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ABSTRACT

In the present paper we evaluate a finite integral of four parameters involving the product of generalized Zeta-function, multivariable Aleph-
functions and general class of polynomials of several variables. The importance of the result established in this paper lies in the fact they involve the
Aleph-function of several variables which is sufficiently general in nature and capable to yielding a large of results merely by specializating the
parameters their in.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [3] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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and Qk(sk) = (1.3)
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Suppose , as usual , that the parameters
ajaj: 17 ap’bj,j = 17 » 45

k k .
()j_]- '7nk;C§i2k)7j:nk+1""’pi(k);

k) .
dg )7j:17"' mkvd(()k)aj mk+17"'>Qi(k);

with k=1 ,ri=1,--- R, =1,... ,R(k)

are complex numbers , and the 0/8, I} /8, ’)//S and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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4q;(k)
—Ti(k) Z 5(k()k) B (1.4)
j=mp+1

The reals numbers T; are positives for ¢ = 1 to I? , T,(x) are positives for i*) =11 R®

The contour Ly, is in the Sg-p lane and run from 0 — 400 to 0 + 400 where 0 is a real number with loop , if

k k .
necessary ,ensure that the poles of F(d§ ) — 5; )Sk) with § =1 to my are separated from those of
T

'l —a; + Zag-k)sk) with 7 =1 to n and I'(1 — ( ) -i—’Y( ) ;) with j = 1 to ny to the left of the

=1
contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

Rz, z0) = 0( 2] - [z ™) maz([z], - - s [z ) = 0
(21, 20) = 0( [zl -zl ) omin( [z ], 2] ) = 00
where, withk = 1,--- [ r:ay = min[Re(d§k)/6§.k))],j =1,---,myand

B = ma:z:[Re((cg.k) - 1)/7](.]“))]7]' =1, ,m
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Serie representation of Aleph-function of several variables is given by
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Suppose , as usual , that the parameters
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with k=1 ,s,4=1,-+ 0 i =1,... r®

are complex numbers , and the O/S, 6/8, ’)//S and 0’s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers T; are positives forz = 1, -+ |7 , 1,(x) are positives for i(k) =17k

The contour Ly is in the tp-p lane and run from 0 — 200 to 0 + 200 where 0 is a real number with loop , if
necessary ,ensure that the poles of F(b(k) B(k)tk) with § =1 to My are separated from those of

'l —wu; + ZHJ )tk with j =1 to N and I'(1 — a;k) + a;k)tk) with 7 = 1 to Ng to the left of the

=1
contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < iBl-(k)w, where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
R(z1,-o+,25) = 0( |21, 2™ ) omaa( |z, |25 ) = 0
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where, withk = 1,--+ , 2 : ), = min[Re(b_gk)/ﬁ‘gk))],j =1,---, Mjand

B, = maz[Re((@\® — 1)/a{)],j=1,--- | N,

We will use these following notations in this paper
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U=P;, Qi7" V=M, Ny;- - ; My, Ny (1.15)
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The multivariable Aleph-function write :

o,N:V .
N(zla T 723) = NU:W . A (1.21)

The generalized polynomials defined by Srivastava [6], is given in the following manner :

[N1/Mq] [Nt /M)

My, M Nl M K (_Nt)M K
K1=0 t
K K
ANy, Ky5--- s Ny, Kelyp -y (1.22)
Where My, -+ , My are arbitrary positive integers and the coefficients A[N7, K1;--- ; Ny, K{] are arbitrary
constants, real or complex. In the present paper, we use the following notation
(=N, (=No)mk,
— e co 1.23
a Kl' Kt' A[NlaKla ;Nt7Kt] ( )
The Riemann Zeta-function given by Goyal and Laddha [1] is defined by
Cbu[Z, S, alvg] = Z(U)g(a/ + g)—s_" u 2= 1; |Z| < 17 Re(a/) >0 (1.249)
g=0 g:
In the document , we note :
G(nG17g17 e 7nG'r,gr) - ¢(’r}G1 »d1) T 777Gr,gr)91 (nlegl) o .97' (nG'rygr) (125)

where ¢(7IG1,gu T UGr,gr), 01 (nthl )7 T QT(nGr,gr) are given respectively in (1.2) and (1.3)

2. Required integral
We have the following result , Marichev et al ([2], 2.2.8, eq.1 page 306)

Lemme
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. 3.1
B:D
where U21 = PZ _|_ 2’ Q’L + 17 Li; T,
Provided that
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ORI aB D0 il Syt 2 e, Bl G >0
1
olargzi| < iAgk)W , where Agk) is defined by (1.5) ;2 =1, ,r
1
d)|argZi| < §Bi(k)7r , where B,,:(k) is defined by (1.13);2 = 1,--- , s

e)(ac+d)(bc+d) >0

Proof

Expressing the general sequence of functions ¢, [Z , S, a', g]with the help of equation (1.24), the Aleph-function of r
variables in series with the help of equation (1.6), the general class of polynomial of several variables S]AV{I - }{,\ft with
the help of equation (1.22) and the Aleph-function of s variables in Mellin-Barnes contour integral with the help of
equation (1.9), changing the order of integration ans summation (which is easily seen to be justified due to the absolute
convergence of the integral and the summations involved in the process) and then evaluating the resulting integral with
the help of equation (2.1). Finally interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive
at the desired result.

4., Multivariable I-function

If L, L;(1), -+ 4 Li(s) — 1, the Aleph-function of several variables degenere to the I-function of several variables. The
simple integral have been derived in this section for multivariable I-functions defined by Sharma et al [6].

Corollary 1

(x—a)"t (b—z)"1
o _ m Y1 (emrdyiFer
e I
a (cx + d)othtn (cx 4 d)A+B N e (z—a)7t (b—z)"t
Yt (cx+d)VtFHe

4. (z=a)1 (=)™ (=)™ (b—a)°!
0 I (catd)yor A1 0NV L (catd)ymnTer
v ,AV:
N R Iyw R dx
(z=a)®" (b—a)" (z=a)" (b—a)
Zr (cagdyorthr s ezraymstes
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g=0Gy,,G,=091=0  g,=0 K;=0 Ki=0 k=0 1=0 9
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G121

At ST e Bag_St K._ST 3. 0,N+2:V
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(In-a — B — (A+ B)g — Sty Ki(yi + 110) — o0y 0cs.g (@i + Ba);m 4 €1, 115 + €4),

(I+kn-8— Bg — S0 Kifti — >0 MGi.g:Bis €1, yes), A C

(4.1)
B:D

under the same notationa and conditions that (3.1) with ¢;, £;(1), =+, L;(s) — 1

5. Aleph-function of two variables

If s = 2, we obtain the Aleph-function of two variables defined by K.Sharma [8], and we have the following simple
integrals.

Corollary 2

x—a)?l (b—x)M1
b, Na—1(p _ \G-1 m  NA(h _ \B yl((cm—)l—d)('Y1+H_)1
/(m a)* (b —z)’"Hx + 2) 5 (Z(x a)?(b — x) )SMl""’Mt

(ca + d)otin (ca+d)ATB )N Nl e
T (catd)veThe

(z—a)*1 (b—2)"1 7 (@=a)" (b—z)"
21 (cx+d)>1th1 1 (cx+d)mter
No,n:u NO,N:V dax
e C. U-Ww - T
(x—a)*7 (b—zx)Pr (x—a)"? (b—=)
T (ca+d)erFBr 27 (cardy2te
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00 00 m my [N1/Mi] [N:/M¢] o k _

(b a+B 1 1 (u)g(a/+g) s
DD > 22D .
(bC+ d (IC+ d 9=0G1,,G,,=0g1=0 9r=0 K1=0 K;=0 k=0 [=0 g:

\Git+Gy m\ /1 —m .
59(G)1 5 G ' (nG1,917.” 777G7’a97‘) <l><k_l> (b+2)l(a+2) ly{(lytl{t

Z?Gl’gl . zQGr 97 9 (b _ a)(A-i—B)g-l-Zf:l Ki(vitpa)+2> 01 (i +Bi)nG, g,

G121
(bc+ d)—Ag_E::l 'Yle_EZZI ainGi,gi (ac+ d)k—n—Bg—Ele Msz_Z::1 Bz’rlclyg’LN(I)jﬁﬁ;V o
GoZs
(1-1{—@ - Ag - Zzzl Klfyl - Z::l NG;,g; i M, 772)7
(In-a - 8- (A+ B)g — 2;1 Ki(7i 4 113) = 3 i—1 My .g: (i 4 Bi);m + €1,m2 + €2),
(1+k—n—6 — Bg — Zﬁzl Kip; — Z::l nGi,giﬁi; €1, 62), A:C
(5.1)

B:D
under the same conditions and notation that (3.1) with s = 2

6. I-function of two variables

If ¢y, L;, L;/ — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [7] and we obtain the same formula with the I-function of two variables.

Corollary 3

(x—a)"t (b—z)"1
a— - m Y1 (caqayitin
a (cx + d)otptn (cx +d)A+E N e (z—a)7t (b—=z)H?
Yt (cx+d) vt Tre

(z—a)?1 (b—x)P1 (z—a)" (b—x)°1
21 (cx+d)*1t61 1 (cz+d)mte
NO n:wv IO N:V d
uiw L 5 UWwW ( .)n.z (.b ) ) X
(z—a)*" (b—z)P" z—a —x)*
Zr lextd)orFhr Zs (catd)mzTe2
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(bC+d) ac+d/8 9=0G1,,G,,=0g1=0 9r=0 K1=0 K;=0 k:();

_\Gi++Gr m n—m -
59(G)1 5 G ' (nG1,917.” 777G7’a97‘) <l><k_l> (b+2)l(a+2) ly{(lytl{t

Z?Gl’gl . zQGr 97 9 (b _ a)(A-i—B)g-l-Zf:l Ki(vitpa)+2> 01 (i +Bi)nG, g,

G172,
(bc+ d)—Ag_E::l 'Yle_EZZI ainGi,gi (ac+ d)k—n—Bg—Ele Hsz_E::1 ancl’gllg;lj};?v o
GaZs
(1-1{—@ - Ag - Zzzl Klfyl - Z::l NG;,g; i M, 772)7
(In-a - 8- (A+ B)g — 2;1 Ki(7i 4 113) = 3 i—1 My .g: (i 4 Bi);m + €1,m2 + €2),
(1+k—n—6 — Bg — Zﬁzl Kip; — ZLl nGi,giﬁi; €1, 62), A:C
(6.1)

B:D

1/

under the same conditions and notation that (3.1) with § = 2 and ¢4, ¢ ,,, v; =1

7. Conclusion

In this paper we have evaluated a integral involving the multivariable Aleph-functions, a class of polynomials of
several variables and the generalized Zeta-function.The integral established in this paper is of very general nature as it
contains Multivariable Aleph-function, which is a general function of several variables studied so far. Thus, the integral
established in this research work would serve as a key formula from which, upon specializing the parameters, as many
as desired results involving the special functions of one and several variables can be obtained.
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