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Abstract: InthisArticle, we have discussed some of the properties of the infinite non-abelian group GL(n, Z),n = 2.
Such as the number of elements of order 2, number of subgroups of order 2 in this group and embedding of the
GL(n,Z) in GL(m ,Z)¥ m = n, Moreover for every finite group G, there exists k € N such that GL(k ,Z) has a
subgroup isomorphic to the group G.
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Notations: GLA)Z - {[}ah.mX &) A &det([}a”mx )=+ }
Theoreml: GL(n, Z) can be embedded in GL(m, Z)V m = n.

Proof: If we prove thistheorem for m = n + 1, then we are done.

Let usdefineamapping ¢ : GL(n,Z) — GL(n + 1,7Z)
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€11 €10
= e Can 0 ~(2)
0 ™ 01

Now from (1) and (2) one can easily say that ¢ ishomomorphism.
Now consider kerg ,
Kero ={A€GL(NZ) : ¢(A) = Iini1xms1)) Wherel is identity matrix
Clearly Kerg = {I,,x, }
Hence ¢ isinjective homomorphism.

So, by fundamental theorem of isomorphism one can easily conclude that GL(n, Z) can be embedded in GL(m, Z)
foral mz>n.

Theorem 2: GL(n,Z) isnon-abdlian infinite groupn > 2.

a

Proof: Consider GL(2,Z) = {4 = [C 2] :a,b,c,d € Zanddet(4) = +1]

Consder A, = [i (1)] suchthatc € Z

AndleeH={A, : c € 7}
Clearly H is subset of GL(2,Z).
And H hasinfinite e ements.

Hence GL(2, Z) isinfinite group.

. . 1 2 2 3
Nowconsudertwomatrlceﬁ[1 1 and [1 1] € GL(2,7)
1 2112 31_[4 5
[1 1]'[1 1 _[3 4]
And
2 31 21_[5 7
[1 1]'[1 1 _[1 3]
Hence, GL(2,Z) isnon-abdlian.
And by a direct application theorem 1, one can conclude that GL(n, Z) is infinite and non-abeliany n > 2

Theorem 3: Number of eements of order 2in GL(n, Z) isinfinite and hence number of subgroups of order 2 is
infinite.

a

Proof: Consider GL(2,Z) = {4 = [C 2] :a,b,c,d € Zanddet(4) = +1]

Let A € GL(2,Z) ,and order of A is2.
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Then A = [Ccl Z] for somea,b,c,d € Zand A> =1

= o gle d=h 3

[a2+bc ab + bd :[1 0
ca+cd bc+ d? 0 1

=>a’4+bc=1ab+bd=0,ca+cd=0,bc+d*=1
Sincea? + bc = 1, then:
Case(i):a®? =1,bc=0
= a= xlandeitherborc=0

Subcase (i): If wetakea = 1and b =0

Then [c—klcd c?z :[(1) (1)
=>c+cd=0
=>c(l+d)=0
= eitherc=0o0rd = -1
= ifc# 0thend = -1
Letc+#0
Thenour caseisa=1,b=0,c#0,d = -1

= [i _Ol]hasorder 2if cx0andc€Z

Clearly ¢ hasinfinite choices.

= Number of elements of order 2in GL(2, Z) isinfinite.

And since number of elements of order 2 = Number of subgroups of order 2 in any group.

= Number of subgroups of order 2in GL(2, Z) isinfinite.

Also by adirect application of theorem 1, one can easily conclude that this theorem isvalid for every value of n.
Theorem 4:Every finite group can be embedded in S,, for somen € N

Proof: Let G be any group and A(G) be the group of all permutations of set G.

For any a € G, defineamap f,: G — G such that f, (x) = ax

Thenasx =y = ax = ay

= fu() =f)
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Hence, f, iswell defined
Clearly f,isone-one.
Alsofor any y € G, Since f,(a"1y) = y.

= f,isonto.
And hence £, is permutation.
Let K be set of al such permutations
Clearly K is subgroup of A(G).
Now defineamapping ¢ : G — K suchthat ¢(a) = f,
Clearly ¢ iswdl-defined and one-one map.
And consider the following equation

p(a.b) = fop = foofy = ¢(@). p(b)

Which shows that ¢ is homomorphism
Obvioudly, ¢ is onto homomorphism
= ¢ isisomorphism.
And hence the theorem.

Theorem 5: S, isisomorphic to some subgroup ofGL(]) 1l fordlneN.

Proof: Let S, be the permutation group on n symbals.

Define¢;,sg;|:|q_) ( Z) such thati(p@(yo':‘?e]m S,

12 N

Where[g]m is permutation matrix obtained by 5 i.e.if & :[L then
éﬁ ]

[], =| |

WhereR is R}; row of identity matrix.

Clearly 0 isahomomorphism.

Now consider the kernel of this homomorphism.

ker Qoo I | 2% B 1

=kerg istrivial.
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Hence the homomorphism isinjective.
= Sn is isomorphic to some subgroup of GL(]) 1 fordlhe N,
Theorem 6: For every finite group G, thereexistsk € N such that GL(k , Z)has a subgroup isomorphic to the group

G.
Proof: It isan obvious observation of theorem 4 and theorem 5.

CONCLUSION
GL(n, Z)is non-abelian infinite group having infinite number of e ements of order 2 as well as subgroups of order 2.
Also GL(n, Z) can be embedded in GL(m ,Z)V m = n, Moreover for every finite group G, there existsk € N such
that GL(k , Z)has a subgroupi somorphic to the group G.
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