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ABSTRACT

In the present paper we evaluate a finite integral with involving the product of sequence of functions, a hyperbolic sinus function of general
argument, product of two multivariable Aleph-functions and general class of polynomials of several variables. The importance of the result
established in this paper lies in the fact they involve the Aleph-function of several variables which is sufficiently general in nature and capable to
yielding a large of results merely by specializating the parameters their in.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [6] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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and Oy (sx) = (1.3)

Suppose , as usual , that the parameters
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with k‘zl---,7“,2':1,~~~,R,i(k)zl,---,R(k)

are complex numbers , and the a’s, 15} 's, ’yls and 0’ s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers 7; are positives fort = 1 to R, T; (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sp-p lane and run from 0 — 400 to 0 + 100 where 0 is a real number with loop , if

k k . .
necessary ,ensure that the poles of F(d§ ) 5; )Sk) with § =1 to my are separated from those of
T

'l —a; + Zag.k)sk) with 5 =1 to n and I'(1 — (k) + ( Jsi) with j =1 to n to the left of the
=1

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
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where, withk = 1,--- ,r:qp = mz’n[Re(dgk)/cS](.k))],j =1,--+,mgand
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Serie representation of Aleph-function of several variables is given by
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VAl
O,N:My,N1, ,Ms,Ng
N(zl, N ,Zs) — N 17Q17L11,7=IP(1),Q1(1) L(1)s r(l) Pi(s) ’Qi(s);Li(S);T(s)
ZS
[(uj;uﬁ-”,m ,ug-r/))l N] [L (uﬂ’“;z)f" 7N§2))N+1,Pi] :
b 1 7
........................... i (s U](.i), e ’U](,: ))M—H,Qi] :
1 1 1 1
[(a§ ))>Oé§~ ))1,N1H '(1>(a§121),a(z()1>)N 11 P(l)] [(a§8));a§'8))1,NS], [%<s>(a(j()s>;a(f()s))]\, " P,<S>]

1 1 1 1 S s
0B ] e (650801 g+ 05728 ] e <b§125>,/3(<5>>M+1Q<s>J

s) Hm(tk)Z,i’“ dty - - - dt, (1.9)
k=1

H;V Tl = u] +Zk 1M(k)tk)

Cltr, ey ts) =—= = - - (1.10)
S Ty Dl = Sy S0 TIZ DL = v + S5y v t)]
L4 T = 670 I T0 - o +as)
and Pk(tk) = — (1.11)

Q, k) k k k
Zi(k) 1[%(‘?) H] (Jl\g/[),c-o-l I b( 100 +ﬁ§z()k)t )Hj;(;c\;k.u P(a’;i()k) - agz()k)sk‘)]

ISSN: 2231-5373 http://www.ijmttjournal.org Page 161


lalitha
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 45 Number 3 May 2017


lalitha
Text Box
ISSN: 2231-5373                           http://www.ijmttjournal.org                                  Page 161



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 45 Number 3 May 2017

Suppose, as usual , that the parameters
UJ,J: 17 7P7v]7.7: 1, 7@5

k) . k .
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with k=1 ,s5i=1,--,7 ,i® =1,... &

are complex numbers , and the a/s, 5/3, ’y/s and 0’5 are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers T; are positives for2 = 1, -+ , 7 , 1,(x) are positives for iR =1...p0)

The contour Ly is in the fz-p lane and run from 0 — 200 to 0 + 100 where 0 is a real number with loop , if
necessary ,ensure that the poles of F(b;k) - BJ(-k)tk) with 7 =1 to M} are separated from those of

P(1—uj+ Y pte)with j =110 N and T(1 = a{” + al™ty) with j =1 to Ny to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < —Bfk)ﬂ, where

2
N Qi P, (1)
ngk) = Zﬂjk) Z ,U —LiZ’U +Zoz( )_Lz(k) Z Oéy:()k)
Jj=1 Jj=N+1 Jj=1 j=Ni+1
M, q;(k)
+Zﬁ;k) — Lk Z 5(z<k)> 0, withk=1,---,si=1,---,r i{®=1... pk (1.13)
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(z1,- -+ 2) = 0([21]*, - [2,]% ) smaz( |zl - -+ [z5] ) = 0
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where, with k = 1,- -+, z:a) = min[Re(bg-k)/ﬁj(»k))],j =1,---, Myand
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81, = maz[Re((al” — 1) /a{)],j=1,--- , N,

We will use these following notations in this paper

U=PF;.,Qi,ti;r'; V=DM,Ny;---; Mg, Ng (1.15)
W= Py, Qi s TN Py, Qi tycors 7 (1.16)
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The multivariable Aleph-function write :

0,N:V .
N(Zly T 723) = NU:W . ... (1.21)

The generalized polynomials defined by Srivastava [10], is given in the following manner :

[N1/Mi] [Nt /M)
SMlv"'yMt N1 M1K1 (_Nt)Mth
Nla"'aNt I::ylj“‘ ,yt o Z Z T Kt!
Ki1=0 K;=0
K K
A[Ny, Ky s N, Kyt -y (1.22)
Where M7, -+, My are arbitrary positive integers and the coefficients A[N7, K7;- -+ ; N¢, K| are arbitrary
constants, real or complex. In the present paper, we use the following notation
(_Nl)MlKl (_Nt)Mth
- - e 1.23
a ey ! ANy, Ky;- -+ 5 Ny, Ky ( )
In the document , we note :
G(nthu T 777G7‘)gr) = ¢(7]G1,g17 T 777Gr,g7~)91 (7701791) T 97‘(7707«7.%) (1.24)

where Qb(T]Gl,_ql, T 7T]GT’gT), 01 (77@1791 ), e, 0, (nG'rwgr) are given respectively in (1.2) and (1.3)

2. Sequence of function

Agarwal and Chaubey [1], Salim [5] and several others have studied a general sequence of functions. In the present
document we shall study the following useful series formula for a general sequence of functions.
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and the infinite series on the right side (2.1) is absolutely convergent, R = In + qu + pt + rw + kir + kaq

(_)t+w+k2 (_U)u(_t)e (a)tln Sw—l—kl F'yn—t

and P, v, u,b, ek, k) = wholutlel Kok lks!  (1—a—t),

(@ —7n)e

(_6 _ 5n)vgv+l€2 hén—v—lﬂz (U _ 5”)]@ Et

+rw+ A+
(pe rw qn) 23

l

where K, is a sequence of constants.

By suitably specializing the parameters involving in (2.1), a general sequence of function reduced to generalized
polynomials set studied by Raizada [4], a class of polynomials introduced by Fujiwara [3] and several others authors.

3. Required integral

We have the following integral, see Brychkov ([2], 4.1.3 Eq.12 page 119)

r(es+y) (B2 a

T(2s 1 3) 1o e (€ X))

/ 2*(a — 2)*72 sinh(b(z(1 — 2))3 )dz = 27272 /7a® 2 !
0 2, 2543

)
where Re(s) > — Z the function 1F% is the generalized hypergeometric function, see Slater ([9], page 40, Eq2.1).

4. Main integral
Let X = z(a — x)

We have the following general integral.

/ z*(a — 33)8’+%sinh(b(x(1 — x))%) Rf{”B[zXA; E,F, g, h:p,q;v:0; e_g(zXA)r]
0

yi X" 71 XN 7, XM
My, My 0,n:v o,N:V o _23’__ 25’42 Z
SN1,'~ Ny ce Nu:w Coe NUW e dr =2 \/761, b
ye X7 zp X7 Zs X"
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Z Z Z Z z : al 5 G 'G(nGl,!Il"" anGr,gr)
w7v7u7t7evk1;k2 G17"'7G7‘:0 g1=0 gr=0 K;=0
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b2 2(RA+YI | Kivi+>21 1 nay .9, %)
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where U711 = P; + 1; Qz +1; Li;rl

Provided that

a) min{A,vi, 5,1k, } > 0,i =1, t,j=1,--- ;rk=1,--- s,

(1) s b(l)
5
o s S, g 5+ 3o, S0
1
olargzi| < iAfEk)W , where Agk) is defined by (1.5);4 = 1,--- , 7
1
d)|argZy| < §Bi(k)7r , where ng) is defined by (1.13);2 =1,--- ,s

e) The series on the right-hand side of (3.1) is assumed to be absolutely convergent

Proof

Expressing the general sequence of functions R%B [ X A; E,F, g, h;p,q;7v;6; e ° (zX A)t] in serie with the help
of equation (2.1), the Aleph-function of r variables in series with the help of equation (1.6), the general class of

My

polynomial of several variables S]]\él”_:" n, in serie with the help of equation (1.22) and the Aleph-function of s

variables in Mellin-Barnes contour integral with the help of equation (1.9), changing the order of integration ans
summation (which is easily seen to be justified due to the absolute convergence of the integral and the summations
involved in the process) and then evaluating the resulting integral with the help of equation (3.1). Finally, expressing the
hypergeometric function 1F5 in serie, use the relation I'(a)(a),, = I'(a + n) with Rea > 0 and interpreting the result
thus obtained with the Mellin-barnes contour integral, we arrive at the desired result.

5. Multivariable I-function

If tj, Ly, -+ -, Lys) — 1, the Aleph-function of several variables degenere to the I-function of several variables. The
simple integral have been derived in this section for multivariable I-functions defined by Sharma et al [6].

Corollary 1

) R&P[2XA B, F, g, hip, g;v; 6; e *CX )]

N[

/(;a:r;S’(a — )" 3 sinh(b(z(1 — 2))
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Sn, N, R N C Igw Ce dr =2 2\/Ta bz
ye X7 7y X Z, X"
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Z Z Z Z Z z : CL1 (5 G 'G<T/G1,g17'” 777Gr,g,n)
w,v,u,t,e,kl,k2 G17 o aG =0g1=0 gr=0 K ;=
2\n RA+ | Kivi+300_ 9 )
(a’b ) K R MG ng 2( Kivi i=1 MG, ,9; X
¢(w,v,u,t,6,k1,k2)n37'yl 1 yt ty 2 1291 -z Tg'r( )
8 (5)77 n: 2

a\2m
(5) ! Zy ('ﬁ'n' (S +RA+ZZ 1 Kz’}’z + ZL 1 G“gzaz) 2m1, - 72775)7 A C
myw't o 6.1

2 t
(8)™" Zo |(-2-0-2(8" +RA+Y S, Kivi + 271 Gugs @) 200+, 205), B2 D
under the same notation and conditions that (4.1) with ¢;, L;(1), =+, Lis) —> 1

6. Aleph-function of two variables

If s = 2, we obtain the Aleph-function of two variables defined by K.Sharma [8], and we have the following simple
integral.

Corollary 2

/ :ES/(a — 3;)5’4-% sinh(b(z(1 — x))%) R?{”B[ZXA; E,F,q,h:p,q;6; e—s(zXA)t]
0

y1 X7 71 X 7 XM
Syl o RGeS o [de=27 +2b2
ye X7 2y X" Zo X

my [N1/Mi]  [N¢/Mi] (,1+ 4G,

Z Z Z Z Z Z al 6 G ,G(”7G1,gl7“‘ anGr,gT)

w,v,u,t,e,ki,ks G1,--,Gr=0 g1=0 g-=0 K;=0

ab? 2RA+!_y Kivit STy 16,9, 04)
l/i(w,v,u,t,e,kl,kg) ( ) R _"NG1,91 ne,., 5’1‘(2)

W% yt "2y TR
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2
(2)™ Z1 (-3-n2(5+RA+G_, Kivi + 3001 Gigs@i); 21, 2m2), A < C
N Vv .. .
N(l)]u—;[} o o (6.1)
(2)°™ Zy |(-20-2(8" +RA+TY G Kivi + Y001 Grgi i 21, 202), B 2 D

under the same notation and conditions that (4.1) with § = 2

7. I-function of two variables

If ¢, L;, L;/ — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [7] and we obtain the same formula with the I-function of two variables.

Corollary 3

/ (0 — )" Esinh(b(@(l - 2))%) RGP [2X A B, F. g, hip, q;7; 0:e X))
0

y1 X" 721 X Zy XM
My, M, 0,n:v 0,N:V o 28" — 25 12
SNl,"',Ntt e N“ w0 P IU:W e . d’Ij_ 2 bz
ye X7 2 X Zo X"
m, [N1/Mi] [Nt/ M) G1+ G,
Z Z Z ' Z Z Z al 5 G |G(77C}1,gl7“‘ 7nGT7gT)
w,v,u,t,e ki, ky G1,+,Gr=0 g1=0 gr=0 K;=0 K;=0
2 A s )
(ab ) R._NG el Q(RA+Z Kivi+2> i, nGisgial)
¢(wav,uat,€;k1,k2)n7y1 --yt tz 2 e, 2y Tgr( )
8 (3),n! 2

[ 2m 9
(%)™ Z1 |(-3n2(+RA+YG_, Kivi + 3001 Gagi@i); 21, 212), A’ : C

0,N+1:V - R
IUll:W . . . . . . (7'1)

2 t
(9)™" Zy |(-20-2(8" +RA+D,_ ) Kivi + 32011 Gugeis 2m,212), B+ D
under the same notation and conditions that (4.1) with 8 = 2 and ¢;, t5, ¢, — 1

8. Conclusion

In this paper we have evaluated a finite integral involving the multivariable Aleph-functions, a class of polynomials of
several variables and the general of sequence of functions.The integral established in this paper is of very general nature
as it contains Multivariable Aleph-function, which is a general function of several variables studied so far. Thus, the
integral established in this research work would serve as a key formula from which, upon specializing the parameters,
as many as desired results involving the special functions of one and several variables can be obtained.
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