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ABSTRACT

The aim of present paper is to derive a fractional derivative of the multivariable I-function of Prathima [4], associated with a general class of
multivariable polynomials defined by Srivastava [8], the I-function of one variable defined by Rathie, the generalized Wright function and the
generalized Lauricella functions defined by Srivastava and Daoust [9]. We will see the case concerning the multivariable H-function. The results
derived here are of a very general nature and hence encompass several cases of interest hittherto scattered in the literature.
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1. Introduction

Shekhawat et al [6,7] , Pandey et al [3] have studied the fractional derivative and fractional integral of product of
special functions, respectively. In this present paper, the fractional derivative of the product of the Lauricella function,
the general class of polynomials, the generalized Wright function, the multivariable I-function defined by Prathima et al
[4] and the I-function of one variable is derived. In recent years, several authors have found that derivatives and
integrals of fractional order are suitable for description of properties of various real materials. The main advantages of
fractional derivatives provide an excellent instrument for the description of memory and hereditary properties of varies
materials and process.

By Oldham and Spanner [2] the fractional derivative of a function f(¢) of complex order

ﬁfg(t — )77 f(z)dx, Re(y) < 0
DI{f(1)} = (1.1)
g oD {F(B)},0 < Re(y) <m

dtm &

Where 1 is a positive integer.

The multivariable I-function defined by Prathima [4] is an extension of the multivariable H-function defined by
Srivastava and Panda [11]. She is defined in term of multiple Mellin-Barnes type integral :
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1 ! ,
:W/L /L (51, ’ST)H 0;(si)z;"dsy - - - ds, 1.2)
1 r =1

where ¢($1, - ,8;),0:(8;),i=1,---,r are given by :

IT- L4 (1 —aj+ 3, q )SJ)
¢(317 - 75T) = " - o - = E— (1.3)
j:n+1r J (aj D oie 10578 )Hj:lr ’ (1 —bj+> i ﬂj Sj)

ni C() m; Do i <(i
I1e, 167 (1= 98 ) T o707 (d = 50,

0; (31) — _ _ (1.4)
v O ; v @ —
e T (6700 Ty T (17 005
wherei =1,--- ,7.Alsoz; #0fori=1,---,r
The parameters m;,n;,p;,q;(j =1,---,r),n,p, ¢ are non negative integers (for more details, see Prathima et al [4])

agw(] = 1? ,p,Z: 17 771)7552)(J = 17 7(]712 17 77.);7;1)(]: 1» 7[)177/: 1, ,7") andégl)
(j=1,---,q;;i=1,--- ,r) are assumed to be positive quantities for standardisation purpose.

aj(j = ]-a ap),bj(j = ]-, 7Q)vcﬁz)(] = 17 7pi7i: ]-a 7T)ad§1)(.7 = 17 7qi7i: 17 7T) are COIHP]EX
numbers.

The exposants A;(j = 1,---,p), Bj(j =1,---,¢),C\/(j = 1,--- ,pszi=1,--- 1), DV (G =1, Lqi=1,--- ,7)
of various gamma function involved in (2.2) and (2.3) may take non integer values.

The contour L; in the complex s;-plane is of Mellin Barnes type which runs from ¢ —ioo to ¢ + ioco (¢ real) with
(i) i 7 . . .
indentation, if necessary, in such a manner that all singularities of I'?s (dg ) 6; ) si) ,j=1,--- mylie to the right and
s } . : :
e (1- () 77() i),j =1,--+,n; are to the left of L;.

Following the result of Braaksma [1] the I-function of r variables is analytic if :
p .
U =>4 235”+ZC“ @) ZD V6@ =1, 1 (1.5)
j=1

The integral (2.1) converges absolutely if

1
larg(zx)| < §Ak7r,k' =1,---,r where

Z A Oé ZB B(k)+ZD(k)5(k) Z D(k (k)+ZC (k) (’f Z C(k) (k >0 (1.6)

Jj=n-+1 j=mpr+1 j=nr+1

The I- function , introduced by Rathie [5], however the notation and complete definition is presented here in the
following manner in terms of the Mellin-Barnes type integral :

T(-) — Jm.n (aj, i Aj)nnat, (aj, i Aj)p | 1 mon —s
Iz) =157 | (bj, B3 D1, (05: 853 Bj)g | 27w J Qi (s)2 7 ds (1.9
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for all z different to 0 and

17, T; + 88) [Tj= T4 (1 — aj — as)
?:n+l FA i(a; +ajs )Hj:erl [Bi(1—b; — Bys)

(1.8)

When the poles of I'(b; — f3;s),j =1,---,m, are simples the integral (1.8) can be evaluate with the help of the
Residue Theorem. We obtain

_ m o ng,n
() =3 Y (19)
G=1g=0 .
be +yg

with s =ng g = ,p < q,|z| < 1and Qg?(’]n(s) is given in (1.8)

Ba

T

For more detail, see Rathie [5].

The generalized polynomials of multivariables defined by Srivastava [8], is given in the following manner :

[N1/Mi] [N /M)

My M, (=N)amk,  (=Ns)m,x,
SNl’,,.7Ns [yla"' 7y5 - Z Z K1| Ks'
K1=0
A[Ny, Ky ;Ns,Ks]yf{l ?JSK (1.10)
where M7, -+, My are arbitrary positive integers and the coefficients are A[N1, K7;--- ; Ny, K] arbitrary

constants, real or complex.

The generalized Wright function ), defined for z € C, a;,b; € C and «;,8; € R ( oy, 3; #0;i=1,--- ,p;
j=1,---q) is given by the serie :

. (al,az) ) H al+ozl)
Walz) = Wy ( ( bjaﬁj) 1 ‘ Z b; + B;)l! (1.11)

For more details, see Wright [12] and [13].

. i1 Dlai + ail)
We will note & =34 (b, + 3,1) (1.12)

The Srivastava-Daoust function is defined by (see 9):

71
F%:B/;m ;B(T> E [(a);9/7 e 70(7”)] : [(b/)7 ¢/]ﬂ T [(b(?”)), ¢(7’)]
GO | e ] 1 ()50 5[(d); 80
Zy-
= Z B(my,--- ,m,)z™ -z (1.13)
mi, - ,me=0
where
| P NV § Y (1) IUPVREES § i (S IS
B(my, - ,m,) = = 2 z s

D’ D) ()
Ha‘:l(Cﬂ')mlw_g+m+mm§.” =1 (d})m,s; - 1T5= (d; )m,\éj.r)
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2. Required results

Lemme 1

aD?(t”) = Mt#—’v Re(u) > -1
’ Flp—v+1)

Lemme 2

IfA>0,0<z<1,Re(l+p)>0,Re(q) >—1,\ >0and A; > 0, then we have (see 10)

Zl.'E)‘l
ApA:BBO L — (L+p+q+2M)(=N\)m(1+p)x
T oiprs =2
C:D’;-;D C = M\(1+p+q+ M)y
zrx)‘T
-M,1+p+q+M
FM(Zl,"' 7,2’,,‘)2F‘1|: 1+p ,x]

with M > 0 and

71
(1+p+)\7)‘17 e 7)‘T)7 (1 + A;)\lu o 7)\7‘)7

A+2:B';-;BM)
FM(217"'7 ) FC+2D’ D(T)

(2+p+Q+M+>‘a )‘17 e ’/\T)a (1 - M + >\’ Al? e a)‘T')a
Zy

[(a):0, -, 0] [(0); ')+ 5 [(0); ()]
[(C);W,--- ,W)J :[(d ),5],'-' [(d)); 6]

Lemme 3

Binomial expansion is given by :

wror=0 3 () (5) [F <
Lemme 4
DI (f(a i:f (1) o s@ra)

3. Main result

2.1)

2.2)

(2.3)

2.49)

(2.5)

In this section, the fractional derivative of the product of the Lauricella function, the general class of polynomials, the
generalized Wright function, the multivariable I-function defined by Prathima et al [4] and the I-function of one variable

are derived.

Let

A= (aj) (1)7 c (7’) A 1,ps A= Zaz i alm//_GQUG,gQ)\ly"'7)\7";1)’
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(=7 =k =Y b —bim” —banggi i, T 1), (=m =LA AT, A+ T 1) G.D

1 S
B = (bj;ﬁ](- ), e ,ﬁj(-r);Bj)Lq (m/ —)\—ZaiKi —arm” —aang,g; M, A 1),

(_n_A_k_ZbiKi_blm//_bZWG,g”—lv"' 3 l), (eml == T A T 1) (3.2)
O = (A ) s (@A ), (3.3)
D= (d", 8" DMy g5 5 (d, 68 DS, (3.4)
X =my,ng;- sme, Ny 5Y =D1,q15 7 5Pry G (3.5)

(—Nomk,  (=Ns)m.k,

A, =
‘ K| K,

A[Ny, Kyq;- -+ 5 Ng, K| (3.6)

Ao OCOMA+pta+2)(Nar (4t at M +PN i oo 15, Kb o
EIMN(1+p4+q+M)xpi(1+p) mli!

(n)’\_m/+2§=1 Kibitbim” +banc.q Fru(v, o) (3.7

b 1s defined by (1.12)
Then, we have the following result

Theorem

D {(t = P — M7 I (= 0" (0 — )2) by (E— Q) (n— )

Y{z(n — )M (t-¢)%1 (n — )% 2 {t(t — )M {t(n — )}
A:B';---;B(M S My, M, . <o
FC:D/;M;D(T) A SNl 5N P T R
Ye{z(n — 1)} (t-C)9 (n — t)% 2 {t(t — O} {t(n — )}
[N1/Mi] [Ns/M.] m oo 0o an
S OTED S SIS 3D BID DL
m Lk, M=0 Ki=0 K.—0 G=1g=0 m""=0 G9:
2 (=M Mt AL C
0,n+3:X o o
p+3,q+3:Y - C 3.8)
ze (=) Tt T B D
Provided that
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r (1)
b, d;
Re | \i +aiym” +ay min =L + ) A\, min L | > -1

1< By 1<j<m; 5§
d( i)
e[t o min, S, i 50|

aiabj ecaaiaﬁj ER(al7ﬁj7é01’L:17 7p/7.7:15 ’q/)

Proof

-, M,
To prove the theorem, we first express the Srivastava-Daoust function with the help of Lemme 2, express Sy Ny N, L],

I gf (.jn(.)and »%q (.) in series with the help of (1.10), (1.9) and (1.11) respectively and the I-function of r variables

defined by Prathima et al [4] in Mellin-Barnes contour integral with the help of (1.2), changing the order of integration
ans summation (which is easily seen to be justified due to the absolute convergence of the integral and the summations
involved in the process). Now collect the powers of (¢t — ¢) and (r — ¢) and apply the binomial expansion with the help
of Lemme 3 and use the Lemme 1. Finally interpreting the result thus obtained with the Mellin-barnes contour integral,
we arrive at the desired result.

4., Multivariable H-function

If Aj =B = C’(z 5 )= =1, the multivariable I-function defined by Prathima et al [4] reduces to multivariable H-
function defined by Srivastava et al [11]. We have the following result.

Corollary 1

DI {(t— e — T I (= O™ (0 — %) by (= O (n — 1))

Y{x(n— )M (t-0)% (n — 1) w{t(t — O3 {t(n — )}
A:B'; B(T) Ce My, M, e e
FC D, D(r> . . . SN17..- 7NS . . . H . . .
Ye{x(n — )} (t-C)% (n — t)% 2o {t(t — O {t(n — )}
[N1/Mi] [Ng/Ms] i oo an ’
- Yy sy e
m/ Lk, M=0 Ki1=0 (=0 G=1g=0 m""=0 Gy
Zl(,C)AlnTlt)\1+Tl A C
0,n+3: X . L
H)\ 3 g1y . L “L

ZT(_C)/\"'UT"t)\"'JrT"' B:D
Under the same notations and conditions that (3.8) with 4; = B; = C§i> = D‘g-i) =1
Corollary 2

If n = p = ¢ = 0, the multivariable H-function breaks into product of Fox's H-function of one variable and we have.

DI {(t— e — T I (= O™ (0 — %) b (= O (n — 1))
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n{z(n -t} (t-0)4 (n — )%
A:B's BT C My, , M, ce
Feipriipo o SN N S
vel{z(n — )P (t-¢) (n — t)°
, (cg.l),'yj(»l))l)pu)

i=1

(4) (D)
I 55 .6 (zi{t(t — O {tn - )y
(af” 5 )1 )

J 7

[N1/Mi]  [No/M.] 7 oo Qm n(ﬁG )
= Z Yoo > 2 Z T!’ Asbrn A
m Lk, M=0 Ki=0 K,=0 G=1g=0 m"=0 :

Zl(_C)klnTlt/\H—ﬁ A’ C

0,3: X L. L
Hy5y L o 4.2)

Z7’(_C)>\T77Trt/\r+n B :D

Under the same notations and conditions that (3.11) with A; = B; = 07@) = D,§~” =Ln=p=q¢=0

where
A=Y aKi—am —ama.gi M, A), (T — k=Y biKi —bim" —banggim, T,

(—m =5 M +7, A+ 7) 4.3)
=(m-A- ZaiKi —arm” = aanG i A, A ) (= = A=k — ZbiKi —bim” = bana g T, 5T,
(—m == M+, A+ 7) 4.4)

If v = §()) = 1, the Fox's H-function reduces to Meijer's G-function and we obtain
D {(t =) e — )T L (= Q)™ (0= 1)) padgr ((E= Q) (0 = )™)

nf{z(n— )M (+-0)(n — )
AB' s BO) C My, M, Cee
Faipi ipm Sn, N,

ol — )} (t-0)% (1 — 1)

()1 po
H Gp( ) q< ) (Zi{t(t - oYt -0} -
(), g0
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s3] [N1/M;y] [Ns/Ms] M oo oo (_)gﬂr"'h:'ﬁ(n(r‘g)
SIS ST S 5 o D= SRS
m,l,k,M=0 K;1=0 K.=0 G=1g=0 m’=0

O\ T T .
AP 0
03X 7L

3,3:W o 4.5)
(O (B

Under the same notations and conditions that (3.8) with A; = B; =C\) =D =4V =5V =1 and

5. Conclusion

The multivariable I-function defined by Prathima et al [4] in terms of the Mellin-Barnes contour integrals is most
general character which involves a number of special functions of one and several variables. The fractional derivative
operator involving various special functions have signifiant importance and applications in Physics, Mechanics
,Biology, etc.
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