International Journal of Mathematics Trends and Technology (IJMTT) - Volume 45 Number 1- May 2017

ON SOFT /-CONTINUOUS FUNCTIONS

1S. JEYASHRI, 2S. THARMAR AND *G. RAMKUMAR

Department of Mathematics,

Mother Teresa Women’s University, Kodaikanal, Tamilnadu, India,

2Department of Mathematics,
Mohamed Sathak Engineering College, Kilakarai, Tamilnadu, India,

3Department of Mathematics,
Arul Anandar College, Karumathur, Tamilnadu, India,

ABSTRACT. In this paper, we introduce a new class of functions called soft §-continuous func-
tions. We obtain several characterizations and some of their properties. Also, we investigate its

relationship with other types of functions.

1. Introduction

The concept of soft sets was first introduced by Molodtsov [11] in 1999 as a general mathematical
tool for dealing with uncertain objects. In [11, 12], Molodtsov successfully applied the soft theory
in several directions, such as smoothness of functions, game theory, operations research, Riemann
integration, Perron integration, probability, theory of measurement, and so on.

After presentation of the operations of soft sets [10], the properties and applications of soft set
theory have been studied increasingly [3, 7, 12]. In recent years, many interesting applications of
soft set theory have been expanded by embedding the ideas of fuzzy sets [1, 2, 4, 8, 9, 10, 12]. To
develop soft set theory, the operations of the soft sets are redefined and a uni-int decision making
method was constructed by using these new operations [5].
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Recently, in 2011, Shabir and Naz [14] initiated the study of soft topological spaces. They
defined soft topology on the collection 7 of soft sets over X. Consequently, they defined basic
notions of soft topological spaces such as soft open and soft closed sets, soft subspace, soft
interior, soft closure, soft neighborhood of a point, soft separation axioms, soft regular spaces and
soft normal spaces and established their several properties. Hussain and Ahmad [6] investigated
the properties of soft open, soft closed, soft interior, soft closure, soft neighborhood of a point.
They also defined and discussed the properties of soft interior, soft exterior and soft boundary
which are fundamental for further research on soft topology and will strengthen the foundations
of the theory of soft topological spaces.

In this paper, we introduce a new class of functions called soft d-continuous functions. We
obtain several characterizations and some of their properties. Also, we investigate its relationship

with other types of functions.

2. Preliminaries

In this section, we present some basic definitions and resuts which are needed in further study
of this paper which may found in earlier studies. Throughout this paper, X refers to an initial
universe, E is a set of parameters, p(X) is the power set of X, and ACE

Definition 2.1. [11] A soft set Fa over the universe X is defined by the set of ordered pairs
Fa={(e, Fa(e)) : ek, Fa(e)ep(X)}
where Fu : E—p(X), such that Fy(e)#0, if e ACE and Fa(e)=0 if e¢A. The family of all
soft sets over X is denoted by SS(X).

Definition 2.2. [10] The soft set Fy over a common universe set X is said to be null soft set,
denoted by (. Here Fy(e)=0, VecE.

Definition 2.3. [10] A soft set Fa over X is called an absolute soft set, denoted by A, if e€A,
FA (G)ZX
Definition 2.4. [10] Let Fa, Gg be soft sets over a common universe set X. Then Fa is a soft

subset of Gg, denoted FACGp if Fa(e)CGp(e), VeeE.

Definition 2.5. [10] Let Fa, Gp be soft sets over a common universe set X. The union of Fy4
and Gg, is a soft set Ho defined by Ho(e)=F4(e)UGg(e), Ve€ E, where C=AUB.
That is, Ho=F,UGg.

Definition 2.6. [10] Let F4, Gp be soft sets over a common universe set X. The intersection of
Fa and Gg, is a soft set He defined by Ho(e)=Fa(e)NGg(e), Ve€ E, where C=ANB.
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That is, Ho=F,NGg.

Definition 2.7. [14] The complement of the soft set Fa over X, denoted by F¢ is defined by
FS(e)=X—F4(e), VecE.

Definition 2.8. [14] Let F'4 be a soft set over X and z€X. We say that x€F 4 if x€F 4 (e), Ve A.
For any »€ X, a¢ Fa if a¢ Fy(e) for some e A.

Definition 2.9. [16] The soft set F4€SS(X) is called a soft point in SS(X) if there exist x€ X and
e€E such that F(e)={xz} and F(e°)=0 for each e‘c E—{e} and the soft point Fy4 is denoted by ..

Definition 2.10. [14] A soft topology T is a family of soft sets over X satisfying the following
properties.

(1) 0, X belong to 7.

(2) The union of any number of soft sets in T belongs to T.

(3) The intersection of any two soft sets in T belongs to T.

The triplet (X, T, E) is called a soft topological space.

Definition 2.11. [13] Let (X, 7, E) be a soft topological space over X. Then

(1) The members of T are called soft open sets in X.

(2) A soft set Fa over X is said to be a soft closed set in X if F{eT.

(3) A soft set Fa is said to be a soft neighborhood of a point z€X if x€F4 and Fy4 is soft open
in (X, 1, E)

(4) The soft interior of a soft set F4 is the union of all soft open subsets of Fa. The soft
interior of Fy is denoted by int(Fa).

(5) The soft closure of Fy is the intersection of all soft closed super sets of Fa. The soft
closure of Fy is denoted by cl(Fa) or Fj.

Definition 2.12. [15] A soft set F4 in a soft topological space (X, T, E) is said to be a soft reqular
open (resp. soft reqular closed) if Fa=int(cl(Fa)) (resp. Fa=cl(int(F4))).

3. soft )-open sets

Definition 3.1. Let Fy be a soft subset of soft topological space (X, T, E). Then
(1) z. is called a soft d-cluster point of Fa if Fanint(cl(Ua))£D for every soft open set Ua
containing ..
(2) The family of all soft d-cluster point of F4 is called the soft 0-closure of Fx and is denoted
by cls(Fa).
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(3) A soft subset Fy is said to be soft 0-closed if cls(Fa)=Fa. The complement of a soft
0-closed set of X is said to be soft d-open.

Lemma 3.2. Let Fy be a soft subset of soft topological space (X, 7, E). Then, the following
properties hold:

(1) int(cl(Fa)) is soft reqular open,

2) Every soft regular open set is soft d-open,

(2)
(3) Ewvery soft §-open set is the union of a family of soft reqular open sets.
(4) Every soft d-open set is soft open.

Proof. (1) Let F4 be a soft subset of X and Gu=int(cl(F4)). Then, we have int(cl(G,))=
int(cl(F4))=G4. Therefore G4 is soft regular open.

(2) Let F4 be a soft regular open. For each x.€F 4, (X—F4)NF4=0 and F, is soft regular
open. Hence x.¢cls(X—F4) for each x.€F 4. This shows that x.¢(X—F 4) implies x.&cls(X—F4).
Therefore, we have cls(X—F4)CX—F4 which implies cls(X—F4)=X—F4 and hence F4 is soft
d-open.

(3) Let F 4 be a soft d-open set. Then X—F 4 is soft d-closed and hence X—F 4=cls(X—F4). For
each x.€F 4, x.¢cls(X—F4) and there exists a soft open neighborhood O,_ such that int(cl(O,,))
N (X=F4)=0. Therefore, we have x.€0,_ Cint(cl(O,,))CF4 and hence F,=U{int(cl(O,,)) :
x.€F4}. By (1), int(cl(O,.)) is soft regular open for each x.€F 4.

(4) This follows from Definition 3.1.

Proposition 3.3. Intersection of two soft reqular open sets is soft reqular open.

Proof. Let F4 and G4 be soft regular open. Then, we have int(FsNG4)CFANG4 = int(cl(F4))
ﬂint(CI(GA)) = int(Cl(FA)ﬂCl(GA))Dint(cl(FAﬂGA))Dint(FAﬂGA> = F4NG4. Therefore, F4NG 4
= int(cl(F4NGy4)).

Lemma 3.4. Let Fa and G4 be soft subsets of soft topological space (X, T, E). Then, the following
properties hold.
(1) FaCcls(Fa),
(2) If FACGa, then clg (FA)CCZ(;(GA),
(3) cls(Fa)=N{GA€SS(X) : FACG4 and G4 is soft §-closed},
(4) If (Fa)a is a soft 6-closed set of X for each a€N, then N{(Fa)a : a€A} is soft §-closed,
(5) cls(Fa) is soft 0-closed.

Proof. (1) For any x.€F4 and any soft open neighborhood U, of x., we have 0£FANUACF 4
Nint(cl(U,4)) and hence x.€cls(F 4).
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(2) Suppose that x.¢cls(Ga). There exists a soft open neighborhood Uy of x. such that
(=int(cl(U4))NG4 and hence int(cl(U,4))NF4=0. Therefore, we have x.¢cls(F 4).

(3) Suppose that x.e€cls(F4). For any soft open neighborhood U, of x. and any soft d-closed
set G4 containing F 4, we have 0¢F 4Nint(cl(Uy4))CGaNint(cl(U,)) and hence x.€cls(Ga)=Ga.
This shows that x.eN{G4€SS(X) : F4CG, and G, is soft d-closed}. Conversely, suppose that
x.¢cls(F4), then there exists a soft open neighborhood Uya of x. such that int(cl(U,4))NF 4=0.
By Lemma 3.2, X—int(cl(Uy,)) is a soft d-closed set which contains F 4 and does not contain x..
Therefore, x.¢N{G4€SS(X) : FACG4 and G4 is soft d-closed}.

(4) For each €A, cls(Naca(Fa)a)Cels((Fa)a)=(Fa)o and hence cls(Naea(Fa)a)CTNaca(Fa)a -
By (1), we obtain cls(Naea(Fa)a)=Naca(Fa)a- This shows that Nyea(Fa)q is soft d-closed.

(5) This follows immediately from (3) and (4).

Theorem 3.5. Let (X, 7, E) be a soft topological space and Ts={ FA€SS(X) : Fa is a soft §-open
set}. Then 75 is a soft topology weaker than .

Proof. (1) Tt is obvious that 0, X e7s.

(2) Let (Ha)a€Ts for each acA. Then (H,)S is soft d-closed for each aeA. By Lemma 3.4,
Naca(Ha)S, is soft 0 closed and Naen(Ha)S=(Uaeca(Ha)a)¢ Hence Uyen(Ha)q is soft d-open.

(3) Let F 4, Ga€7s. By Lemma 3.2, Fa=U,,en, (F4)a, and Ga=Uga,en, (G A)ay, Where (F4),, and
(G4)a, are soft regular open sets for each ay€A; and as€Ay. Thus FANGA=U{(F4)a,N(G4)a,
. a1EN1, €A}, Therefore F4NG 4 is soft regular open. Hence F4NG4 is a soft d-open set by
Lemma 3.2.

4. soft d/-continuous functions

Definition 4.1. Let (X, 7, E) and (Y, o, E) be two soft topological spaces and a mapping f: (X, T,
E)—(Y, o, E) is said to be soft §-continuous if for each 1.€SS(X) and each soft open neighborhood
Va of f(x.), there exists a soft open neighborhood Ua of x. such that f(int(cl(Ua)))Cint(cl(Va4)).

Theorem 4.2. For a function f : (X, 7, E)—=(Y, o, E), then the following properties are equiv-
alent.
(1) fis soft 6-continuous,
(2) For each 1.€S5S(X) and each soft reqular open set V4 containing f(x.), there exists a soft
reqular open set Uy containing x. such that f(Ua)CVa,
(3) f(cls(Fa))Ccls ({(Fa)) for every Fa€SS(X),
(4) cly(F (Ka))Cf (cls (Ka)) for every KaeSS(Y),
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(5) For every soft 0-closed set Fa of Y, f1(Fa) is soft 6-closed in X,

(6) For every soft 6-open set Wa of Y, f1(Wa) is soft 6-open in X,

(7) For every soft reqular open set Wo of Y, f1(Wy) is soft §-open in X,
(8) For every soft reqular closed set Gy of Y, f1(G4) is soft §-closed in X.

Proof. (1)=-(2) This follows immediately from Definition 4.1.

(2)=-(3) Let x.€SS(X) and F 4€SS(X) such that f(x.)€f(cls(F4)). Suppose that f(x.)é&cls(f(Fa)).
Then, there exists a soft regular open neighborhood Hy4 of f(x.) such that f(F4)NH4=0. By (2),
There exists a soft regular open neighborhood U 4 of x. such that f(U4)CV 4. Since f(F4)Nf(U)Cf(F4)
NV =0, f(F4)Nf(U 4)=0. Hence, we get that UsNF o1 (f(U4))NEL(E(F )=t (F(UA)NE(F 4))=0.
Hence we have UsNF 4=0 and x.¢cls(F4). This shows that f(x.)¢f(cls(F4)). This is a contradic-
tion. Therefore, f(x.)ecls(f(F4)).

(3)=(4) Let K4€SS(Y) such that Fa=f"1(K4). By (3), f(cls(f1(K4)))Ccls(f(f 1 (K4))). There-
fore, we have cls(f~1(K,))cf(cls(f(f71(K4))))Cf(cls(K4)). Thus we obtain that cls(f~1(K4))
ct 1 (cls(Ka)).

(4)=(5) Let F 4 be soft d-closed set of Y. By (4), cls(f 1 (F))Cf(cls(Fa))=f"1(F4) and always
f=1(Fa)Ccls(f7(F4)). Hence we obtain that cls(f~*(F4))=f"*(F4). This shows that {~!(F,) is
soft d-closed.

(5)=(6) Let W, be soft d-open set of Y. Then Y —W 4 is soft d-closed. By (5), f (Y =W )=
X —f1(W,) is soft d-closed. Therefore, f~1(W ) is soft d-open.

(6)=-(7) Let W4 be soft regular open set of Y. Since every soft regualr open set is soft J-open,
W 4 is soft d-open. By (6), f71(W,) is soft d-open.

(7)=(8) Let F4 be soft regualr closed set of Y. Then Y —F, is soft regular open. By (7),
f1(Y —F 0)=X —f~1(F ) is soft d-open. Therefore, f~'(F,) is soft d-closed.

(8)=-(1) Let x.€SS(X) and V4 be soft open set containing f(x.). Now, set H=int(cl(V4)),
then by Lemma 3.2, Y—Hy is a soft regular closed set. By (8), f'(Y—H7)=X—f1(H,) is
a soft d-closed set. Thus we have f~1(H,) is soft d-open. Since x.ef"!(H,), by Lemma 3.2,
there exists a soft open neighborhood U4 of x. such that x.€U,Cint(cl(Uy))Cf~*(H,). Hence
f(int(cl(U,)))Cint(cl(V4)). This shows that f is soft d-continuous function.
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