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Abstract

A (p,q) graph G = (V,E) is called
sum perfect square if for a  bijection
f + V(G) — {0,1,2,...,p — 1} there ex-

ists an injection f* : E(G) — N defined by
fw) = (F@)? + F)2 + 2f() - f),
Yuv € E(G). Here f is called sum perfect square
labeling of G. 1In this paper we prove that P2,
K2, K1, UKini1, mCy, mKy,, spl(Ki,) and
Dy(K1,,) are sum perfect square graphs. Further
we prove that the union of path graph with any
sum perfect square graph is also sum perfect square
graph.
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1 Introduction

Sonchhatra and Ghodasara[d] initiated the study
of sum perfect square graphs. Due to [4] it becomes
possible to construct a graph, whose all edges can
be labeled by different perfect square integers.
In the same paper the authors proved that P,,
C,, C, with one chord, C, with twin chords,
tree, K1, Tm,n are sum perfect square graphs.
Sonchhatra and Ghodasara[s] proved that several
snakes related graphs are sum perfect square. The
same authors found some new sum perfect square
graphs in [6].

ISSN: 2231-5373

http://www.ijmttjournal.org

2 Literature survey and Pre-
vious work

Throughout this paper we consider graph
G = (p,q) (with p vertices and ¢ edges) to be
simple, finite and undirected. The set of vertices
and edges of G are denoted by V(G) and E(G) re-
spectively. For all other terminology and notations
we follow Harary|[I].

Definition 2.1 ([4]). Let G = (p,q) be a graph.
A bijection f : V(G) — {0,1,2,..., p — 1} is
called sum perfect square labeling of G, if the in-
duced function f* : E(G) — N defined by f*(uv) =
(F(u)? + (f(0)2 +2f(u) - f(v) is injective, Vuv €
E(G).

A graph which admits sum perfect square labeling is
called sum perfect square graph.

Definition 2.2 ([3]). The square of a graph G is
denoted by G?, where V(G?) = V(G) and two ver-
tices u,v € V(G?) are adjacent in G? if and only if
d(u,v) <2 in G, where d(u,v) denotes the distance
between v and v.

Definition 2.3 ([3]). The union of two graphs
Gy = (1, E1) and Gy = (Va,E3) is denoted
by G1 U G2, where V(Gy U G2) = V4 U Vs and
E(Gl U GQ) = FiUE,.

Definition 2.4 ([3]). For a graph G the split-
ting graph spl(QG) is obtained from G by taking two
copies of G say G' and G" adding for each vertex
v of G’ a new vertex v of G" so that v’ is adjacent
to every vertex that is adjacent to v".

Definition 2.5 ([3]). For a graph G the shadow
graph is denoted by D2(G) is obtained from G by
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adding a new vertexr v’ corresponding to a vertex v
of G, so that v' is adjacent to every vertexr that is
adjacent to v.

3 Main Results

Theorem 3.1. P2 is sum perfect square graph,
Vn e N—{1}.

Proof. Let V(P?) = {v;;1 < i < n} and E(P?)
{egl) =v041,1 <i<n—-1}U {61(2) = V;V42,1 <
i<n-—2}

|[V(P2)| = n and |E(P?)| = 2n — 3.

We define a bijection f: V(P?) — {0,1,2,...,
1} by

flo)=i-1,1<i<n.

Let f*: E(P2) — N be the induced edge labeling
function defined by f*(uv) = (f(u))? + (f(v))? +
2f(u) - f(v), Vuv € E(P2).

Injectivity for edge labels:

n —

For1<i<n-1, f*(egl)) is increasing in terms of
i.

= f*(’Ui’Ui+1) < f*(vi+lvi+2)7 1<i<n-3.
Similarly f*(e£2)) is increasing for 1 < i <n — 2.
Further f *(egl)) are odd perfect square integers and
f *(652)) are even perfect square integers.

So f*: E(P?) — Nis injective and hence P2 is sum
perfect square graph, Vn € N — 1. O

The below illustration provides better idea about
the above defined labeling pattern.

of path.pdf
0 1 2 3 4

DA — — ——

Figure 1 : Sum perfect square labeling of P?.

Theorem 3.2. K2 is sum perfect square graph,
Yn e N— {1}, n < 4.

Proof. We know that K,% = K, and K, is sum
perfect square graph, for n < 4 (See Theorem 3.5
in [4]). Hence K2 is sum perfect square graph, Vn €
N-1,n<4. [

Theorem 3.3 ([]).
graph, ¥Yn € N.

P, is sum perfect square

Corollary 3.4. For any sum perfect square graph
G, GUP,, is also sum perfect square graph, Vm € N.

Proof. Let G be a sum perfect square graph of
order n. Consider a sum perfect square labeling
g: V(G) — {0,1,2,...,n — 1}. By shifting the
range set of sum perfect square labeling defined for
P, (See [] lemma 3.1) to {n,n+1,...,n+m—1}
and combination of above two labelings gives re-
quired sum perfect square labeling. O

Corollary 3.5. Ky, UK, is sum perfect square
graph, Ym,n € N.

Proof. Let V(K1m U K1) = {u,u;l < ¢
m} U{v,v;;1 < i < n} and E(Kq,, U K1)
{uu;;1 <i<m}U{ovv;1 <i<n}.
|V(K1’mUK1’n)‘ = m-+n-+2 and |E(K17mUK1’n)‘
m+n.

We define a bijection f
{0,1,...,m+n+1} by
f(u)=0.

flw) =41<i<m.
fw)y=m+n+1.
flo))=m+i;1<i<n.
Let f* : E(K1,m U K1) — N be the induced edge
labeling function defined by f*(uv) = (f(u))? +
(f()? +2f(u) - f(v), Vuv € B(K1m UKy ).
Injectivity for edge labels:

As f is strictly increasing(for increasing values of )
we get {f*(uw;);1 <i<m}and {f*(vv;);1 <3<
n} are distinct.

Also max{f*(uu;)} = m? > min{f*(vv;)} = 2m+
n+2)2. Therefore f* is injective and hence K ,,, U
K, is sum perfect square graph, Vm,n e N. O

I IA

V(Kl,m U Kl,n) —

The below illustration provides better idea about
the above defined labeling pattern.

1 3 4 7
0 8
2 5 6
Figure 2 : Sum perfect square labeling of
K173 U K1,4.

However the authors strongly believe that the union
of any two sum perfect square graphs is also a sum
perfect square graph. So authors put the following
conjecture.

Conjecture 3.6. For any two sum perfect square
graphs G and H, G U H is sum perfect square.

Theorem 3.7. mK, ,, is sum perfect square graph,
VYm,n € N.

Proof. Let V(mKi ) ={u;;1 <i <m}U{v;;;1 <
i <m,1 < j < n}, where {u;;1 < i < m} is the
apex vertex of it" copy of Ki,, and E(mKy,) =
{uivij;1 <i<m,1 <j<n}

|[V(mKi )| = m(n+1) and |E(mK; ,)| = mn.
We define a bijection f V(imKy,) —
{0,1,2,...,m(n+1)—1} by

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 63



lalitha
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 46 Number 2 June 2017


lalitha
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                              Page 63



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 46 Number 2 June 2017

flu)) =i—1;1<i<m.

fwg)=m+@GE—1n, 1 <i<m.

floi) = Flon)+ (GG —1),1<i<m,2<j<n.
Let f*: E(mK; ) — N be the induced edge label-
ing function defined by f*(uv) = (f(u))?+(f(v))*+
2f(u) - f(v), Yuv € E(mK7 ).

Injectivity for edge labels:

As f is increasing (for increasing values of ¢ and j)
all {f*(uvi;), 1 <i<m,1<j<n} are distinct.
Moreover the largest value of f*(usvy;) will be
smaller than the smallest value of f*(us11v(¢41)5),
1<t<m-1,1<j < n. Hence the induced
edge labeling f* : E(mK,) — N is injective and
so mK; ,, is sum perfect square graph, Vn € N. O

Theorem 3.8. mC,, is sum perfect square graph,
vm,n €N, n > 3.

Proof. Let V(mCy,) = {vi;;1 <i<n,1<j<m},
and E(mCy) = {uijvgiyn);;1 <i<n,1 <j<m}
[V (mC,)| = mn, |E(mC,)| = mn.
We define a bijection f
{0,1,2,...,mn — 1} by

flvij) = {22'—2“3'—1)7;;1 <i<[z.

and 1 <j <m.

Injectivity for edge labels:

For any one copy of mC,, it follows from theorem
3.2 [4] that induced edge labels are injective.
Moreover the largest edge label of tC,, is smaller
than the smallest edge label of (t +1)C,, 1 <t <
m — 1.

Hence the induced edge labeling f* : E(mC,) — N
is injective.

Therefore mC,, is sum perfect square graph,
Vm,n € N, n > 3. O

V(imC,) —

Theorem 3.9. spl(K; ) is sum perfect square
graph, ¥Yn € N.

Proof. Let V(spl(Ki,)) = {w,u;;1 < ¢ < npU
{v,v;;1 <i<n}and E(spl(K1,)) = {uu;1 <i<
n}U{vv;1 <i<npU{uv;l <i<n}U{ou;l<
i <n}.

[V (spl(K1,n))| =2n+2, |E(spl(K1,,))| = 4n.

We define a bijection f V(spl(K1p)) —
{0,1,...,2n+1} by

f(u)=0.
flu;)) =4;1<i<n.
fv)=2n+1.

fw)=n+i1<i<n.

Let f* : E(spl(K1,,)) — N be the induced edge
labeling function defined by f*(uv) = (f(u))? +
(f()* +2f(u) - f(v), Yuv € E(spl(K1,)).
Injectivity for edge labels:

We note that f*(uw;) is increasing for increasing
values of 7, 1 < ¢ < n and hence all f*(uu;) are

2(n =)+ 14+ (G —-n; [5]+1<i<n.

distinct. Similarly f*(vv;), f*(uv;) and f*(vu;) are

also distinct.

Moveover

(1) max{f(uw;)} <
[ (o)}

(2) min{ f*(vv)} > masc{f*(uvy), f*(vu:)}.

(3) max{f*(uv;)} < min{f*(vu,;)}.
f* : E(spl(Ki,)) — N is injective and hence
spl(Ky ) is sum perfect square graph, Vn € N. O

min{ f*(vv;), f*(uv;),

The below illustration provides better idea about
the above defined labeling pattern.

1 4

2 3 5 6

Figure 3 : Sum perfect square labeling of spl(K1 3).

Theorem 3.10. Shadow graph of a star graph
Dy(K1,,) is sum perfect square, ¥Vn € N.

Proof. Let V(Da(K1,,)) = {u,ui1 < i
{v,vi31 < i < n} and E(Dy(Ki1,n)) = {uu;l <
i < n}U{u;l < i < npu{ou;l <6< on)
[V(Dao(K1,))| = 2n + 2 and |E(D2(K1 1)) = 3n.
We define a bijection f V(Do(K1 ) —
{0,1,...,2n+ 1} by

f(u)=0.
flu)=14;1<i<n.
flw)=2n+1.

flw)=n+41<i<n.

Let f* : E(D2(K1,)) — N be the induced edge
labeling function defined by f*(uv) = (f(u))? +
(f(0))% +2f(u) - f(v), Yuv € E(D2(K1,)).
Injectivity for edge labels:

We note that f*(uu;) is increasing for increasing
values of 7, 1 < ¢ < n and hence all f*(uu;) are
distinct. Similarly f*(uv;) and f*(vu;) are also dis-
tinct.

Moveover

(1) max{f*(uw;)} < min{f*(wv;), f*(vu;)} .
(2) max{f*(uv;)} < min{f*(vu;)} .

f* + E(D2(Kin,)) — N is injective. Hence
Dy (K, ) is sum perfect square graph, Vn € N. O

The below illustration provides better idea about
the above defined labeling pattern.
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2 3 6 7

Figure 4 : Sum perfect square labeling of Da(K1 4).

4 Conclusion

In this paper several sum perfect square graphs
have been found in context of the graph operations,
which are union of graphs, splitting of a graph
and shadow graph. A conjecture has been posed
related to union of any two sum perfect square
graphs.
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