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Abstract— 1In 1990, s.P Arya et al ., [1] introduced
the concept of generalized semi closed sets . In 1987
P.Bhattacharya et.al[2] have introduced the notion
of semi generalized closed sets in topological spaces
. A.Poongothai and R.Parimelazhagan [3] have
already introducred the notion of Sb*-closed sets in
topological spaces R.Parimelazhagan and
V.Subramania pillai [4] have already introduced the
notion of Sg*-closed sets in topological spaces . In
this note |1 continue the study of these two class of
sets in connection with studying the further
properties of Strongly b star closed functions .Also |
introduce Sb*-limit points and Sb*-derived sets, and
also to introduce the new notion like Sb*- regular
spaces and Sb*- normal. Spaces

Keywords — sb* closed sets, Sb*-limit points ,
Sh*-derived sets , Sb*-regular, Sb*-normal , Sb*-
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. INTRODUCTION

In 1990 Leveine [5] introduced the notion of
generalized closed (briefly g-closed set. In 1963 ,
semi open sets and semi continuous functions were
introduced and investigated by N.Leveine [6]. In
1987 , Bhattacharya and Lahiri [7] used semi open
sets to define and investigate the notion of semi
generalized closed sets . Now | found the various
papers in the field of generalized open sets and
generalized closed sets . | used these sets to
introduce and study the notion like Sb*-limit points ,
Sb*-derived sets, Sb*- regular spaces and Sh*-
normal. Spaces

1. PRELIMINARIES

Throughout this paper a space (x, 7 ) means a
topological spaces on which no separations are
assumed unless explicitly stated. Let A be a subset
of a space (X, 7).

Definition:2.1 A subset (X, 7 ) is said to be

(1) Semi-pre closed ( S -closed)[6] set if
int(cl(int(A))) < A

(2) Semi generalized closed set if scl(A)c U ,
whenever Ac U and U is semi-open in X

(3) g-closed[6] set if cl(A) < U , whenever
AcUand Uisopenin X

(4) w-closed[5] set if cl(A) € U , whenever
Ac U and U is semi-open in X

(5) o -closed[4] setif cl(int(cl(A))) A

(6) wg-closed[5] set if cl(int(A) < U
whenever AC U and U is open in X

(7) g*-closed[6] set if if cl(A) U , whenever
AcUand U is g-open in X

(8) b-closed[9] set if (cl(int(A Y int(cl(A)))
DA

(9) b**-closed[2] set if A (int(cl(int(A))) Y
(cl(int(cl(A)))

(10)Sb*-closed[2] set if cl(int(A) < U
whenever Ac U and U is b-open in X

The complements of the above mentioned closed
sets are their respective open sets

Definition:2.2

(1) The semi closure of A, denoted by scl(A) is
the intersection of all semi-closed sets
containing A

(2) The semi interior of A, denoted by scl(A) is
the union of all semi-open sets contained in
A

Definition:2.3

(1) The Strongly b star(briefly Sb*) closure of
A, denoted by Sb*cl(A) is the intersection
of all Sb*-closed sets containing A

(2) The Strongly b star(briefly Sb*) interior of
A, denoted by Sb*Int(A) is the union of all
Sbh*-open sets contained in A

Definition:2.4

(1) A space X is said to be generalized s-
regular (written as gs-regular) space if for
each gs-closed set F and a point x ¢ F, there
exist disjoint semi open sets U and V such
thatxeUand FcV

(2) A space X is said to be generalized s-
normal (written as gs-normal) space if for
each pair of gs-closed sets A and B , there
exist disjoint semi open sets U and V such
that AcUand BCV

Definition:2.5 A mapf:X — Y is said to be

(1) Continuous function if f (V) is closed in X
for every closed set V in Y

(2) b-continuous function if f (V) is b-closed
in X for every closed set Vin 'Y

(3) g-continuous function if f (V) is g-closed
in X for every closed set Vin 'Y

(4) « -continuous function if f (V) is « -
closed in X for every closed set V in'Y
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(5) w-continuous function if f (V) is w-closed
in X for every closed set VinY

(6) g*-continuous function if f (V) is g*-
closed in X for every closed set Vin Y

(7) Sb*-continuous function if f (V) is Sh*-
closed in X for every closed set Vin Y

(8) Sg-continuous function if f (V) is Sg-
closed in X for every closed set V in

(9) gs-continuous function if f (V) is gs-
closed in X for every closed set V in Y

111- Sb*CLOSED FUNCTIONS AND SOME

PROPERTIES OF Sb*NEIGHBOURHOODS

In this section | introduce the notions of strongly
b* limit points and strongly b*-derived sets and also
to study the characterizations of strongly b* closed
functions

Definition:3.1

A function f:X —Y is said to be Strongly
b*closed (=Sb* closed) if for each closed set F of
X, f(F) is a Sb*-closed setin Y

Example:3.2

Let X=Y={a.b.c.d} ,
T =X, ¢ Afb}{bcr{abd}}, o =Y,
¢ {a}.{b}.{ab}, {ab,c}} Define a function f:
X—=>Y as f(a)=a , f(b)=f(c)=d,f(d)=b. Now take
A={a,b,c} .Then A={a,d} is Sb*-closed .

Remark:3.3

A map f: X =Y is Sb*-closed map iff for
each P Y and for each open set U containing f ™(P)
there is an Sh*-open set V of Y such that PV and

fv) cu

Theorem:3.4

If a function f: X —Y is continuous and
Sb*-closed and A is b-closed of X , then f(A) is
Sb*-closed
Proof:

Let f(A) <V, where V is an open set of Y .
Then AcfY(V). Since f is continuous . f1(V) is an
open set in X . Since A is b-closed
clint(A)) Y intcl(A) < fY(V). Therefore
f(cl(int(A)) Y int(cl(A)) < V. Since f is Sb*-closed,
Then f(cl(int(A)) Y int(cl(A)) is also Sh*-closed .
Thus cl(int(A))(f(cl(int(A)) Y int(cl(A))) < V. Since
f(A)
 f(cl(int(A)) Y int(cl(A))) = cl(int(f(A)) < cl(int(f
(cl(int(A)) Y int(cl(A)) < V. Thus cl(int(f(A))) =V
is Sb*-closed = f(A) is Sb*-closed

Remark:3.5
(1) o g-closed and Sb*-closed are
independent to each other

(2) g-closed and Sb*-closed are independent to
each other
(3) semi  closed and
independent to each other
(4) sg-closed and Sb*-closed are independent
to each other
The above remarks are already shown in [3]

Sb*-closed are

Remark:3.6
(1) closed maps and Sb*maps are independent
to each other
(2) The composition of two Sb*-closed maps
need not be a Sb*-closed map

Definition:3.7

The Strongly b* closure of a subset A of a
space X is the intersection of all Strongly b* closets
containing A and is denoted by Sh*cl(A)

Remark:3.8

Every closed set is Sbh*-closed[3] (i.e)
A=Sb*cl(A) . But every Sb* closed set need not be
a closed set

Example: 3.9
Let X={ab.c} , 7 ={X, ¢ {b}} . Here
A={a} Sb*-closed but not a closed set

Definition:3.10

A point x of a space X is called Strongly b*
limit point (briefly Sb*-limit point ) of a subset A of
X, if for each Sh*-open set U containing x, AT (U-

D= ¢

Definition:3.11

The set of all Strongly b*-limit points of a
given set A is called Sb*-derived set of A and it is
denoted by Sh*D(A)

Theorem :3.12

The intersection of two Sh*-neighbourhood
of a point is also Sh*-neighbourhood of that point
Proof:

Let X, be any point on R . Let M and N be
the two Sb*-neighbourhoods of Xx,. So that there
exists &€ 1>0, £€,>0 such that (Xo- &1, Xet £1) M
and (Xo- &2, Xgt £2) < N where Xxo€ M and N .
Choose & is minimum then (Xo-& , Xo+ &) (Xo-
&1, Xt &) M. Simillarly (Xo- & |, Xo+ &) (Xo-
Er, Xt E)NTN=Xp- & , X+ &)MI N and
Xo€ M I N. There exist an open interval (Xo-& ,
Xo+ €) C Xo and which is contained in M I N .

Therefore M I N is also a Sb*-neighbourhood of
the point x

Theorem :3.13
If P and Q are subsets of R, then the following
properties are hold
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(1) PcQ = Sb*D(P) = Sb*D(Q)

(2) Sb*D(PY Q)=Sb*D(P) Y Sb*D(Q)

(3) Sb*D(PI Q)=Sb*D(P) I Sb*D(Q)

(4) xeSb*D(P)= x e Sb*D[P-{x}]
Proof:

(i) Let x e Sb*D(P) where x is a limit point
of P . By using the definition of Sb* limit point of
P ., we say that x is a Sb*limit point of Q. Hence
X € Sh*D(Q) . Since x € Sb*D(P) = x €
Sb*D(P) — Sb*D(Q) = Sb*D(P) — Sb*D(Q)

(ii) Sb*D(P Y Q) =Sb*D(P) Y Sh*D(Q) by(i) we
know that Pc PYQ and Qc PYQ =
Sb*D(P) c Sb*D(P Y Q) and
Sb*D(Q) < Sb*D(P Y Q) . Therefore Sb*D(P)
Y Sb*D(Q) < Sb*D(PY Q) — (1) . Now we have
to prove that Sb*D(P Y Q) =Sb*D(P) Y Sh*D(Q) .
For that we take x & Sb*D(P) Y Sb*D(Q) = x¢
Sb*D(PY Q) of P and nor a Sb*D limit poin . (i.e)
X is neither a Sb* limit poin t of Q. Let M and N be
the Sb* neighbourhoods of x such that MI N is a
Sb* neighbourhood of x contains no points of P and
Q other than x . Hence no point of PY Q = x¢
Sb*D(P Y Q) = x ¢ Sb*D(P) Y Sb*D(Q) =
Sb*D(P Y Q) < Sb*D(P) Y Sh*D(Q) —(2). From
(1) and (2) we have Sb*D(P Y Q)=Sh*D(P)
Y Sh*D(Q)

(iii) Sb*D(PI Q)=Sb*D(P) I Sb*D(Q) . Simillarly
by the above proof (2) we get the result .

(iv) . Let xe Sb*D(P) . Now by using the definition
of Sb* limit point , every neighbourhood of x
contains atleast one point of P-{x} = x is a Sb*
limit point of P-{x}. Therefore x € Sb*D(P) =
X € Sb*D[P-{x}]

Theorem:3.14

If f.X—Y is Sb* closed function , then
Sb*cl(A)) < f(cl(A)) for every subset A of X
Proof:

Let Ac X . Since f is Sb* closed function ,
then f(cl(A)) is Sb*closed containing f(A)
Therefore Sh*cl(f(A)) c  f(cl(A) =
Sbh*cl(A)) c f(cl(A))

Definition :3.15

The Strongly b* star interior of a subset A
of a space X is the union of all Sb*-open sets
contained in A and is denoted by Sb*Int(A)
Remark:3.16 Every open set is Sh* open[3] (i.e)
A=Sb*Int(A) . But every Sb* open set need not be
an open set

Theorem:3.17

Let X be a topological space and A be a
subset of X . Then A is Sb*open iff A contains a
Sb* open neighbourhood of each of its points
Proof:
Necessary Part: A isa Sh*-open set . Let xe
A Therefore x e A < A . Hence A is a Sb*
neighbourhood of x = A contains a Sb*
neighbourhood of each of its points
Sufficient part Let x € A there exists a

neighbourhood N, of x such that xe N, A . Now
by the definition of Sb*neighbourhood of x , there
exists a Sb* open set G, such that x € Gy
c Ny A. Since x € A there exist Sb*open set such
that xe G, , x€ Y {G, xe A} > AcC Y {G«
xe A} —>(1). Now take y € G4 for some xe A =
yeA = Y {G,: xe A} —(2). From (1) and (2)
A= Y {G,: xe A} . we know that arbitrary union of
Sbh*open sets is also a Sb* open set . A is a Sh* open
set

Theorem:3.18

If A is Sb* closed subset of X and x € X-A
then there exist a Sb* neighbourhood N of x such
that NI A=¢

Proof:

Let A is Sb* closed . Then X-A is Sh* open
set . By the above theorem(3.17) N be a
neighbourhood of x such that N X-A . So it is

clearthat NI A=¢

IV-Sb* REGULAR AND Sb* NORMAL
SPACES
In this section | define Sb*-Regular Spaces and
Sb*- Normal Spaces

Definition:4.1

A space X is said to be Strongly b star
regular (written as Sb*Regular) space if for each Sb*
closed set F and a point x ¢ F there exist disjoint
open sets U and V such that xe Fand Fc V

Theorem:4.2

If a function f: X — Y is continuous and
Y is Sb*Regular then f is Sb* continuous and
assume that arbitrary union of Sh*open seis is Sb*
open
Proof:

Let x be an arbitrary point of X . Since Y is
Sbh* Regular there exist a Sb* closed set F = x & F
there exist an open set U in Y containing f(x) and V
in Y containing f(x) suchthatFcVandxeUinY
= cl(int(F)) <V . Since fis continuous , F*(F) is
Sb* closed in X = fis Sb* continuous
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Theorem:4.3

If f:X—Y isanopen, continuous, Sh*
closed function from a regular space X onto a space
Y , then Y is b-regular
Proof:

Let C be a closed subset of X . Since f is
continuous f(c) is a closed subset of Y . And a
point x&C (i.e) xe X-C = x&f! (C). As X is
regular space , and since f is open , so there exist
dissjont open sets A and B of X such t hat f*(A) and
£(B) are disjoint open sets in Y (i.e) CCA and
xeB= CcfA) and xef* (B). Since f is Sh*
closed by the theorem (3.4) there exist Sb*open sets
A and B in Y such that AD C, xeB (i.e) f(A)
S Cand xef! (B). Since A and B are disjoint then

Al B=¢.HenceY is b-Regular.

Definition :4.4

A topological space X is said to be b-
Normal if for each pair of non empty disjoint closed
sets A and B there exist a disjoint b-open sets AC U

andBcV,UIl v=¢

Definition :4.5

A topological space X is said to be Sb*
Normal if for each pair of non empty disjoint b-
closed sets A and B there exist a disjoint b-open sets

AcUandBcV,UIl v=¢

Theorem:4.6

If f:X—Y isa continuous, Sb* closed
function from a normal space X onto a space Y,
then Y is b-normal
Proof:

Let P and Q be disjoint closed sets of a
space Y . Since f is continuous , f*(A) and f* (B) are
disjoint closed sets of X . As X is normal space , so
there exist disjoint open sets U and V of X such that
f1(A) cUand f* (B) < V. Since f is Sb* closed
then by the theorem (3.4) there exist Sb*open sets A
and B in Y such thatP — A, Q =B, f*(A) — U and
1 (B) < V. Since U and V are disjoint , then A and

B are disjoint = Al B=¢. Hence Y is b-Normal.

Theorem:4.7

Every Sb*-normal is b-normal
Proof:

Let X be a Sb* normal space . Let A and

B be two disjoint b- closed sets . Since X is Sb*-
normal there exists disjoint b-open sets U and V
such that Ac U and BC V . we know that b-closed
set is closed then A and B are closed sets .n Hence X
is b-normal

Theorem 4.8

For a space X , the following are
equivalent:
1) X is Sb* - regular.

2) For each x € X and every Sh* - open set U
containing X, there exists an open set G such that x
eV bcl(V) € U.

3) For every Sb* - closed set F, the intersection of all
b- closed neighbourhoods of F is exactly F.

4) For every set A and a Sb* - open set B such that
An B #* @ , there exists a b- open set G such that A
nV+¢e and bcl(V) S B

5) For every non empty set A and any Sb* -closed
set B satisfying A n B=¢ , there exist disjoint b -
open sets V and W such that AnV # ¢ and B EM.
Proof :

(1) > (2): Letx € U and U is Sb* - open in X.
Therefore, x ¢ X - U and X - U is Sb* - closed in
X . Since X is Sb* - regular , there exist disjoint b -
open sets V and W such thatx e Vand X -U € W .
ThenV € X-W < U. Since W is bi -open ,
therefore bel (X - W) = X - W. Hence xeG <
bel(V) € U.

(2) — (3): Let F be a Sb* - closed subset of
X and x ¢F. Then X - F is a Sb* - open set
containing x. Since by ( 2) itis clear that x € V
€ bcl(V) € X -F.Hence, FS X - bcl (V)
€ X-Vandxeg¢ X-V.Thus X-Visab -
closed neighbourhood of F which does not
contain x. Hence, the intersection of all
b- closed neighbourhoods of F is exactly F.

(3) — (4): Let A be a non empty subset of

X and B be a Sb* - open set such that A N
B#=® . Letx €A N B. Then X - B is a Sb* -
closed such that x¢X - B.. Since by (3), Let take

M be a b- closed neighbourhood of X - B, such
that x¢M. there exists a b- open set U such that
X-B & U<cM. NowTakeV =X - M. Then V

is a b- open set containing x. Also A NV#Q

Now, bcl(V)=bcl(X-M)eX-U € B. Hence bcl(V)

c B.

(4) —>(5): Let Al B=¢, here A is non-empty and
B is Sb*-closed , then Al X-B # ¢ where X-B is
Sb*-open set . By (4), there exists a b-open set V
suchthat Al V # @and Vchbel(V) < X-B. Now
take W=X-bcl(V) = B < W,where V and W are b-
open sets such that VI W=¢

(5) = (1): Let F be a Sh*-Closed subset of X and

xeF . Then {x} and f are disjoint (5). There exist
disjoint b-open sets V and W such that

X3 V£ pand FCW = xeVand FCW. Xis
Sb*-regular

VV-CONCLUSION
The notion of Sb*-normal , Sb*-regular and Sb*-
neighbourhoods in topological spaces has been
extended and applied for Strongly generalized star
closed sets and obtain some characterizations . These
notions can be applied for investigating many other
properties
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