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Abstract

Let N beanear —ing and © isamapping on N . In this paper we introduce the concept of (0, 6)-3-derivation
in near-ring N and we showthat prime near-ring N satisfying some identities involving (6, 6)-3-derivation
and semigroup ideals is a commutative ring .
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I. INTRODUCTION

Let N beanear —ring and & isamapping on N . This paper consists of two sections . In section one, we recall
some basic definitions and other concepts, which be used in our paper , we explain these concepts by examples
and remarks. In section two , we introduce the notion of (&, &)-3-derivation in near-ring N and we determine

some conditionsof (&, &)-3-derivation and semigroup ideals which make prime near-ring commutative ring .

I1. BASIC CONCEPTS

Definition 2.1:[1] A ring Riscalled aprimering if for any a,b €R, aRb ={ 0} impliesthat either a=0 or b=0.
Example 2.2:[1] Thering of real numbers with the usual operation of addition and multiplication isprimering .
Definition 2.3:[1] A ring Ris said to be n-torsion free whenever na=0 with aER, then a=0.

Definition 2.4:[1] Let Rbearing . Definealieproduct [, ] on R asfollows
[x,y] =xy—-yx, fordl xy ER.

Properties2.5:[1] Let R bearing, then for all x,y,z ER, we have:
1-[xyz] = y[x.Z] + [x.y]z

2-[xy.z] = x[y,Z] + [x.zZ]y

3-[x+y,z] = [x.Z] +[y.Z]

4-[xy+z] = [xy] + [x.2]

Definition 2.6:[2] A right near-ring (resp. aleft near-ring ) isanonempty set N equipped with two binary
operations + and . such that
(1)(N, +) isagroup ( not necessarily abelian )
(i1)(N, .) is asemigroup .
(i) For dl x,y,z EN , we have
(x+y)z = xz +yz (resp. z(x+y) = zx + zy )

Example 2.7:[2] Let G be agroup ( not necessarily abelian ) then all mapping of G into itself from aright
near-ring M(G) with regard to point wise addition and multiplication by composite .
Lemma 2.8:[2] Let N be left (resp. right ) near-ring , then

(()X0=0 (resp.0x=0) foral x EN .

(it) = (xy) = X(-y) (resp. —(xy) = (-x)y ) for &l x,y EN .
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Definition 2.9:[2] A right near-ring (resp. left near-ring ) is called zero symmetric right near-ring ( resp. zero
symmetric left near-ring ) if x0O=0 (resp.0x=0), for all x EN .

Definition 2.10:[2] Let {N; } beafamily of near-rings (i€l , | isanindexing set ) . N = Ny x NoX...x N, with
regard to component wise addition and multiplication , N is called the direct product of near-rings N; .

Definition 2.11:[2] A nonempty subset U of N will be called a semigroup right ideal ( resp. semigroup left
ideal ) if UN = U (resp. NUZ U) andif U isboth semigroup right ideal and semigroup left ideal | it be called
asemigroup ided .

Example 2.12:[2] Let S be azero symmetric |left near-ring . Suppose that

0 x v 0 0

N=[(D 0 z):x,}r,z,l]ESI, U= [(D z):z,l]ESl
0O 0 0 ] 0
0 x 0 0 by

UZ:{(G 0 ljl):x,[l 651 and Uz = [(l] z):y,z,ﬂESl
0O 0 0 o 0 0

U, isasemigroup right ideal of N but not semigroup left ideal of N, U, isa semigroup left ideal of N but not
semigroup right ideal of N while Uz isa semigroup ideal .

o o o o o

Remark 2.13:[3] Let N be anear-ring

()N x N x ....x N forms anear-ring with regard to component wise addition and component wise
multiplication .

@ilf Uy, Uy, ....,U, be nonzero semigroup right ideals ( resp. semigroup left ideals) of N, then U; x U,
X ....X U, formsanonzero semigroup right ideals ( resp. semigroup left ideas) of Nx Nx...x N.

Definition 2.14:[3] A near-ring N is caled aprimenear-ring if aNb= {0}, whereab €N, impliesthat either a
=0orb=0.

Definition 2.15:[3] Let N be anear-ring . The symbol Z will denote the multiplicative center of N , that is Z =
{XEN/xy=yx fordl yEN}.

Definition 2.16:[3] Let R bearing . Definea Jordan product on R as follows:
asb=ab+ba,foralabER.

Lemma 2.17:[3] Let N be a prime near-ring. If zE€Z%{0} and x isan element of N such that xz €Z or zx €Z ,
then x €Z.

Lemma 2.18:[4] Let N be a prime near-ring and U be anonzero semigroup right ideal ( resp. semigroup |eft
ideal ) and x isan element of N such that Ux = {0} (resp. xU ={0}) ,thenx=0.

Lemma 2.19:[4] Let N be a prime near-ring and U be anonzero semigroup ideal of N . If x,y N and xUy =
{0}, thenx=00ry=0.

Lemma 2.20:[4] Let N be a prime near-ring and Z contains a nonzero semigroup left ideal or nonzero
semigroup right ideal , then N isa commutative ring .

Definition 2.21:[4] Let N be anear-ring .An 3-additive mappingd: N x N x N—* N is saidto be 3-derivation
if thereations

d( X]_Xl/,Xz,Xg) = d(Xl,Xz,Xg) Xl/ + X1 d(Xl/,Xz,Xg)

d(Xl,X2X2/,X3) = d(Xl,Xz,Xg) Xz/ + Xo d(Xl,Xz/,Xg)

d(X1,X2,XaX5) = d(Xe,X2,Xs) X3+ Xa A(X1,X0,X3 )

hold for x; i/ Xz X7 X3, X EN..
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Definition 2.22:[4] Let N be anear-ring and n be afixed positive integer . An n- additive mappingd: N x N
X...XN—* N is saidto be n-derivation if therdations

d( XXt Xo. ..o Xn) = (X3, X, ... Xn) X' + Xq d(Xt Xa,....,Xn)

d(X1, XX, oo Xn) = (X1, X0, .o Xn) X2+ Xo (X1, X5 ..., Xn)

. / /
d(X1, X2, ..o XpXn ) = d(X1, X2, - Xn) Xn + Xp A(X1,X2,..-,Xn)
hold for x; Xy Xz . X2 ,.cveXny X EN .

Lemma 2.23:[4] Let N bea prime near-ring, thend is n-derivation of N if and only if
d( XXt Xor. oo Xn) = Xe A(Xd Xor. oo Xn) + (X1, X2r. . Xn) Xo
foral XX/ Xz .....X EN.

Lemma 2.24:[4] Let N be anear-ring and d be n-derivation of N , then for every
Xy Xt Xo | cooXnY EN

(D (X1 X Xy X)) + A(X1, X, %) Xt Y= Xe A(Xd Xo oo XY + A(X,Xa,. .. Xn) Xd'Y
(i) (X2, X, .. X)) X + X1 DXt X, o X))Y= (X2, X, Xn) X2 Y + X1 A(XY Xa,. .. Xn)Y

Lemma 2.25:[4] Let d ben-derivation of anear-ring N , then
d(ZN,....N)EZ.

Lemma 2.26:[4] Let N be a prime near-ring and d be anonzero n-derivation of N . Let Uy, U,, ....,U, be
nonzero semigroup right ideals ( resp. semigroup left ideals) of N, if d(U;, Us, ....,U,) = Z then N isa
commutative ring.

1. (8,8) -3- DERIVATIONS IN PRIME NEAR-RINGS

Firg weintroduce the basic definition in this paper

Definition 3.1: Let N be anear-ring and £ isamapping on N . An 3-additive mappingd: NxNxN—*N is
said tobe (€, 8)- 3-derivation if thereations

d( XXt Xo,Xa) = d(Xe,Xa,Xs) B (x)+ B(xq) d(Xd/,X2,Xa)

d(X1, X% X3) = d(X1,X2,Xs) B(X2) + B(X2) d(Xe, X2 Xa)

d(Xx1,X2,XaX5) = d(Xe.X2,Xs) B (Xg) + B(xa) d(Xy,X2,X3)

hold for x; /' Xz X7 X3, x5 EN..

we now explain this definition by the following example

Example3.2: Let S be a commutative near-ring .
Let us define

(G P o es)

It can easily seethat N isanon commutative zero symmetric |eft near-ring with respect to matrix addition
and matrix multiplication .

Define d: Nx Nx N —+ N such that
(590 (5 (5 9)=06 =&

And & :N—N suchthat
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r Mmy_ [ ¥
2 ((u n)) = (u u)
It iseasytoseethat dis (8, 8)- 3-derivation of N.

Theorem 3.3 : Let N be a prime near-ring which admits anonzero (&, £)- 3-derivation d, where & isan
automorphism on N, if Uy, U,, Us are nonzero semigroup ideals of N .If d([x,y], U, U3) =
[d(x, uz, Us), B(y)] foralxyEU; L,EU,, us€U;, then N isacommutative ring .
Proof : Assumethat
d([x, Y], W, Us) =[d (X, U, Us), B(Y)]
foral x,y EU; l,EU,, Uz EU; . 31
If wetakey =xin (3.1) weget [d(X, W, us),F(X)] =0
d(X, U, u) 8(x)= 8(x) d(x, Uy, Us) foral xEU; UEU,, usEU; . (3.2)
Replacing y by xy in (3.1) weget
d( [x, xy] , U, Us) =[d (X, Uz, Us) , B(xy)] forall x,y EU; 1 EU,, sEUs
Therefore
d(x [x, Y], Uz, Us) = [d (X, Uz, U) , B(xy)]
for dl X,y EU]_' UZEUZ , U35U3 .
By defining property of d we get
d(x, Uz, us) [B(), B(y)] +8(X)d([x,y], U, us)=[d (X, Uz, u),B(xy)] foral xyEU; LEU,, Us
=U;.
Using (3.1) again we get
d(x, Uz, ) [B(), B(y)] +8(X) [d(x, L, ), ()] = [d(X, W, W), B(xy)]  foralxyEUs U, EU,,
U35U3 .
Previous eguation can be reduced to
B(x)d(x,u, u) B(y) =d(x, Uz, us) B(yx) foral xy EU; ,EU, , u;EU;.
Using (3.2) in previous equation yields
d (X, Uz, Ug) B(xy) =d (X, Uz, Ug) B(yx)
foral x,y EU; ,EU,, uz3EU; . (3.3
If we replace y by yr, where rEN, in (3.3) and using it again, we get
d (X, U, u) U [B(x), #(N] ={0} fordlxEU; u,EU,,usEUs,rEN. (3.4)
By Lemma2.19, we conclude that for each x EU; either 8(x) €EZ or
d(x,uz,us) =0 foral uEU,, u3EU;, but using Lemma2.20 lastly we get
d(X, U, Us) EZ foral x EU; u,EU,, us€Us, d(U;, Uy,Us) & Z . Now by using Lemma2.26 we find
that N isacommutative ring .

Theorem 3.4 : Let N be aprime near-ring which admits anonzero (¢, )- 3-derivation d, where isan
automorphism on N, if U;, U, , U; are nonzero semigroup ideals of N.If [d(x, Uy, Us), E(y)] =
[6(x), @(y)] foral xyEU; ,EU,, usEU;, then N isacommutative ring .

Proof : Suppose that

[d(x, uz, Us), E(y)] = [E(x), B(y)] foral x,yEU; U, EU,, UsEU;. (3.5

If we take y=x in (3.5), weget

d(x,uz, ) (x)= 8(x)d(x, U, us) foral xEU; u,EU,, EU;. (3.6)

Replacing x by yx in (3.5) and using it again , we get

[d(yx , Uz, us) , B(y)] = [B(yx), B(y)] =B (y) [B(x), )] =B (y) [d(x, t, u) , B(y)] forall X,y EUs, Up
EUZ , U3EU3

Therefore

d(yx , Uz, us) B(y) - B(y) d(yx , Uz, us) = B(y) (d(x , Uz, us) B(y) - B(y) d(x , Uz, us) ) foral xy EU; U,
EUZ , U35U3

In viemof Lemma2.23 and 2.24 thelast equation can be rewritten as

d(y, w2, us) B(xy) =E(y) d(y, U, us) B(x) for al xy EU; 1, EU,, usEU;.

Using (3.6) in previous equation , we have

d(y, Uz, us) B(xy) =d(y, U, us) B(yx) for al x,y EU; W, EU,, usEUs. (3.7)

|SSN: 2231-5373 http://www.ijmttjournal.org Page 20



http://www.ijmttjournal.org/

I nternational Journal of Mathematics Trends and Technology (IJMTT) —Volume 44 Number 1 - April 2017

Since equation (3.7) isthe same as equation (3.3) in theorem 3.3, arguing as in the proof of Theorem 3.3, we
find that N isa commutative ring .

Theorem 35: Let N bea prime near-ring admitting anonzero (£, )- 3-derivation dof N, where isan
automorphism on N.Let U;, U,, U; be nonzero semigroup ideals of N . If [d(x, u,, us), B(y)] EZ for
al x,yeU; nLEU,, u3EU;, then N isacommutative ring.
Proof : Suppose that
[d(X, U, us), E(y)] EZ foral x,y EU; U, EU,, uzEU;. (3.8)
Replacing &(y) by d(x , u,, us) €(y) in (3.8), we get
[d(X, Uz, Ug) , d(x , Uz, Us) B(y)] EZ foral xyEU; L, EU,, 3EU; .
Which means that
[[d(X, Uz, ug) , d(x, Uz, us) B(y)],B()]=0,foral xyEU; uEU,,
Us;EU; , tEN .
Therefore
[d(x, Uz, Ug) [d(X, Uz, Ug) , B(Y)], B(t) ] =0, for dl xyEU; uEU,,
Uz EU; , tEN .
Using (3.8) in previous equation implies that
[d(X, Uz, ug), E(Y)] [d(x, Uz, us), B()] =0, foral xyEU; u,EU,,
usEUz , tEN . (3.9
Inview of (3.8) , equation (3.9) assures that
[d(x, uz, us), B(Y)] N [d(x, Uz, Ug), B(¥)] ={0}
forall x,y EU; l,EU,, uz3EU;. (3.10)
Primenessof N showsthat
[d(x,uz,Us), E(y)] =0 foral xyEU; U;EU,, usEU;.
d(x, Uz, us) B(y)= B(y)d(x,uz,us) foral x,y EU; u,EU;, UsEU;.
Replacing y by yr , where rEN , in previous equation and using it again impliesthat  £(y) [d(x , Uz, Us)
8] =0,foral xyEU; WL,EU,, usEUs, rEN .
Uy [d(x, Uz, ug), B(r)] ={0} , forall xEU; u;EU,, usEUs, rEN, and using Lenma2.18 lastly implies
that d(Uy,U,,Us) EZ .
By Lemma 2.26 we concludethat N isacommutative ring .

Theorem 3.6 : Let N bea2-torsion free prime near-ring and d be anonzero (¢, 8)- 3-derivation of N, where
8 isan automorphism on N . Let U, , U, ,U; be nonzero semigroup ideals of N . If d(x, U, us) @ B (y) EZ
foral x,y €U; u,EU,,usEU;z, then N isacommutative ring.
Proof : Suppose that
d(x, Uy, us) @ B (y) EZ foral xyEU; U, EU,, i3EU;. (3.11)
Replacing@(y) by d(x, u,, us) 8(y) in (3.11) , we get
d(x, Uz, Ug) (d(X, Uz, u) @ E(y) ) EZ
for al x,y EU; bL,EU,, uz3EU;. (3.12)
Using Lemma2.17 in (3.12) implies
d(X, W, us) @F(y)=0or dix,u;,us) ) EZ
for al x,yEU; u,EU,, uzEU;. (3.13)
If there exists x EU; suchthat d(x , Uy, us) ) € Z \{0} ,then using Lenma 2.17, (3.11) implies
8 (y)+8 (y) EZ for dl yEU, (3.14)
Thusweget, 8(ry)+ 8 (ry) =8 (r) (& (y) + & (y)) EZ for al yEU, and rEN .
Since N is2-torsion free, usng (3.14) and Lemma2.17 in previous equation impliesthat N=27, and

hence N isacommutativering by Lemma 2.20.
Now , in view of (3.13), we may suppose that

d(x, U, us) @B (y) =0 for al xyEU; U,EU,, u;EU;.
H(y) d(X y Uz, US) =- d(X , Up U3) E(y)
for al x,y EU; U EU,, u3EU,. (3.15)
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Replacing y by yz , where zEN , in (3.15) and using it again , we obtain
B(yz) d(x, U, Ug) =-d(x, U, Us) B(yz) = d(x, Uz, Ug) E(y) (- €(2))

= IE‘](Y) d(-x, U, Us) (_ EEZ:D for al xyEU; WLEU,, 3€U;, ZEN.
Thus we get

B(y) (- 8@ d(-x, Uz, Ug) +d(-x, Uz, ug) B(2)) =0

for dl x,yEU; U,EU,, u3EUs, ZEN.

Hence

Ur(- 8@ d(-x, Uz, ug) +d(-X, U, u3) €(z)) = {0}

for adl x2U; u,EU,, u3EU;, ZEN .

By Lemma2.18, we concludethat d(-U;, U, ,Us) = Z and since -U, isanonzero semigroup left ideal , by
Lemma2.26 it follows that N isacommutative ring .

IV.CONCLUSIONS

In present paper we introduce the notion of (&,8)- 3-derivation in near-ring and we see that anear-ring can
be make commutative with the help of (£,8)- 3-derivation and other conditions.
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