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Abstract

In this paper, we recall basic definitions of topological algebras, normed algebras, Banach algebras, involutive
algebras, and C* -algebras. We also give many elementary examples for these algebras. Different types of frame
operators is explained. Norms on frame operator is defined. Some results on eigen values and eigen vectors is
proved.

Introduction

Definition: (i) A topological vector space is a vector space endowed with a topology such that both the scalar
multiplication and the addition are continuous maps.

(ii) A topological algebra is a topological vector space A with a jointly continuous multiplication, that is the
multiplication A X A — A is a continuous map.

(iii) A normed algebra is a normed space (4, Il —II) with a sub-multiplicative multiplication, that is
fab I<lla 'l b ll,Va,b € A.
(iv) A normed algebra (4, Il —II) is called a Banach algebra if A is complete with respect to its norm.

The key point in topological algebras it that the multiplication is always assumed to be jointly continuous. Let A
be a ring or an algebra. We denote the algebra of n X n matrices with entries in A by M,, (4).

Definition : Let A be an algebra. A involution over Aisamap*: A4 - A

Satisfying the following conditions for all x,y € Aand 1€ C :

(i) (x") =x,

(i) x+y) =x"+y",

(iii) Ax)* = 1 x*.

(iv) (xy)® =y"x".

When A is a normed algebra, we also assume
@)  lxlI=lxl.

An algebra A equipped with an involution * is called an involutive algebra and is denoted as an ordered pair by
(A,%). Involutive normed algebras and involutive Banach algebras are defined similarly and are denoted by
(A, 1l —1I,%). A subalgebra of an involutive algebra is called an involutive subalgebra or a *subalgebra if it is closed
under the involution.
Definition: An involutive Banach algebra (4, Il —II,*) is called a C*-algebra if

Il x*x I=Il x II?,¥x € A.
We call the above identify the C*-identity. A norm satisfying this identity is called a C*-norm.

Let us start by recalling the basic definition and notions of frame theory.
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Definition: Given a family of vectors {f;}!, in an n — dimensional C*algebra A, we say that {f;}!, is a frame if
there exist constants 0 < A < B < oo satisfying that

AllfI? < XML0f.£1? < BIIfII? forall f € Ay.
The numbers A, B are called lower and upper frame bounds (respectively) for the frame. A=B
Definition : {f;}', is called an A —tight frame, and if A = B = 1, it is referred to as a Parseval frame.
Defition : The frame is an equal norm frame, if ||f;[| = l|f, || for all 1 < i,k < M, and a unit norm frame, if
Ifill=1foralll1 <i<M.
Definition: The analysis operator F: Ay — £, (M) of the frame is defined by
F(f) = {(f, fiRtils.
Definition: The adjoint of the analysis operator is referred to as the synthesis operator F* = £,(M) — A, which is
F*({a}L,) = XL aif;.

Definition: The frame operator is then the positive, self-adjoint invertible operator S: Ay — Aygivenby S = F*F,
i.e.,

SfF=YMf.fi)f, forall f€ A

Definition: Two frames {£;})L, and {g,}!, in A are called equivalent (unitarily equivalent), if there exists an
invertible (a unitary) operator T: A - Asuchthat g, = Tf; foralli =1, ....., M.

Theorem: Let T, T, be positive, self-adjoint invertible operators on a C*algebra A, and let S be an invertible
operator on A, Then the following conditions are equivalent.

1. T, = ST,S"

1 -1
2. There exists a unitary operator U on A suchthat S = T, /2 UT, /2

Proof: (1) =(2)
Take U = T_l/2 STl/2 which is a unitaryO
=T, ] ryOperator
-1 1 -1 1 *
Snme<72/2571h)<g /25715)

T_l/z

* _1/2
L 2sT ST,

Tz_l/2 T, T 2=1
@ =@ sinces =1,2uT, /2
ST S™ = Tzl/2 u T1_1/2 T T1_1/2 U Tzl/z

_ 2 e /2 Yy Yo
=7,2uu T,”? = 1,”21T,”2 = T,
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Definition: Let F = {f;}}, be frame for A, and let ¢ = {ej }N be an orthonormal basis for Ay. Then we define
j=1

HEE?) =span {|If. ¢, } < Ay

Theorem: Let {f;}!, be a frame forA, and let {C;}M., be positive scalars. Further let T be an invertible operator to
AN.

Let {e]-} be the eigen vectors for T*T with respective to eigen values {4;}!,. Then following are equivalent
L CEIfill2 = ITfI1?
2
2. ”(’11' -C) ejiz}vzlllfiei”ei” =0
Proof: Since
IT*T — C?1d||f* = ||IT*Tf? — C*1d||
= IT*Tf> Il +1| C21df?||
= ITFII? - C2lIfII?
Hence ||IT*T — C*d||f? =0forall i=1,2....N
Butforalli=1,2.....N
0 = ||IT°T — c%Id||f?
2
= |2 - ) el Zall e le |
2 2
=2 (4 = ) [l

= ||Z§V=1('1j -¢)’e;. Zf'v=1||fieillzei”

Arthemetic/Geometric Mean Inequality: Let {xj};_v=1 be a sequence of positive real numbers then

LN
11 gy
(}.zlx.> < 5 21X

With equality if and only if x; = x; forevery j,k=1,2...N
Theorem: Let {f;}!, be a frame for Aywith frame operator S. It det(S) > 1 and

MF:N? = N, then {f, 3™, constitutes parseval frame

M fi M
Proof: Set {g;}i~, = {det?E‘S)}' 1
)] ;=
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Let {4;}, denotes eigen values of S and let eigen values of frame operator for {g;}*, be denoted by {A}}ivzl Then
we obtain

N
I.V 1 = —Zj:l lj = N
J=177 7 det(5)2 T det(S)2

N

D Y Y P N
Whichimplies =2 = 1 _<1= 11 2!
N det(S) ] =1 ]

This contradicts the arithmetic-Geometric mean inequality unless ,1} =1foralj=112-N

That is unless {f;}!, constitutes parseval frame

Example : Let fy, ...., f4 be the vectors in R3 defined by
fi=;0LD,f2=(C1L1D, f3=;0,-11, fi=;11-1
{f:}i=1 is an equal norm Parseval frame forR3. If we let {ej}f=1 denote the standard unit vector basis, then
H(F,&) =span{(1,1,1)}
We next choose a vector g suchthat L H(F,& )by g = (1,—1,0) . Let now, for instance , ¢ = 2, and set
A=1+c¢*=52,=—-1+c?=3, 43=0+c¢*=4.

Then define an operator T such that {Te;}}_, is an orthogonal set and ||Te;|| = ;. One example of such an
operator is defined by

T(1,0,0) = (5,0,0),T(0,1,0) =(0, \E \E),T(O, 0,1) = (0,v/2,—?2).

Thus
=48 ez fi-v2)
sz=;(-ﬁ, \/§+ﬁ,ﬁ—ﬁ),
rry=4(v8 - ez fi-vz).
m:%(ﬁ, \E-ﬁ,\/%wi),

and we indeed obtain
ITfll2=3 (5+3+4)=3

As desired
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Corollary : Every invertible operator T on a Hilbert space Hymaps some equal norm Parseval frame to an equal
norm frame.

Proof. Let T be an invertible operator on Hy, and let {e;}_, be an eigenbasis for T*T with respective eigen
values {1;}¥ ;. Set

¢z = %2}‘21 A andf=3N,e;
Then
(T'T —1d f,f) = Y, (4; — ¢?).1 =0,
Which means
1,1,..... A L (A — %2, — %, ..., Ay — cP).

Next, consider the frame
2N (yN
{fi}izl - {Zj=1 Sjej}{sj}e(l,—l)lv

For every g = Y.\, a; e;, we obtain

g A
N N 2 2
S2 g, fl2 = S2LITN gja)" = 2V BV |a,|” = 2Vl gII?
1 2V
Thus {\/T_Nfi} forms an equal norm Parseval frame, and we have H(F,& ) =span{(1,1,.....,1)}.
i=1

, this implies that {Tf;}2; is an equal norm frame with || Tf;||2 = ¢2 for all
i=1,2,...,2"

We now provide an example of an equal norm Parseval frame and a non-unitary operator T, which maps it to a
unit norm frame.

Theorem : Let {f;}*, be a frame for A,with frame operator T if detifl’) > 1and XM, |If;l> =N

Then {f: 3™, constitutes a parseval frame.

M f2 1™
Proof: Set {g;}i=, = { de&z@s)}i:l

Now let {/1]-}:,11 denote the eigen values of T and let eigen values of the frame operator for
{g:}™, be denoted by [/1}]:]:1 then we obtain

N
oo Z=mb N
j=17j det($)2  det(S)?

Which implies

N 1 N
2]':11]' _ 1 _ Hll
]

= <1=.
N det(S)2 — 1 j=1

However this contradicts the orithmetic-Geometric mean inequality unless ,1} =1
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Forallj=1,2,....Nieunless {f;}*, constitute a parse val frame.

Theorem: LetN >2,0 <x; <Nforallj=1,2,....N

N NN
1%y m
If - jzlx]- <e

Then there exists a function f: Rt - R* with

|xj — x| < fCeforallj,K=1,2,—-N
And1-fCes<x;<1+fCeforall j=1,2,-N
More over f is bounded by

fce<2¢€'2 N~

Proof: Since

2 N N 1/N
— 3 xl/2 - xl/2 < I ([
N(N-1) “1j=k=N\7j k = "N j=1%j

There fore,forall1 <j<k <N

1 1/ 12
x/2_x/2

j k

2
< Vg (xl/z—x1/2> <NN-1)<e
= 15),k<N \ k =

1
Since x; < N, it follows that x]./2 < Nz forall j = 112.N. thus

% — x| = |xj1/2 —x:/2|2 |x}.1/2 + x;/2|2 < N(N—1) € 4N <4N? €
Which implies

|xj — xk| < 2N3/2 61/2

Further, forany 1 <j < N, we obtain

N 3 1
Zimiby ol +w = 142N €'z

The1 Xk _ Ty Xk
xXp === ===
J N N + N

The inequality x, = 1 —2N°/2 €'/2 can be similarly proved.
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