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Abstract: In this paper we obtain the sufficient conditions on a uniform space (X,U) for which UC(X), the
family of all uniformly continuous functions on X is an algebra. It is proved that Theorem A: If (X,U) is a
uniformly continuous uniform space then UC(X) is an algebra.

Theorem B:If (X, U) is precompact uniform space. Then UC (X) is an algebra.

We prove that UCk(X), the family of all uniformly continuous real valued functions on X is a lattice of functions
which need not be a complete lattice in the sense that every subset of UCk(X) may not have supremum or
infimum in UCk(X) by providing a counter example.
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Introduction: Let (X, U) be a uniform space. We shall denote by UC (X), the family of all uniformly continuous
functions on X and UCR(X), the family of all uniformly continuous real valued functions on X.

Definition:1] Lattice: A lattice is a partially ordered set in which every pair of elements has both an infimum
and a supremum.

Definition:2] Complete Lattice: A complete lattice is a partially ordered set in which all susets have both a
supremum and an infimum.

Theorem 3: Let (X, U) be a uniform space. Let UC(X) be the family of all uniformly continuous functions on
X. Then forany f,g € UC(X)

1] f % g is uniformly continuous.
2] af is uniformly continuos, where « is any scalar
3] If| is uniformly continuous.
4111f f, g € UCR(X) then max(f, g), min(f, g) are uniformly continuous.
Hence UC (X) is a complex vector space.
Proof:
1] We show that the mapping f + g is uniformly continuous.
Let £ > 0 be given. Then 3 U € U such that whenever (x,y) € U = |f(x) — f(¥)| < 2
Also 3 V € U such that whenever (x,y) € V = |g(x) — g(¥)| < %
Now U,VeU=>W=UnV elU.
Then for any (x,y) € W = |f(x) = f()] <5 and [9() —g )] <5,
Thus [(f + @) = (F + N = If () + g(x) — F ) — g
=f() = f) +9(x) —gWI
<IfG) —fI+1g(x) — gl
<+ =¢
= f + g is uniformly continuous.
Similarly, f — g is uniformly continuous.

2] We show that af is uniformly continuous, where « is any scalar.
Casel:a = 0.
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Then af = 0 is uniformly continuous.
Case ll: a # 0.

Lete > 0then3 U € U suchthat (x,y) € U = |f(x) — f)| < =

lex|

Then |af (x) — af (V)| = la(f (x) — F())I

=lallf(x) = f)I

< |a| IfTI =
= af is uniformly continuos.
3] We show that |f] is uniformly continuous.
Lete >0then3 U € Usuchthat (x,y) eU = |[f(x) — f(Y)| < e.
We know, [If ()| = If DI < If () = fFO)I < &.
i.e.foragivene >0, 3 U € Usuchthat (x,y) € U= |If ()| - If W] <e.
Thus [f] is uniformly continuous.
4] Put h = max (f, g).

Firstly we show that for any two real numbers «, 8, max(a, B) = M.

Suppose @ = B then max(e,f) = L. (i)
ang DRI WP oy (ii)
Similarly if 8 > a then max(e,8) =8 (iii)
ang DR P _Bop (iv)
From (i), (ii),(iii) and (iv) we get, max(a, §) = 2212 Fl v o 5.

2
If £, g are uniformly continuous real valued functions on X then

h(x) = max(f(x), g(x)) = f(x)Jrg(x)J'Z'f(x)_g(x)' , x € X, is also uniformly continuous real valued function on
X, by [1] and [3].
Similarly, k = min(f, g) = —max (—f, —g) is also uniformly continuous real valued functions on X.
Now we give sufficient conditions on (X, U) such that UC(X) is an algebra.
Theorem A: If (X,U) is a uniformly continuous uniform space then UC (X) is an algebra.
Proof: By theorem 1, UC(X) is closed under addition and scalar multiplication.
Now we show that it is closed under multiplication.

Let f,g € UC(X). i.e. f, g are uniformly continuous functions on X. Hence they are continuous on X. Since
product of continuous functions is continuous, fg is continuous function on X.

As X is uniformly continuous uniform space, fg is uniformly continuous function on X.Hence
fg € UC(X). Thus UC(X) is an algebra.

Lemma 4: For a uniform space every uniformly continuous function maps precompact set onto precompact set.

Proof: Let f: (X,U) — (Y, V) be a uniformly continuous function and E be a precompact subset of X. We show
that f(E) is a precompact subset of Y.

Let V € V be given. As f is a uniformly continuous function on X, there exists U € U such that (x,y) € U =

Fe.foyev. L (1)
E is precomact thus for U € U there exists a finite subset {x;, x,, ... ... , X, } In X such that
EcUL,Ulx] )

Now we show that f(E) € UL, V[f(x)]-
Lety € f(E). Theny = f(x) forsome x € E.
Nowx € E = (x,x;) € U forsomei, 1 <i<n from(2)

= (f(x),f(x))ev  from(1)
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i.e. f(x) € V[f(x;)] for the above i.

ie. y €V[f(x)] c UL, VIf(x:)]

Thus f(E) € Uiz, VIf (x)]-

i.e. for V € V there exists a finite subset {f (x;), f(x2), ... ... , f(x,)} inY such that

fE) € UL VIF(x)]

Thus f(E) is precompact.

Theorem B:If (X, U) is precompact uniform space. Then UC (X) is an algebra.

Proof: By theorem 3, we see that UC (X) is closed under addition and scalar multiplication.
Now we show that it is closed under point wise product.

Let f,g € UC(X). We show that fg € UC(X).

As X is precompact uniform space. By above lemma 4, f(X) and g(X) are precompact and hence are bounded.
Thus there exists k,, k, > 0 such that |f(x)| < k, and |g(x)| < k,.

Now we show that fg € UC(X).

Let r > 0 be given. Then there exists U,V € U such that

@y eV = IfM-fOI<z ad@yev = |g)—gWl <.
Now U,V eU=> UNnVeU.

Then for (x,y) eUNV = (x,y) €U and (x,y) €V

> 1)~ fO)I <= and |g(0) = g <5

Consider,

lf()gx) = fFIW = 1f()g(x) — fFg) + Fg) — FgW)I

[F (900 = gO)) + (F () = F NI

lFCOlgx) =g+ 1f ) = FNIg)]

T T
kl_ +— kz =7T.
2k, 2k,

IA

IA

i.e. for r > 0, there exists U N V € U such that

) euUnV=|f()gx)—fMgl<r.
= fg € UC(X).

o  UCR(X) is the family of all uniformly continuous real valued functions on X. It is a partially ordered
set by definingarelation f > g & f(x) >g(x), Vx €X.
Thus by above theorem 3[4], UCR(X) is a lattice of functions. But UCk(X) need not be a complete
lattice in the sense that every subset of UCk(X) may not have supremum or infimum in UCk(X).
We prove by giving a counter example.

Ex 5. Let X = [0,1] and U be the uniformity on X defined by the pseudo metric d, with
d(x,y) = follx(t) —y(t)|dt. Then UCR(X) is a lattice which is not a complete lattice.
Proof: For each m € N, x,, is a function defined on X as
() =0 ifteo]
xn(@) =1 iftelay1]
where a,, = %+ i
X (£) is linear joining the points (3, 0) and ( a,, 1) for t € [,y |
Then the function x,,, € UCR(X).
LetA = {x,, € UCr(X) : m >1}. Takex = *“hfx, : n > 1}.
Thus x(¢) = *“P{x,(t) : n > 1}, t € [0,1].
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Then for t € [0,%], x,(t) =0 foralln > 1.

ax(®) = P lx,():n=1}=0 ift e [o,%], ........... )
Forte (3,1],3 meNsuchthat <2+l <t<1
2 2 2 m
ThenV n > m, 1<l
n m
1 1 1
T—l+-<;+z .......... 2)
Thus Va>m, ~<~+i<i+lct<1t L. 3)
2 n 2 2 m

ie.Fort € (5,1],3 m € Nsuchthatvn > m, t € (an, 1].

L x,(t) =1

L x(t) = Pl (t) in>1}=1  ifte G 1] ............ 4)
From (3) and (4) we get x is not a continuous function. Hence x ¢ UCr(X).

i.e. UCR(X)does not contain supremum of A. Thus UCk(X) is not a complete lattice.
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