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ABSTRACT

The present paper is evaluated a new Eulerian integral associated with the product of two multivariable Aleph-functions , a multivariable A-function,
a generalized Lauricella function and a class of multivariable polynomials with general arguments . We will study the cases concerning the
multivariable I-function defined by Sharma et al [3] and Srivastava-Daoust polynomial [4].
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1. Introduction

In this paper, we consider a general class of Eulerian integral concerning the product of two Multivariable Aleph-
functions, a multivariable A-function and a general class of multivariable polynomials defined by Srivastava et al [7].
The Aleph-function of several variables is an extension of the multivariable I-function defined by Sharma and Ahmad
[3], itself is a generalisation of G and H-functions of several variables defined by Srivastava et al [7].

The serie representation of the multivariable A-function is given by Gautam [1] as
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are complex numbers , and the O/S, 15} /8, ’y's and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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4q;(k)

—T;) 050) S (1.11)
j=mp+1

The reals numbers 7; are positives for ¢ = 1 to 2, T;(x) are positives for i*) =110 R%)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if
necessary ,ensure that the poles of F(d/j(k) — 5;(k)sk) with 7 =1 to mj are separated from those of
r . 5

'l —a; + Za§k)8k) with 7 =1 to n and T'(1 — ( ) +7( ) k) with 7 =1 to ny to the left of the
=1

contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
Rz, z) = 00|z [2|*) ymaz( |z, -, 2] ) = 0
R(z1, o 2) = 0( 2l ™) omin( |21, 2] ) = 00
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We will use these following notations in this paper
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The multivariable Aleph-function write :
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Consider the Aleph-function of s variables

Z1
e _ 07n/3m/1,n/1,-~. 7m;7n/s
N(Zla ; Zs) - Np,/i,q.f,u;r/;p;(l) :q;“) (1) (1) ;p;(s) 7q;(s> . (s
ZS
7
[(uj;’ugl)’”' ’MY,))l n] e (“w#gz)a i ,M§2))n/+1,pi] :
’ 1
........................... 7[Li(vji7 U_gi)7 . ,U;: ))m/—i_l’ql{] :
1 1 ) | |
[(ag ));a§ ))Lnl]’ et 2121);0[5121))” gk [(ay));a;g))l,n;]v [Lico (aﬁ? >§Oé§:<) s 1,p)]

()2 851 e 00 B0y s+ 08 B8 )1 i 053 8500 s 11,000

C(tr, - ots) [[or(tn) 2t dta - - dt, (1.20)
// L// =

n/ s k
I yvs) — r P; % - )
ST s T — Xis 0 80) [T T — 30+ s o0)

||jk1F(b()—B()t)||J 1F(1 ()+a() )
and Cbk(tk) = (k)

(1.22)
k) k k k
it =1 [Lie) H] 7'(7:1) 41 - b( i T 5(z<)kz>t )H] 1(2) 1 I éz()k) O‘gzngSk)]

Suppose , as usual , that the parameters
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are complex numbers , and the O/S, 5/8, ’y's and 'S are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers 7; are positives forz = 1,--- |5 , ¢,k are positives for i) = 1...p0F)

The contour Ly is in the fz-p lane and run from 0 — 700 to 0 + 100 where O is a real number with loop , if
necessary ,ensure that the poles of F(bgk) — ﬁ](-k)tk) with j =1 to m) are separated from those of
S

'l —wu; + Zug )tk)wuh j=1t N and I'(1 — a§ )+ a§ )tk) with 7 =1 to nj to the left of the
=1

contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < —ng)ﬂ, where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
7 /7
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We will use these following notations in this paper
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1y, (1) (1) . 5 (s). g(s) (s) . p(s)
DT =575 85 )1my s tion (005 B33 Jmi 4! (0575 857 )1 it (B3 B I, g, (1:30)

J

The multivariable Aleph-function write :

/ ! A, : C’
N(z1,- -, 25) = N R 1.31)
B D’

Srivastava and Garg [5] introduced and defined a general class of multivariable polynomials as follows

I Ratooohy Ru <L LR R,
hi,or ha
Spt M ey )= ) (=L)hi Ryt tnur, B(E; Ry, Ry )7]%1 )
Ry, ,Ry=0 ’ w

The coefficients are B[E; Ry, . . ., R,] arbitrary constants, real or complex.

2. Integral representation of generalized Lauricella function of several variables

The following generalized hypergeometric function in terms of multiple contour integrals is also required [6 ,page 39
eq .30]

P
A
ML ) i [Ap): (B —(o + -+ -+.)
H I'(By)
HJ] jts1+- 4 8) o) T Vg e g
(2mw) / / Bj +s1+- +57’)F( #1) - Tlmsr)a rdsy - dsy @21

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(4; +s1 + -+ + s,)
are separated from those of I'(—s;),j = 1,--- ,r. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

In order to evaluate a number of integrals of multivariable I-function, we first establish the formula

b 1 k k
/(t— a)* b —1t)P H 1—7;(t —a)h Hfjt-i-gj yoidt = (b —a)*** "' B(a Haf]—i—g]
a j=1 j=1

(w:hy,-- Jhy, oo 1) (A1), (N i 1) (=0 2 1), (—og 2 1)
(a+6:hla"'7hl717"' 71):_,"';_;_7"' T

(b—a)fi  (b—a)fk

) b_a’h17"'7 b_a’hl_ ) )
i ) g ) afi + g1 afr + gk

(2.2)
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Wherea’7beR(a<b)aaaﬁafiagi7o-i77-j7hj E(C7)\_] €R+(Z: 1, 7k,j: 1, ,Z)

b—a)f;
min(Re(). Re(8)) > 0. max {|r;(b—a)"|} <1, m b-a)fil |
1<5< 1<j<k: afi + g
and F 01 01 ' B is a particular case of the generalized Lauricella function introduced by Srivastava-Daoust[4,page

454] and [6] given by :

(:hyy-or hyy oo 1) (A2 1), s (N 1) (=010 1), (—0g = 1)

(a+/8:h17"' 7hl717"' 71):_7"' Ty Ty T

(b—a)fy (b—a)fi T(a + 5)

afi+g1" 7 afutgr | @Il PO T, D(=0y)

. ,Tl(b—a)hl,—

04+Z] 1 hj 9]"’231‘%—] ! k
(2rw l+k/L /L ) TTr + ) [T (=05 + sie))

l+kr 0{+B+ZJ 1h8j+2j 1Sl+j)_7 1 j=1
I+k
[Irspzsr -tz 2k ds - - dsigk (2.3)
j=1

Here the contour Ls are defined by Lj = Lug¢;00(Re((;) = v7) starting at the point v; — woo and terminating at the
point v ' + woo wlth v € R(j =1,---,1) and each of the remaining contour Li+1, - - , Lj4+% run from —wo0 to woo

1=
(2.2) can be easily established by expanding H [1 =7t - a)’“] ! by means of the formula :
j=1

1-z=Y" )y (2] < 1) (2.4)

r!
r=0

integrating term by term with the help of the integral given by Saigo and Saxena [2, page 93, eq.(3.2)] and applying the
definition of the generalized Lauricella function [4, page 454].

3. Eulerian integral

In this section , we note :

l

! W D 4
H 1—T]t—CL ] K 7C]('Z)>O<i:1a"'7T)§92_H[1_Tj<t_a)hi] ‘ 7€j/'(1)>0(i:1"”’8)

j=1

<_//(7.')

l
0;’:1_[ [1—Tj(t—a)h"}_ J ,C;/(Z) >006@=1,---,u)
j=1
_C///(i)

l
o =T[ [ -7t —a)] % " >06=1,-,0) @1
L1
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K2 = (1_ﬁ_ZRZbZ_ZnG“gzb;apl, 7p’r‘7p/17"' aP;aO;"' 7070"' 70) 3.3)
= =1

Kj=[1-)— ZRiCJ(/(z‘) _ Z”Gi,giC}I’(i)? CJ(-U, o ’CJ(T),C;(1) o ’C;(s),

1=1 i=1
0,0+ 1w ,0,04 0]y ()
Kj=[1+0; - ZR A Zn g ADAD L A0 N ),

0’...,0,0...,17...70]17k (3.5)

<

Ly=(1-a=B=> Ri(ai+b)= > (a;+ 000G, gt +pry- e+ propih + 00, + ol
= =1

hla"'ahlalv'”?l) (3.6)

- )\J - Z RZCJII(Z) - Z le‘//(i)nGi,giS Cj('l)7 e 7€J(T)7 Cj/(l) e 7CJI'(S)7 01 e 707 0--- 70]1,l 3.7)
1=1 i=1

‘|’0'j ZR )\// Z/\/// Gi,g:i ) )a"'7)\5'”7)\;'(1)'“7)\;(8)707"'70707"'70]1,k (3.8)

h
Py = (b—a)*P1 {H(afj +g;)% } (3.9)

h
Bu,v — (b _ a)ZE’:Mai—l—bi)nci,gi+Z§‘:1(a7¢+b7¢)R7: {H afj + gJ Simi N ey g, =2t M Ri }G,” (3.10)
j=1

H;):l szu;m e ( )
i)

where Gv = ¢1
I €9

¢1,¢; fori =1,--- v are defined respectively by (1.2) and (1.3)

g — CDmrisesn,r, BE Ry, -, Ru) G11)
v Ri!---R,! '
Vi=V:V51,0;---31,0:1,0;--- 51,0 s Wy = Wi W'50,1;---50,1;0,1; - 50,1 (3.12)
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Ch :C;Cl;(LO)a"' 7(170);(170)7"' 7(170) s Dy :D;D,;(Oal)f"

We have the general Eulerian integral

b K
/(t—a)" Yb—1)"" 1H [1 =7t —a)"]" 'H(thJrgJ)

j=1 j=1

k _ /‘/(1)
207 (t — a)*t (b — )" TTj_y (fit + ;)

i, hy
SL

‘ 11(w)
Zf(t — a)® (b— )% [TV (fit +g5)

/ ’ 117(1)
A0 (t — ) (b — P TTE (it +g5) 7

A
200 (t — a)™ (b — )% TIhy (St +9) 7Y
k A
z191(t—a)“1(b—t)p1 szl(fjt+gj) J
N
. RO
2,0, (t — a)ir (b — )P [T5_y (fit +95)
Iy / / k _)\’_(1)
2101 (t —a)1(b—t)" Hj:1(fjt+gj) !
N . dt

/. _\/(s)
2,00t — a)s (b — )P TI5_, (fit + g5) ™

o o™ hiRi+-hy,R,<L
ISR SRR SRS s | 00 S
g1, 590 =0 M= M,=0 R17 o 7R i=
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zl(b—a)“1+”1( :
H?:l(a’fj—}_gj))\j \
A;A;K17K27KjaK§:Cl

2y (b_a)ur+pr

(r)
AN
H?:l(afj+9j) J
z/ (b—a)”,1+p/1
>\ (1)

HJ (afj+g;)7

0,n+n’+l+k+2:V; ’ /
NU U’ l4+k+2,0+k+1:W, z (b—a)HsTPs (3.14)

(s)
(afj+gj)>\

Tl(b— )hl

Tl(b — a)hl
(b—a)f1
afi+g1 )

B ;B’; Ll,Lj,L; . D1

\ (b—a) f
afx+gk

We obtain the Aleph-function of r + s + k + [ variables. The quantities A, A’, B,B’,C,C’',Cy,D,V; and W, are
defined above.

A) a,b € R(a < b); s, prly, pi plys AN N by € RT firgin s 0, Ag €C (=1, r5j =1, 3 k;

J 77

Uzl, 75;1}:17“' al)’a’u 27)‘;/ ]N(Z) €R+a(i:17"' 7uaj:15 7k)

(AR Rl

a b )\/// i) g;"(i)GRJr,(i:l,"',U;jzl,"',k)

(B) See the section 1

(b B a’)fz hi
e 1 . _ J
© 1r£f§k{ afi+g: ) = IS {rm(b =} <1
PO b
. ’ .
) Re| OH_]Z_ “ 1;;22() el (7) Z Hiy S 5’(3) +]Z_1 “Hé“é}n; @} >0

v (j) d’(]) S b](j)
/ /
fte [6 * Zlb 1<Ikn<lg<> k Z’OJ 1<k:<m 5'(3) + lej 1<r21<11n B(J)} >0
j=

J=
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Jj=mp+1 =1 =1
i=1,---,R,i®=1,... R®
Pl (k)
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! @ F ] 1
H) |arg ZzH 17t —a)"] - H(fjt+gj)”§) <5A§k)ﬂ (a<t<bi=1,---,7)
i e
l i)k
’ Cj (% 1
arg | 2 H[l—r t—ah} H(fjt“‘gj)_)\f() <§B¢(k)7T (a<t<bii=1--,s)
et =

( I ) The multiple series occuring on the right-hand side of (3.14) is absolutely and uniformly convergent.

Proof

To prove (3.14), first, we express in serie the multlvanable A-function with the help of (1.1), a class of multivariable
polynomials defined by Srivastava et al [5] S Lo h [ ] in serie with the help of (1.32) and we interchange the order

of summations and t-integral (which is perm1551ble under the conditions stated). Expressing the Aleph-functions of 1-
variables and s-variables in terms of Mellin-Barnes type contour integral with the help of (1.8) and (1.20) respectively
and interchange the order of integrations which is justifiable due to absolute convergence of the integral involved in the

process. Now collect the power of [1 —75(t — a) hi] with (i =1,-+- ,7;5 =1,--- 1) and collect the power of
(fit+g;) with 7 =1,--- k. Use the equations (2.2) and (2.3) and express the result in Mellin-Barnes contour

integral. Interpreting the (r + s+ k + () dimensional Mellin-Barnes integral in multivariable Aleph-function ,we
obtain the equation (3.14).

Remarks

If aypr=-,pr=py=--,p,=0;b)py1=--+,ptp=p) =---,u, =0, we obtain the similar formulas that

(3.14) with the corresponding simplifications.

4. Particular cases

a)If T, Ty, s Ti(r) s Lis i)y - -+ 4 Lis) — 1, the multivariable Aleph-functions of r and s-variables reduces
to multivariable I-functions of r and s-variables defined by Sharma and al [3] respectively and we have

b l k
/ (t—a)* L(b—t)pf? H [1—7(t—a)] N H(fjt +g4)%

Jj=1 Jj=1

3 /1(1)
2007 (t — a)™ (b— )" [T5_, (fit +95) 7

11(w)
2000 (t — a)@ (b— )% TI5_ (fit +g5) ™

y , & _ /‘//(1)
2107 (t — a) (b — )% TTE, (it + g;)

)\///(U)

20 (¢ — )" (b— )" T, (fit +.95) ™
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2101 (t — a)" (b— )7 T, (fit + ;)™

200, (t — ) (b — t)Pr TIE_ (fit + g;)

2,00 (t — a)"r (b —

700 (t —

ab

ok
)" Hj:l

(1)

(r)

/. _y/(s)
a)ls (b — )P« TT5_, (fit +g5) ™

a® hiRi4hyR,<L

/(D)
(fit+g;) "%

dt

Z 2 ) ) SRR | CLT

1, 9o =0 M1=0

7% n+n’+1+k+2:V)
U;U I+ k4-2,14+-E+1: W,
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under the same conditions and notations that (3.14) with 75, T;(1), = = = 5 Ti(r) s biy bi(1) s =+ 5 Lits) —> 1

1 / (w) (u)
HAzl(a') 0+ 9(“) Hle(b/')R@’. o HB 1 (b ) (w)
Wit B(L; Ry, -, Ry) =— Tl ’ ’ ’ fudy (4.2)

c DWW, (u
H ( )le 4R, w“” H ( )Rl(sJ - HJ 1 (d; ))Ru&g“)

then the general class of multivariable polynomial Szl ol

defined by Srivastava et al [4]. We have

“ [zl, LI zu] reduces to generalized Lauricella function

b l k
/(ta Hl*Tthah HthJrgJ
a j=1 j=1

11(1)
207 (t — a)a (b— 1) TTE_ (fit + g;)

1+A:B’;--- ;B
FC_':D’;M ;s D(w)

11 (w)

zifu(t — a)@ (b — )« TI5_, (fit + g5) ™

) , 111(1)
A0 (1~ a) (b~ 0TI, (1 g)

A
A0 (L= a) o (b— )% TTE_, (ft +g,)
k NCY)
7101 (t —a)* (b —t)” szl(fjt +g;)"
N
2:0,(t — a)#r (b — )P TTF_, (it + g5) ™
Iy ’ / k _)\’_(1)
240, (t — a)" (b — )75 TTE_, (ft + g5) ™
N dt

/' _\/(s)
2,00, (t — a) (b— )P« TIL_, (fit + g5) ™

a® a® hiRi4+hyR,<L
IS0 SEED SN o | EE |
g1, ,9u=0 M= My=0 Ri,-,R =
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No,n+n’+l+k+2zvl
U, U l+k+2,1+k+1:W,

(

\

z1(b—a)*1 +pr1

1)

(
15— (af; +g5)

2 (b_a)ur+pr

(r)
Al
H?:l(afj +g;)" 7
2! (b—a)“,1+p/1

Az (1)
H?:l (afj+g;)"7

2! (b—a)”«/f"p/S

1 (s)
[15_, (afj+g;)"
T1 (b — a)hl

T (b — a)hl
(b—a)f1
afi1+g1

(b—a)fi
afr+gk

under the same notations and conditions that (3.14)

/ —_—
where B, =

(_L)h1R1+'“+huRuB(E; Rl; te

, Ru)

Remark:

Ri!- - R,!

,B[E; Ry, ..

A ; A ; K17K27Kj7K§' : Cl

B ;B’; Ll,Lj,L; : D1

., Ry] is defined by (4.2)

(4.3)

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable Aleph-functions and a class of multivariable polynomials defined by Srivastava et al [4].

5. Conclusion

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable Aleph-
function, an expansion of multivariable A-function and a class of multivariable polynomials defined by Srivastava et al
[5] with general arguments. The formulae established in this paper is very general nature. Thus, the results established
in this research work would serve as a key formula from which, upon specializing the parameters, as many as desired
results involving the special functions of one and several variables can be obtained.
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