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I. INTRODUCTION

L.A.Zadeh [5] introduced the notion of a Fuzzy
sub set p of a Set X as a function from X to [0,1].
After the introduction of Fuzzy sets by L.A.Zadeh
[5], the Fuzzy concept has been introduced in almost
all branches of Mathematics. Then the concept of

Intuitionistic Fuzzy Set (IFS) was introduced by K.T.

Atanassov [1] as a generalization of the notation of a
Fuzzy set. Here, we discuss the algebraic nature of
Intuitionistic Fuzzy operations and prove some
results on the commutative Monoid.

Il. PRELIMINARIES

For any two IFSs A and B, the following relations
and operations can be defined [2, 3, 4] asfollows.

A. Definition 1.1

Let S be any non empty set, A mapping | from S
to[0,1] iscalled a Fuzzy sub set of S.

B. Definition 1.2

An Intuitionistic Fuzzy Set A in anon empty set
X isan object having the form A= {<x, pA (x), YA
(xX)>/xeX} where the functions pA : X—[0.1] and
YA : X—[0.1] denote the degrees of membership
and non membership of the edement xeX to A
respectively and satisfy 0<< pA (x)+ yA (x) < 1for
al xeX. The family of al intuitionigtic fuzzy sets in
X denoted by IFS (X).

C. Definition 1.3

For every two IFSs A and B the following
operations and relations can be defined as

ANB iff (for dl xeE)( pA (x) < pB (x) and yA
(x)= v B (x)

A=B iff (for all xeE)(nA (x) = uB (x) )and( YA
(x)=yB (x))

ANB = {[x,min(pA (x), uB (x)),max(yA (x),yB
(X)]/xeE}

AUB = {[x,max((pA (x), uB (x)),min(yA (x),yB
(X)))/xeE}

A+B= {[x, (WA (x)* uB (x)-pA (x) uB (x), YA
(x).yB (x)]/ xeE}

AB= {[x, (A (x) uB (), YA (X)H/B (x)- YA
(x).yB (x)]/xeE}

A@B= { [ x, pA (x)* uB (x)/2, YA (x)+yB
(X)/2]/xeE}.

D. Definition 1.4

Let usdefinethe following special 1FSs
O*={(x,0,1)/xeE}

E*={(x,1,0)/ xeE}

U*= {(x,0,0)/ xeE}

Then P (E¥*)= {A/A= {(x, nA (X), YA (x))/ xeE}
P (U*) = {B/B= {(x,0 , YA (x))/ xeE}

P (O*)={O*}.

E. Definition 1.5

Let M be a fixed set, let €M be a unitary
element of M and let * be an operation. < M,*, &>
is said to be a commutative monoid, if

(i) a*be M for al abeM.

(i) (a*b)*c =a*(b*c) for all abeM

(iii) areM=eM** afor dl aeM

(iv) a*b=b*afor al a,b eM.

I11.PROOF OF THEOREMS
A. Theorem: 2.1

(P (E*), n,E*) isa commutative monoid.

Let A,B e P(E*)
1) Axiom 1: Closure Property
Consder AN B = {<x,min { pA (x),uB
(x)},max{ yA (x),yB (x) } >/xcE }
= {<x,uA (x),YA (x)>/x€E} or
{<x,uA (x),yB (x)>/xeE} or
{<x,uB (x),YA (x)>/x€E} or
{<x,uB (x),yB (x)>/xeE} € P(E*) for al
A,B e P(E¥)
Therefore ANB € P (E*)
=> Axioml is satisfied.
Indl thecasessANB e P(E*)
=> Closureis satisfied
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For example A,B € P(E*) where A={<x,uA
x)=0.6 ,B (x)=0.3>} and B={<xuA
(x)=0.5 ,yB (x)=0.2>}

Then A N B
{<x,min[1{  0.6,0.5},max[1{0.3,0.2}>}
{<x,0.5,0.3>} e P(E"*)

2) Axiom 2: Associative Property
Consider (ANB) NC
= {<x,min[J{ pA (x),uB (x)},max{ YA (x),yB
(x)}>0 /xeE } N {<x,uC (x),yC (x)>/x€E}
= {<x,min[l{ pA (x),uB (x) ,uC (x)},max{ YA
(x),yB (x),yC (x)}>L] /xeE '}
=  {<XpA (X),yA (x)>/xeE} N {<x,min[]{uB
(x),1C (x)},max ] {yB (x),yC (x)}>/xeE}
=AN(BNC)
= (ANB) NC=ANBNC) for dl AB,C ¢
P(E™)
=> Axiom?2 is satisfied.
=> Associative property is satisfied.
3) Axiom 3: Identity Property

EN* istheidentity dlement with respectto ‘N7 .

Consider A NEM = {<x,uA (x),YA (x)>/xeE} N
{<x,1,0>/xeE}
= {<x,max {tA (x),1},min[] {yA (x),0}>/xeE}
= {<x,1.0>/xeE}
= E™* (by definition of EN*)
A NEM =EN for all A eP(EM)
=> E™ s the identity element of P(E"*) with
respect tothe operation ‘N’ .
=> Axiom3 is satisfied.
=> |dentity is satisfied.
From Axioml, Axiom2 and Axiom3 => <P(E"* ),
N,E**>ismonoid.
4) Axiom 4: Commutative Property
Consdr A N B = {<xmax[l{pA (x),uB
(x)},min1{yA (x),yB (x)}>/xeE}
= {<x,max[{uB (x),uA (x)},minlJ{yB (x),yA
(X)} >/xeE}
=BNA
=>ANB=BNA for dl A,B eP(E"*)
Hence Axiom4 is satisfied.
=> Commuitative is satisfied.
=> <P(E™* ), N ,E™* > isa commutative monoid.

B. Theorem 2.2

(P (E*),U,0*) isacommutative monoid.
Let A,B € P(E*)
1) Axiom 1: Closure Property
Consdr A U B = {<xmax[J{pA (x),uB
(x)},minl1{yA (x),yB (x)}>/xeE}
= {<X,UA (X),YA (x)>/x€E} or

{<x,uA (x),yB (x)>/x€E} or
{<x,uB (x),YA (x)>/x€E} or
{<x,uB (x),yB (x)>/x€E}

In dl thecases AN B eP(E™*) (by its definition)

Therefore AN B eP(EM) |, for dl A,B eP(E™)

Closure property is satisfied.

=> Axioml is satisfied.

2) Axiom2: Associative Property
Let A,B,C eP(E™)
Consider (AUB)UC
={<x,max[{pA (x),uB x)},minlJ{yA (x),yB
(X)}>/xeE} U {<x,uC (x) yC (x)>/x€E}
= {<x,max1{ pA (x),uB (x) ,uC (x)},min{yA
(x),yB (x),yC (x)}>[1/x€eE }
= {<XpA (07A (0>} U {<x;max[J{uB (x),uC
(x)},min1{yB (x),yC (x)}>/x€eE}
=AU (BUC)
=>(AUB)UC=AU (BUCQC)
=> Associative property is satisfied.
=> Axiom 2 is satisfied.
3) Axiom 3: I dentity Property
0™ is the identity element of P(E"*) with
respectto ‘U’ .
Consdr A U O™ =
(x),0},min[] {yA (x),1}>/xeE}
= {<X,UA (X),YA (x)>/x€E}.
=A
=> |dentity property is satisfied.
=> Axiom 3 is satisfied.
From Axiom1, Axiom2 and Axiom3 => <P(E"* ),
U,0™*>isamonoid.
4) Axiom 4: Commutative Property
Consdr A U B = {<xmax[J{pA (x),uB
(x)},minl1{yA (x),yB (x)}>/xeE}
= {<x,max[{uB (x),uA (x)},minlJ{yB (x),yA
(X)} >/xeE}
=BUA
Therefore AUB=BUA
=> Commutative property is satisfied.
=>Axiom 4 is satisfied.
Hence <P(E* ), U ,0M >is a commutative monoid.

{<x,max {pA

C. Theorem 2.3

(P (U*),N,U*) is a commutative monoid.
Let A,B eP(UN*)
1) Axiom 1: Closure Property
A+B = {<xuA (x)tuB (x)- pA (x).uB (x)yA
(x).yB (x)>/x€E}
= {<x,0,y(A+B) (x)>/x€E}
A+B eP(UN*)
Therefore Axiom1 is satisfied.
2) Axiom 2: Associative Property
(A+B)+C = A+ (B+C)
LHS = (A+B)+C
= {XpA x)tuB (x)- pA (x).uB (x),yA
(x).yB (x)>/x€E}+{<x,yC (x),yC (x)>/x€E}
= {<x,0,y(A+B+C) (x)>/xeE}
= {<x,0,yA  (x)>/xeE}+{<x,0,y(B+C)
(x)>/xeE}
= A+ (B+C)=RHS
Associative property istrue.
Axiom 2 is satisfied.
3) Axiom 3: I dentity Property
ATOM = {<XpA (0™ ) (%) WA
(%).1(0™*) (x),YA (x).y(0*) (x)>/x€E}
= {<x,0+0-0,yA (x).1>/x€eE}
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= {<x,0,yA (x)>/x€E}
=A
Axiom3 is satisfied.
4) Axiom 4: Commutative Property
A+B =B+A
AtB = {<xuA (x)tuB (x)- pA (x).uB (x)yA
(x).yB (x)>/x€E}
= {<xuB (x)tpA (x)- pB (x).pA (x),yB
(x).YA (x)>/xeE}
=B+A
Axiom 4 is satisfied.

D. Theorem 2.4

(P (U*),U,0*) is commutative monoid.

1) Axiom 1: Closure Property

Let AB e P(U*) ={ B/B = {<x,0,yB (x) >/ xeE }}

A UB = {<xmax[]{pA (x),uB (x)},minl]{yA
(x),yB (x)}>/xeE}

Here pA (x)=pB (x) =0

={<x,max[]{0,0},max[]{yA (x),yB (x)}>/xeE}

= {<x,0, YA (x) >/ x€E }, if YA (x)<yB (x)

= {<x,0, yB (x) >/ x€E }, if yB (X)<yA (x)

In both cases A U B e P(U*)
~. Axiomlissatisfied.

2) Axiom 2: Associative Property

(A UB) UC = {<x,max[1{0,0},min[] {yA (x),yB
()}>} U {<x,0,yC (x)>/xeE}

={<x,0, (min[1{y) A (x),yB (x),yC (x)} >/ xcE }

= {<x,0,yA (x) >/ xeE} U {<x,min[]{yB (x),yC
(X)}/xeE}

=AU(BUC)

=>Ass0ciative property is satisfied.
~. Axiom2 is satisfied.

3) Axiom 3: I dentity Property

A U oM = {<x,max[]{0,0},min[] {yA
(x),1}>/xeE}

= {<x,0,yA (x)>/xeE} =A

=AUOM™ =A

=>0"* istheidentity for (P(U*),U)

<. Axiom3 is satisfied.

4) Axiom 4: Commutative Property

A U B = {<xmax[1{0,0},min[l{yA (x),yB
(X)} >/xeE}

= {<x,0,min[] {yB (x),yA (x)}>/x€eE}

=BUA

=>A UB=BUA

.~ Commuitative property is satisfied.
~. Axiom 4 is satisfied.

E. Theorem 2.5

(P (U*),.,U*) isa commutative monoid.

1) Axiom 1: Closure Property

A,B e P(U*¥)

A B = {<XpA (x).uB (x),yA (x)HyB (x)-YA (x)
vB (x)>/xeE}

= {x0yA x)HyB (x)- YA (x) 7vB

(X)>/xeE }

A - B e P(U*) (by its definition)

~. Axiomlissatisfied.
Therefore closureis satisfied.
2) Axiom 2: Associative Property
AB,C e P(U¥)
(A - B) - C={<x0,ya )ty (X)- ya (X) 78
(X)>/xeE }-{<x,0,yc (X)>/xeE }
={<X,0,ya (X8 (X)- va (X) v8 (X)Hyc
®)- va (X Yo (X)- vs (X Yo (X)+
Ya (X) V8 (X) v (X)>/xeE } )
A-(B-C) = {<x0yA (X)>/xeE } {<x,0,y
(X)tyc (X)- v8 (X)vc (X)>/xeE }
={<X0,7Ta (X)+Te (X) +Tc X)-TaX)*+ T8
x> + 7T ¢ X 7T 8 K T ¢ -
TaX) TeX)-TaX)Tc®HTaX) T X)7Tc
(x)} -(2)
D =3
(A-B)-C=A+«(B-C)
~. Axiom2 is satisfied.
. Associative property is satisfied.
3) Axiom 3: I dentity Property
(A - U*) = {<x,0,ya (X)>/xeE }-{<x,0,0>/x€E }
= {<x,0,ya (X)+0-ya (x)-0>/x€E }
= {<x,0,ya (X)>/xcE } = A
=>A-U*=A , foral A e P(U*)
s Axiom3issatisfied.
=> U* istheidentity for (P (U*),.,U*)
4) Axiom 4: Commutative Property
A-B=B -A
Let A,B € P(U*)
Consider A - B = {<x,0,yao (X)*vs (X)- ya (X) ‘vs
(X)>/xeE }
= {<x,0,y8 (X)Htya (X)- v8 (x) *va (X)>/XeE }
=B -A
=>A-B=B - A, forall A,B e P(U*)
.. Axiom4 is satisfied.
=>Commutative property is satisfied.
=>(P (U*),.,U*) isa commutative monoid.

F. Theorem 2.6

(P (E*),.,E*) is a commutative monoid.
1) Axiom 1: Closure Property
Let A,B ¢ P(E¥)
A B= {<Xpa (X) ps (X),ya (x)tv8 (X)- VA
(x) ve (X)>/xeE }
=> A - B e P(E¥)
<. Axiomlissatisfied.
=> Closure property is satisfied
2) Axiom 2: Associative Property
(A-B)-C
={<Xua (X) ps (X)va (x) +v8 (¥)- ya (X) 78
(X)>/xeE }{<x, 1 ¢ (X)yc (X)>/xeE }
= {<X,pa (X) Hg (X) pe (X);7a (X) +v8 (X)Hpc (X)-
Ya (%) e (X)-va (® Yo (X)-
Ye (X) yc (X)tya (X) ve (X) vc (X)> /xeE } (N
A-(B-C)
={ <X, WA (X)ya (X)>XeE - {<X,up (X) pc (X),v8 (X)
+yc (X)-v8 (X) v (X)>/xeE }
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={<xX,pa (%) ug (%) pc (X);7a (x) +v8 (X)Hpc (X)-
e (%) e ()ra (%) ve  (X)-
Ya (x) ve (X)tya (x) ve (X) yc (X)> /xeE } ?

=D)=0©

<. Axiom2 is satisfied.

=>Associative property is satisfied.

3) Axiom 3: I dentity Property

A - B = {<x,uA (x) pB (x),YA (x) 7B (x)- YA (x)
vB (x)>/x€E }

= {<X,uB (x) pA (x),yB (x) +7vA (x)-yB (x) YA
(X)>/xeE }

=B-A

=A-B=B-A

<. Axiom3issatisfied.

=> P(E*) is commutative

=> (P (E*),.,E*) isacommutative monoid.

4) Axiom 4: Commutative Property

G. Theorem 2.7

(P (E*),+, O*) is a commutative monoid

Let A,B e P(E¥)

1) Axiom 1: Closure Property

A+B = {<x,uA (x) tuB (x)-pA (x) uB (x) ;YA (x)
vB (x)>/x€E }

A+B € P(E¥)

<. Axiomlissatisfied.
=> Closure property is satisfied.

2) Axiom 2: Associative Property

(A+B)+C

= {<Xpa (%) +ps (X)-pa (X) e

(%) ,7a (%) 8 (X)>/XeE J+{<x,u(x), vc (X)>X€cE }

= {<xua (%) g (x) e (X)-pa (X) pe (X)-pa (X)
He (X)- He (%) pe (X) + pa (X)
He (X) pe (x) 7 (X) ve (x) ve (X)>/xeE } (D)

A+(B+C)

={<X,1a (X), YA (X)>/XeE }{u(x) +uc (X)-ps (X)
He (%) e (x) ve (X)>/XeE '}

= {<Xua (X) tug (X) e (X)-He (X) pe (X)-pa (X)

pe (X)- Ha (X) pe (X) + pa
x) e X)) pe ¥ va ® 8 X 7Yc
(xX) >/xeE } ..(2

=D)=0©)

=> (A+B)+C = A+(B+C)

<. Axiom2 issatisfied.
=>Associative property is satisfied.

3) Axiom 3: Identity Property

A+O* = {<X5HA (X): YA
{<x,0,1>/xeE }

= {<X,ua (X)10- pa (x).0, ya (X).1>/xeE }

= {<X:HA (X)’ YA (X)>/X€E}

=A

=> A+0* =A, for all A € P(E*)

<. Axiom3issatisfied.
=> Existence of Identity is proved.

4) Axiom 4: Commutative Property

A+B = {<x,pa (x) +us (X)-pa (X) ps (%) ,va (X)
v (X)>/xcE }

= {<Xps (X) tpa (X)-pe () pa (x) ,v8 (x) YA
(xX)>/xeE }

(X)>/xeE  }+

= B+A, for all A,B e P(E*)

<. Axiom4 is satisfied.

=> Commutative property is satisfied.
=>(P (E¥*),+, O*) is a commutative monoid

H. Theorem 2.8

(P (U*),N, U*) isacommutative monoid

Let A,B e P(E*)

1) Axiom 1: Closure Property

ANB = {<&minll{ua (X) ,us (X)},maxll{ya
(x) .ve (X)} >/xeE}

= {<x,min[]{0,0},max ] {ya (X) ,ys (X)}>/xeE}

={<x,min[1{0,0},max[] {ya (x) ,ys (X)}>/xeE} €
R(U*)

~. Axiomlissatisfied.
=>Closure property is satisfied

2) Axiom 2: Associative Property

(AnB)NC

= {<x,min[1{0,0},max[]{ya (X) ,ys (X)}>/xeE} N
{<x,0, yc (X)>/xeE}

= {<x,0,maxJ{ya (X) ,ys (X)}>/xeE}

= {<x,0, ya (X)>/x€E} N {<x,0,max[]{ya (X) ,yB
(X)} >/xeE}

=A N(BNC)
J. Axiom2 is satisfied.
=>Commutative property is satisfied

3) Axiom 3: I dentity Property

A NU* = {<x,0,ya (X)>/xeE} N {<x,0,0>/xeE}

= {<x,min[]{0,0},max [ {ya (X) ,0}>/xeE}

= {<x,0,ya (X)>/xeE}

=A
=ANU*=A
=>U* isidentity

<. Axiom3issatisfied.

=>Exigsence of identity is proved

4) Axiom 4: Commutative Property

A N B ={<xminl1{0,0},max[1{ya (X) ,ya
(X)} >/xeE}

= {<x,0,maxJ {ya (X) ,ya (X)}>/xeE}

=B NA

=>A NB=B NA

<. Axiom4 is satisfied.

=> Commuitative property is satisfied
=>(P (U*), N, U*) isa commutative monoid

IV.CONCLUSIONS

We have defined different operations of
Intuitionistic Fussy Sets. Using these, we have
proved various possible operations with a particular
set as a Commutative Monoid. We hope that these
results can also be extended to further algebraic
systems.
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