal.org                                Page 206



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 43 Number 3- March 2017

. T
. i)
either P > Qand |2/ [ T](f;t +g;)7 <1 (a<t<b)
j=1

K

)

or P < @ and max ||f]t+g] =4 <1l (a<t<b)
X =1

( I )The multiple series occuring on the right-hand side of (3.14) is absolutely and uniformly convergent.
Proof

First expressing the the multivariable A-function in serie with the help of (1.1) and we interchange the order of
summations and t-integral (which is permissible under the conditions stated). Expressing the Aleph-function of s-
variables and u-variables by the Mellin-Barnes contour integral with the help of the equation (1.8) and (1.20)
respectively, the generalized hypergeometric function pFg () in Mellin-Barnes contour integral with the help of (2.1)
and interchange the order of integrations which is justifiable due to absolute convergence of the integral involved in the
process. Now collect the power of (f;t + g;) with 7 =1,--- , k and use the equations (2.1) and (2.2) and we obtain k—
Mellin-Barnes contour integral. Changing the order of integration and summation (which is easily seen to be justified
due to the absolute convergence of the integral and the summations involved in the process) and interpreting
(r 4+ s + k + )—Mellin-barnes contour integral to multivariable Aleph-function , we obtain the desired result.

4. Particular case

If 7,7y, , T, Ly L), *** , L) — 1, the Aleph-function of r-variables and the Aleph-function of s-variables
reduces respectively to I-function of r-variables and I-function of s-variables defined by Sharma et al [3],and we have :

We have the general Eulerian integral

’ ’ (1) /(1)
274 (E = @) (b= A T (fit 4 g) Y

b k
/ (t_a>a_1<b_t)ﬂ H(fjt+gj) 1A

j=1

, , (v) _y/(v)
va (t o a)ﬂv"'l% (b _ t)Pv-l-Pv H?:l(fjt + gj)—)\j —/\j

k —)\(.l) 9 4 ‘ k _A/‘(l)
z1(t —a)* (b — )P TL;_, (fit +95) " Z1(t —a) (b =) [T, (fit +95) "
I . I
' (M , ’ / ‘ _ /_(S>
2(t = a)'r (b= )7 T, (fit + ;)™ 2'(t = a)s (b= 1) [T (it + )
l i (&)
PFo [(Ap)i(Be)i—> 2/t —a)" (b= 1) [[(fit +95)~% | dt =)o
i=1 j=1
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1, ,Q’Ufo ]\-[1—0

Io,n’+n”+l+k+2;vl
U U l+k+2,l+k+1;W

under the same notations and conditions that (3,14) with 7, 7(1), - - -

Remark

a® a® hiRi4+h,R,<L

gty Z EED RN I | EE S

My,=0 Ry,

7

( zl(b—a)“l"'pl
(
[Th_i(af; +g;)"

Zr(b_a)ur—kpr

1)

[1%_, (afj+g;) "

2] (b—a)“/1+p/1

(r)

Hg—l(afa+93) J

! (b—a)“/s+p/s

A’ (1)

HJ 1(afj+g5)d
(b a)f1
afitg1

(b—a)fi
afr+gx
2 (b=a)T1H1

NAG)

Hle(afj-#gj) J

Z{l(b—a/)Tl+vl

M

¢
?:1 (afj+g5)d

()

w=0 i=1

y T(ryy by lb(uy,y - -

Bl,Ll,Lj,LQ,:

slwy — 1

D

(4.1)

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable Aleph-functions.

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable Aleph-
functions, a expansion of a multivariable A-function and a generalized hypergeometric function with general arguments.
The formulae established in this paper is very general nature. Thus, the results established in this research work would
serve as a key formula from which, upon specializing the parameters, as many as desired results involving the special
functions of one and several variables can be obtained.
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