I nternational Journal of Mathematics Trends and Technology (IJMTT) —Volume 43 Number 3 - March 2017

W-Hausdorffness in Soft Bitopological Spaces

D.Sasikala™, V.M.Vijayalakshmi*?, A Kalaichelvi®™
#Research Scholar, Department of Mathematics, Avinashilingam Institute for Home Science and Higher Education
for Women, Coimbatore, India

#2pssistant professor, Department of Science and Humanities, Faculty of Engineering, Avinashilingam Ingtitute for
Home Science and Higher Education for Women, Coimbatore, India

#3 Associate Professor, Department of Mathematics, Avinashilingam I nstitute for Home Science and Higher
Education for Women, Coimbatore, India

Abstract: In this paper the concept of W-
Hausdorffness in soft bitopological spaces is
introduced in three different ways by referring the
definition of soft W- Hausdorffness introduced by
Sruthi, Vijayalakshmi and Kalaichelvi [9].

Keywords. Soft set, Soft topological space, Soft
W-Hausdorff space, Soft Bitopological space.

I. INTRODUCTION

Soft set theory is one of the recent topics gaining
significance in finding rational and logical solutions
to various red life problems which involve
uncertainty, impreciseness and vagueness. In 1999,
Molodstov[6] initiated a novel concept of soft set
theory, which is completely a new approach for
modeling vagueness and uncertainty. In 2011, Shabir
and Naz[8] defined soft topological spaces and
studied separation axioms. In 1963, Kely[4], first
initiated the concept of bi topological space. He
defined a bitopological space (X, 11, 1) t0o be a set X
equipped with two topologies 1; and 1, on X and
initiated the systematic study of hitopological space.
Also he studied separation properties of hitopological
space.

In section Il of this paper, preliminary definitions
regarding soft sets, soft topological spaces and soft
bitopol ogical spaces are given. In section 11 of this
paper, the concept of W-Hausdorffness in soft
bitopol ogical spaces is introduced in three different
ways by referring the definition of soft W-
Hausdorffness introduced by Sruthi, Vijayalakshmi,
Kalaichevi[9].

Il. PRELIMINARY DEFINITIONS

Throughout this paper, X denotesinitial universe and
E denotes the set of parameters for the universe X.
Definition: 2.1 [6]

Let X be an initia universe and E be a set of
parameters. Let P(X) denotes the power set of X and
A be a nonempty subset of E. A pair (F, A) denoted

by F, is caled a soft set over X, where F is a
mapping given by F: A — P(X).In other words, a soft
set over X is aparameterized family of subsets of the
universe X. For a paticular e€ A, F(e) may be
considered the set of e-approximate elements of the
soft set (F, A) andif e¢ A, then F(e) = ¢

i.e F,={F():ee ACE;F. A-P(X)}.

The family of all these soft sets over X with respect
to the parameter set E is denoted by SS(X) .

Definition 2.2[8]

LetFy, Gg € SS(X);. ThenF, is soft subset of Gy
denoted by F, € Gy, if

(1) Ac B, and

(2) F(e) <€ G(e), ve € A.

In this case, F,is said to be a soft subset of Gy and
Ggis said to be a soft superset of Fy,Gg 3 F,

Definition 2.3[8]

Two soft subsetsF, and Gy over a common universe
X are said to be soft equal if F, isasoft subset of Gy
and Gy isasoft subset of F,.

Definition 2.4 [2]

The complement of a soft set (F, A) denoted by (F,
A)'is defined by (F, A) = (F', A) ,F': A— P(X) isa
mapping given by F'(e) =X — F(e); V e € A and F' is
called the soft complement function of F.Clearly (F')’
is the same as F and ((F, A)")'=(F, A).

Definition 2.5[8]
A soft set (F, A) over X issaid to be a NULL softset
denoted by ¢ or ¢, if for al e€ A, F(€) = ¢ (null set).

Definition 2.6 [8]

A soft set (F, A) over X is said to be an absol ute soft
set denoted by A or X, if for al e € A, F(e) = X.
Clearly we have X, = ¢, and ¢, = X,.

Definition 2.7 [8]

The union of two soft sets (F, A) and (G, B) over the
common universe X is the soft set (H, C), where C =
AuBandforaleeC,
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F(e),e € A—B,
H(e) = G(e),e EB—A,
F(e) UG(e),e e ANB

Definition 2.8 [8]

The intersection of two soft sets (F, A) and (G, B)
over the common universe X is the soft set (H, C),
where C=A nBandfordl ee C, HEe = Fe n
G(e).

Definition 2.9 8]

Let 1 be the collection of soft sets over X, then 7 is
said to be a soft topology on X, if

(1) ¢, X belong to t

(2) the union of any number of soft sets in T belongs
to1

(3) the intersection of any two soft sets in T belongs
to1

Definition 2.10[1]

Let (X,1, E) be a soft topological space, (F,
E)e SS(X); and Y be a non null subset of X. Then
the soft subset of (F, E) over Y denoted by (Fy,E) is
defined asfollows:

Fy(©=YNFe,veeE
In other words, (Fy,E) =Y N (F, E).

Definition 2.11 [1]

Let (X, 7,E)be a soft topological space and Y be a
non null subset of X. Then 1y = {(Fy,E): (F,E) € 1}
is said to be the relative soft topology on Y and
(Y, ty,E) iscalled a soft subspace of (X, 7,E)

Definition 2.12 [6]

Let Fy, € SS(X); and Gy € SS(Y)k. The cartesian
product F, ®Ggis defined by (Fy,®Gg)(e, k) = F,(€)
% Gg(K),V (ek)e A x B.According to this definition
F,®Ggis asoft set over XXY and its parameter set is
E x K.

Definition 2.13[2]

Let (X, 1x,E) and (Y, 1y,K) be two soft topological
spaces. The soft product topology tx ® ty over XxY
with respect to ExK is the soft topology having the
collection {F;® G /Fy € 14, Gk € 1y} asthebasis.

Definition 2.14 [9]

A soft topological space (X, t, E) is said to be soft W-
Hausdorff space of type 1 denoted by (SW — H), if
for every e, e, €E, e; # ¢, thare exist F, ,Gg € 1,
such that F, (e;) = X,Gg(e;) = X and F, N Gy = ¢.

Definition 2.15[9]
Let (X, 1, E) be a soft topological space and H C E.
Then (X, ty,H) is called soft p-subspace of (X, 1, E)

relative to the parameter set H where ty = {(F,)/H:
HCACE, Fy, €1} and (F,)/H is the restriction
map on H.

Proposition 2.16 [9]

(1) Soft subspace of a (SW — H), spaceis
(SW — H);.

(2) Soft p-subspace of a (SW — H); spaceis
(SW — H);.

(3) Product of two (SW — H), spacesis(SW — H), .

Definition 2.17[4]

Let X be a non-empty set and t; and 1, be two
different topologies on X. Then (X, 1y, 1) iscalled a
bitopol ogical space.

Definition 2.18 [3]

Let (X, 11x, E) and (X, 12x, E) be the two different
soft topological spaces on X. Then (X, t1x, Tox, E) IS
caled a Soft bi topological space if the two soft
topologies T1x and Tox independently satisfy the
axioms of soft topology. The members of 11x are
called 11 soft open sets and the complements of t;x
soft open sets are called 11x soft closed sets.
Similarly, The members of T,x are called tox SOft
open sets and the complements of t,x Soft open sets
are called 1ox SOft closed sets.

Definition 2.19 [3] Let (X, 11x, T2x, E) be a soft hi
topological space over X and Y be a non-empty
subset of X. Then 1y = {( Fv, E) : (F, E) € uix} and
Ty = {(Gy, E) : (G, E) € 1} are said to be the
relative topologies on Y and {Y, Ty , T2y , E} is
called a Soft subspace of (X, t1x, Tox, E).

I1l. W-HAUSDORFFNESSIN SOFT BITOPOLOGICAL
SPACES

Definition 3.1

A soft bitopological space (X, tix, Tox, E) IS said to
be Soft W-Hausdorff space of type 1 or soft W- T,
space of type 1 denoted by (SBW — H), if itis

(SW - H); with respect to tix or (SW - H); with
respect to Tox.

Definition 3.2

A soft bitopological space (X, tix, Tox, E) IS said to
be Soft W- Hausdorff space of type 2 dencted by
(SBW —H), if for every e;,e, EE,e; # e, there
exiss Fy, €15x,Gg €1,k such tha Fu(e) =
X,Gg(e,) = XandF, N Gy = §.

Theorem 3.3
Soft subspace of a (SBW — H); spaceis (SBW — H);.
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Proof

Let (X, T1X> T2X, E) be a (SBW — H)l space. Then it
is (SW-H); with respect to tix or (SW-H); with
respect to Tox . Let Y beanon null subset of X. Let
{Y, T1y , Toy , E} be a soft SJbSpace of (X, T1Xs T2X;s
E) . From the proposition 2.16(1), a soft subspace of
(SVV-H)]_ space is (SVV'H)l Therefore, {Y, T1y , T2Y
E} is (SW-H); with respect to 15y Or (SW-H); with
respect to Toy. Hence {Y, 11y , T2y , E} IS

(SBW — H);.

Theorem 3.4
Soft subspace of a (SBW — H), spaceis
(SBW — H),.

Proof
Let (X, T1xX,> T2X, E) bea (SBW — H)Z space. LetY be
a non null subset of X. Let {Y, 11y , T2y , E} be a soft
subspace of (X, 11x, T2, E) where
1y ={(Fy, E) : (F, E) € 115} and
Ty = {(Gy, E) : (G, E) € 12} are said to be the
relative topologies on Y . Consder e, e, €E,
e; #e, thee exigF, € 1x,Gg € 1,x Such that
Fo(e;) =X, Ggey) =X and Fy N Gg = §.
Therefore ((Fp)y, E) € 11y, ((Gp)y, E) € 2y
Also (Fy)y(er) =Y NFy(e)
=Y¥YnX
=Y
(Gg)y(ez2) =YN Gg(ez)
=YnX
=Y
((Fa)y NGg)y)(€) = ((Fa N Gp)y)(e)
=Y n (F5 nGg)(e)
=Y no(e
=YnNéo
=¢
(Fa)y N (Gply =¢
Hence {Y, T1y , T2y , E} |S(SBW — H)Z

Definition 3.5

Let (X, T1x, T2x, E) be a soft bitopological space over
X andH € E. Then {X, TiH » T2H » H} is called Soft
p-subspace of (X, tix, Tox, E) relative to the
parameter set H where

Ty ={(Fa)/HHHESACE, F, €114},

n ={(Gg)/H: HEBCE, Gg € 153} and (F,)/H ,
(Gg)/H aretherestriction mapson H.

Theorem 3.6
Soft p-subspace of a (SBW — H); spaceis
(SBW — H);.

Proof
Let (X, t1x, T2x, E) bea (SBW — H),; space. Theniitis
(SW-H), with respect to tx or (SW-H); with respect

to Tox . Let H € E. Let (X,t14,124, H) be a soft p-
subspace of (X, t1x, T2x, E) relative to the parameter
st H. From the proposition 2.16(2), the soft p-
subspace of (SW-H); space is (SW-H);. Therefore,
the soft p-subspace of (SBW — H); is (SW-H); with
respect to 1y or with respect to t,y. Hence
(X,TqyT2h, H) is(SBW — H);.

Theorem 3.7
Soft p-subspace of a (SBW — H), spaceis
(SBW — H),.

Proof
Let (X, T1x,> T2X, E) bea (SBW — H)Z space. Let
H CE. Let (X114, Ton, H) be a soft p-subspace of (X,
Tix, T2x, E) relativeto the parameter set H where
Ty ={(FA)/HHHCSACE, Fy €11},
oy ={(Gg)/H: HEB C E, Gg € 1%}
Consider h;,h, eH, h;#h, Then h;,h, € E.
Therefore, there exist Fy € 1%, Gg € T such that
Fa(e) = X,Gg(e) = X andFy N Gg = ¢.
Therefore (Fp)/H € 114, , (Gg)/HE 154
Also  ((Fa)/H)(hy) =Fa(hy) =X

((Gg)/H)(hy) = Gg(hy) = X and
((Fa)/H) n ((Gg)/H) =(F, N Gg)/H

:?/H

Hence (X,t14,T21, H) 1S (SBW — H),.

Theorem 3.8
Product of two (SBW — H),spacesis(SBW — H);.

Proof

Let (X, T1X, Tox, E) and {Y, Ty » Toy , K} be two
(SBW — H)l Spaces. Then (X, T1Xs T2X, E) is (SVV-
H), with respect to T1x or (SW-H); with respect to T2
and {Y, 11y , T2y , K} is (SW-H); with respect to 11y
or (SW-H); with respect to T,y . From proposition
2.16(3), the product of two (SW-H), spacesis (SW-
H);. Hence the product of two (SBW — H); spacesis
(SBW — H);.

Theorem 3.9
Product of two (SBW — H), spacesis(SBW — H),.

Proof
Let (X, T1X, Tox, E) and {Y, Ty » Toy , K} be two
(SBW —H), spaces. Consder two distinct points
(e, ky), (&,ky) € ExXK. Eitherg, =6, or
k; # k,.Assume e, # €,. Since (X, Tix, Tox, E) iS
(SBW — H),, there  exist Fa € 111, Gy € 1 Such
that Fa(e) = X, Gg(e) = X and Fa N Gg = §.
Therefore Fa ® Yk € 1ix @ 11y, Gg ® Yk € Tox ® oy
(Fa ® Yx) (er, ky) =Fa(ey) x Y (k)

=XXY
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(Gg ® Yk) (&, k;) =Gg(&,) X Y (kp)
=XxY
If for any (ek)e (Ex K), (Fa ® Yi) (ek) # ¢
= Fa(®) x Y (K) # ¢
S>F@EXY £
= Fa(e) # ¢
_=>Gg(®=9¢
(sinceFa NGg = ¢ = Fa(e) NGg(e) = ¢)
=Gg(®) x Y (K) =9
> (G ® YK =46
2> F, QYNGR Y) =6
Assumek; # k,. Since {Y, Ty, T2y , K} is
(SBW — H),, there exist Fp € 13y, Gg € 1oy, Such
that Fa(k;) = Y,Gg(k,) =Y and Fy N Gg = ¢.
Therefore Xg ® Fa € t11x ® 11y, Xg @ Gg € Tox & Toy
(Xe ® Fa) (&1, ky) =Xg(€)) X Fa(ky)
=XxY
(Xe ® Gg) (€2, k)= Xg(&,) X Gg(ky)
=XxY
If for any (ek)e Ex K, (Xg ® Fa)(ek) = ¢
= Xe(®) X Fa(k) # ¢
> XXFA(K) =6
AN (EX)
N = Gg(k) = ¢
(SinceFa NG = ¢ = FA(K) N Gg(K) = ¢)
= Xg(e) x Gg(K) = ¢
> Xe®Ge)(ek) =6
> Xe®FA)NXe®@Gg) =¢
Hence (XX Y,tix @ 11y, Tox @ Ty, EXK) s
(SBW — H),.

IV.CONCLUSION

In this paper the concept of W-Hausdorffness in
soft bitopological spaces is introduced and some
basic properties regarding this concept are proved.
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