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ABSTRACT

In the present paper we evaluate a finite integral with involving the product of sequence of functions, a logarithm function of general argument,
elliptic integral of first species, product of two multivariable Aleph-functions and general class of polynomials of several variables. The importance of
the result established in this paper lies in the fact they involve the Aleph-function of several variables which is sufficiently general in nature and
capable to yielding a large of results merely by specializating the parameters their in.
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functions, elliptic integral of first species.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [6] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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and Hk(sk) — (1.3)

Suppose , as usual , that the parameters
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with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/s, ﬁ/s, 'y's and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers 7; are positives for ¢ = 1 to R, T, (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sp-p lane and mn from 0 — 100 to 0 + 100 where ¢ is a real number with loop , if

5(’f)

necessary ,ensure that the poles of F(d ) with 7 =1 to my are separated from those of

I'(l—a; +Zaj sp) with 5 =1 to n and T(1 — ™ + 94" s.) with j =1 to n to the left of the
=1

contour Lz . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7'r , where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(z1, w5 20) = 0(|za|™, - [2e|™) ,maz ([l J2n] ) = O
N(Zla"' 7Z7“) = 0( |Z1|Bl7"' 7|Z7"|ﬁ7‘)’min( |Zl|7"' s |z7"| ) — o0
where, with k = 1, -+ ,7: o, = min[Re(d\") /6%))], j = 1, -+ my, and
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Br = mal[Re((cgk) )/ (k))]v Loy

Serie representation of Aleph-function of several variables is given by
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Where ¢(., -+ ,.),0;(.),i = 1,--- ,r are given respectively in (1.2), (1.3) and
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Suppose, as usual , that the parameters
UJ,J: 17 7P7v]7.7: 1, 7@5

k) . k .
CL; )’] :17 7Nk;a§i2k)7] :nk+17 7P7Z(k);

k) k) .
bgz()k>7]_mk+17"'7Qi(’v’);b§‘ ),]:1,,Mk/
with k=1 ,s5i=1,--,7 ,i® =1,... &

are complex numbers , and the a/s, 5/3, ’y/s and 0’5 are assumed to be positive real numbers for standardization
purpose such that

P (k) My,
k k k
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Q1)
k
—uw Y, B, <0 (1.12)
Jj=Mp+1
The reals numbers T; are positives for2 = 1, -+ , 7 , 1,(x) are positives for iR =1...p0)

The contour Ly is in the fz-p lane and run from 0 — 200 to 0 + 100 where 0 is a real number with loop , if
necessary ,ensure that the poles of F(b;k) - BJ(-k)tk) with j =1 to M} are separated from those of

P(1—uj+ Y pte)with j =110 N and T(1 - a{” + al™ty) with j =1 to Ny to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < —Bfk)ﬂ, where
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= J=Mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(z1,- -+ 2) = 0([21]*, - [2,]% ) smaz( |zl - -+ [z5] ) = 0

N(Zla"' ;Zs) :O(‘z1|ﬁi7"'7 ;)’mln(’Zﬂ? ’|zs‘)—>OO

where, with k = 1,- -+, z:a) = min[Re(bg-k)/ﬁj(»k))],j =1,---, Myand
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81, = maz[Re((al” — 1) /a{)],j=1,--- , N,

We will use these following notations in this paper

U=PF;.,Qi,ti;r'; V=DM,Ny;---; Mg, Ng (1.15)
W= Py, Qi s TN Py, Qi tycors 7 (1.16)
Al = {(U17M§ )a ,ugs)) ,N}a{bz(uwﬂgz),' ,Mgz))NH,Pi} (1.17)
B:{Li(vjﬁvﬁ),“' U](j))M—H,Qi} (1.18)

(s) . ()
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C _(aj 7aj )l,Nl 7Li(l)(ajiu)705]-1-(1))N1+1,Pi<1)7"' 7(aj 7aj )LNS y Li(s) (a’ji(s)aOéji(s))NS-i-l,Pi(s)(1-19)

1 1 1 1 s s s s
D :(b_g ); BJ( ))1,]\41 9 Li(l) (bgz()l) ; /8_7(1()1) )M1+1’Qi(1)7 e 7(b‘§ ); Bj( ))17Ms Y L’I;(S) (/651()8) ; 6;123) )Ms‘l‘l,Qi(s) (120)

The multivariable Aleph-function write :

0,N:V .
N(Zly T 723) = NU:W . ... (1.21)

The generalized polynomials defined by Srivastava [10], is given in the following manner :

[N1/Mi] [Nt /M)
SMlv"'yMt N1 M1K1 (_Nt)Mth
Nla"'aNt I::ylj“‘ ,yt o Z Z T Kt!
Ki1=0 K;=0
K K
A[Ny, Ky s N, Kyt -y (1.22)
Where M7, -+, My are arbitrary positive integers and the coefficients A[N7, K7;- -+ ; N¢, K| are arbitrary
constants, real or complex. In the present paper, we use the following notation
(_Nl)MlKl (_Nt)Mth
- - e 1.23
a ey ! ANy, Ky;- -+ 5 Ny, Ky ( )
In the document , we note :
G(nthu T 777G7‘)gr) = ¢(7]G1,g17 T 777Gr,g7~)91 (7701791) T 97‘(7707«7.%) (1.24)

where Qb(T]Gl,_ql, T 7T]GT’gT), 01 (77@1791 ), e, 0, (nG'rwgr) are given respectively in (1.2) and (1.3)
2. Sequence of function and elliptic integral of first species

Agarwal and Chaubey [1], Salim [5] and several others have studied a general sequence of functions. In the present
document we shall study the following useful series formula for a general sequence of functions.
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and the infinite series on the right side (2.1) is absolutely convergent, R = In + qu + pt + rw + kir + kaq
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l

where K, is a sequence of constants.

By suitably specializing the parameters involving in (2.1), a general sequence of function reduced to generalized
polynomials set studied by Raizada [4], a class of polynomials introduced by Fujiwara [3] and several others authors.

The elliptic integrals of first species are defined by :

_/ /1 dt
o VI—R2sin20 Jo /(- 2)(1 - k2%)

For more details, see Whittaker and Watson ([11], page 515).

(2.9

3. Required integral

We have the following integral, see Brychkov ([2], 4.21.3 Eq.8 page 269)

1,1,5+5, s+35
mal? (s + % P2 2 .
a\/—+ \Vi 1 + CLQ 1 — 33 dT_ ﬁ‘lﬁh PP 3 _az (31)
%, s+1,5+1

o V1+ CL2
1 2
where Re(s) > — and |arg(1 + a”)| < m. the function 4F3 is the generalized hypergeometric function, see Slater
([9], page 40, Eq2.1). K' (1 — :13) isthe the elliptic integrals of first species.

4. Main integral

We have the following general integral.

€T -1 ANt
————In(ayx + /1 + a%z) 2)RyPza B, F, g, hip, ;; 6,57
/0 " (av/x [z 9, hip, q;y ]

ylx’h leal lem
My, My 0,n:v 0,N:V
SNy LN, C N C Nt C dx
yext Zp LT Lsx"e
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N0 N+2:V
Uso: W

Zs |(-s'n 'RA’Z;?,:l Kivyi — Z:’?:l Girgi Q5T T,

(%-S’-H-RA-Zle Kivi =Y cigioism, -, 1s), A C
“4.1)

(—S’—Il _RA_Zzzl Kz% - Z?:l Gigi iy T, - - 7778)7 B:D

where U22 = PZ + 2’ Q’L + 27 Li; ,’,/

Provided that
a) min{A,vi,a;,m,} >0,i=1,--- t,j=1,--- ,rk=1---, (1+a?)| <m
. FON 10 )
! J . S
WRElS £ RA+ D 0, in, 565 2, 2, 55> 7
1= 1=
1
olargzi| < §Al(-k)7r , where Agk) is defined by (1.5);¢ =1,--- ,r
1
d)|argZy| < iBl-(k)Tr, where Bi(k) is defined by (1.13);4 = 1,--- , s

e) The series on the right-hand side of (3.1) is assumed to be absolutely convergent
Proof

Expressing the general sequence of functions Rg’B [za:A; E,F, g, h;p,q;~v;0;e *° (zxA)t] in serie with the
help of equation (2.1), the Aleph-function of r variables in series with the help of equation (1.6), the general class of

k]

polynomial of several variables S]]\él”_:" ]fjkth in serie with the help of equation (1.22) and the Aleph-function of s

variables in Mellin-Barnes contour integral with the help of equation (1.9), changing the order of integration ans
summation (which is easily seen to be justified due to the absolute convergence of the integral and the summations
involved in the process) and then evaluating the resulting integral with the help of equation (3.1). Finally expressing the
hypergeometric function 4F3 in serie, use the relation I'(a)(a), = I'(a + n) with Rea > 0 and interpreting the result
thus obtained with the Mellin-barnes contour integral, we arrive at the desired result.

5. Multivariable I-function
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If Lj, L;(1), -+ 5 Li(s) — 1, the Aleph-function of several variables degenere to the I-function of several variables. The
simple integral have been derived in this section for multivariable I-functions defined by Sharma et al [6].

Corollary 1

1 s'—1

\/LT n(ava + 1+ a?2)K(1 — 2) RSP [za?; B, F, g, hip. g;; 6;¢ )]

i 22 Zyam
My, My O,n:v ONV
SNI:"'aNt T Nu K e I .. dx
v 2T Tz
oo my [N1/Mi] [Nt /M) )G1—|— R
=md, ) DD DR DED : > a
' 04, G,
n=0 w,v,u,t,ek1,ks G1,,G»=0g1=0 gr-=0 K= K:=0
_ nn|a2n K K R :
’ 1 G1,91 Gr,gr
G(nGl,gly'-- ,nGr,gr)¢(w,U,u7t,€,k1,kg)ﬁ yl --.yt tZ Zl AL g
2/n

Zy (%_Sv_n_RA_Zﬁzl K’L’Y’L - Z?:l Gigi iy T, - 7778)7

IO JN+2:V
Uz W

Zs ('S,'n 'RA'ZE:I Ky — Z?:l Gigi Qs T, - 7778)7

(%_SLH_RA_ZZZI Ki/yi - Z?:l Gi,gi Xis T, -0 ’773)7 A C
(5.1)
(-s-n —RA—ELl Kivi — Y0 Gigiiim, -+ .1ms),B: D

under the same notationa and conditions that (4.1) with ¢4, £;(1), =+, Lisy— 1

6. Aleph-function of two variables

If s = 2, we obtain the Aleph-function of two variables defined by K.Sharma [8], and we have the following simple
integral.

Corollary 2

—1
x

avT + 1+ a22)K(1 — ) R¥P 22 E, F, g, h; p, ,565(‘”)

/Om (avz + V/ [ 9, hip sy ]
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ylx’h lelh lem
My, My 0,n:v 0,N:V
Saf Mol R R0 o ax
yex Tt Zrx" Lox'?
oo my [N1/Mi] [N¢/M¢] )G1—|— +G,
=may, ) )DEID RS SED SIS ar; e
n=0 w,v,u,t,e ki ks G1,,Gr=0g1=0 gr=0 K;=0 Ki=0 Gr =T
2n
—)"nla K R _G1,9 ne
G(nG1,gla"' ,nGT,gT)¢(W,U,U,t,€,k1,]{72) ( ! no crt Zr ar

T?Jl "'Z/t 27y

Al (%‘S"H‘RA'Zzzl Ky — Z?zl Gi,9: %M, n2),

NON 2V
Uzo:W

Zs (—S’—Il 'RA'Zle Kiﬁ)/i - Z?:l Gig: Xi3 M, 772)7

(%—S’—H—RA-Zzzl Kivi = >0 gigivism,m2), A : C
(6.1)

(—S’—n _RA_ZZ:l KZ,Y’L - Z?:l Gi,g: X3, 772)7 B:D

under the same notationa and conditions that (4.1) with s = 2

7. I-function of two variables

If ¢;,¢L Z, L " — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [7] and we obtain the same formula with the I-function of two variables

Corollary 3

1 s—1

T 3
Tra? n(avz + V1 + a’z) )RS [z B, F,g, hip,q;y; 0 e~ 7)']

yrz VAW e Zix™m
My, My 0,n:v 0,N:V
SNl,-“ ,N¢ o Nu w S IU:W e dx
vt Zyp T Ziox"?
o) 00 my m,. [N1/Mi] [Nt /M:] G1+ 4G,
=ray >, POEED SRS DND DR s 5, G,
n:() w7v7u7t’e7k17k2 Gl’..‘ 7GT:0 gl:O q’,‘_o Kli Kfi
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—)"nla" K K, _R n
. G, Gr,
GGy 7nGT’gT)¢(w,v,u,t,e,kl,kg)T Yp oty ey gy
2/n

Al (%-S'H‘RA‘ZL Ky — Z?zl Gi,g9: % M1, n2),
IO,N-’-QIV L o e e
UQQIW

Zs (—S—Il 'RA'Z§:1 KszZ - Z?:l Gi,g: Vis 7717772)7

(3-sn-RA-Y Ky — S0 Gogicism, o), A C
7.1)
(—S-n -RA—Z;?::[ K’L’Y’L - Z;}:]_ G;,9i Qg5 M1, /’72)7 B:D
"

under the same notationa and conditions that (4.1) with § = 2 and ¢, Lé, v, =1

8. Conclusion

In this paper we have evaluated a finite integral involving the multivariable Aleph-functions, a class of polynomials of
several variables and the general of sequence of functions.The integral established in this paper is of very general nature
as it contains Multivariable Aleph-function, which is a general function of several variables studied so far. Thus, the
integral established in this research work would serve as a key formula from which, upon specializing the parameters,
as many as desired results involving the special functions of one and several variables can be obtained.
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