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Finite integral involving the spheroidal function, a class of polynomials
multivariable Aleph-functions and Fresnel integral
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ABSTRACT

In the present paper we evaluate a generalized finite integral involving the product of the spheroidal function,the Fresnel integral, the multivariable
Aleph-functions and general class of polynomials of several variables with general arguments. The importance of the result established in this paper
lies in the fact they involve the Aleph-function of several variables which is sufficiently general in nature and capable to yielding a large of results
merely by specializating the parameters their in.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [4] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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Suppose , as usual , that the parameters
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with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/s, ﬁ/s, 'y's and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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j=mr+1

The reals numbers 7; are positives for ¢ = 1 to R, T, (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sp-p lane and mn from 0 — 100 to 0 + 100 where ¢ is a real number with loop , if

5(’f)

necessary ,ensure that the poles of F(d ) with 7 =1 to my are separated from those of

I'(l—a; +Zaj sp) with 5 =1 to n and T(1 — ™ + 94" s.) with j =1 to n to the left of the
=1

contour Lz . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
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where, with k = 1, -+ ,7: o, = min[Re(d\") /6%))], j = 1, -+ my, and
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Serie representation of Aleph-function of several variables is given by
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Suppose , as usual , that the parameters
uj,j =1, P;vj,j=1,--,0Q;
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b g = 1, Qb5 =1, My
with k=1---,83=1,--- 7/ ,i® =1,... pF

are complex numbers , and the O/S, 5/8, ’)//8 and 'S are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers T; are positives for? = 1,--- |7, ¢;(x) are positives for i =1...p0)

The contour Ly is in the fz-p lane and run from 0 — 700 to 0 + 100 where 0 is a real number with loop , if

mecessary ensure that the poles of F(b(k) B(k)tk) with j =1 to M} are separated from those of

'l —wu; + Zp )tk with j =1 to N and I'(1 — (k) )tk) with 7 =1 to Nj to the left of the

=1
contour L . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
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We will use these following notations in this paper

= P;,Qi,ti;57"; V.= My, Ny;- - s My, N, (1.15)
W= Py, Qi s T Py, Qi tycors 7 (1.16)
A = {(uy; (), : 7,“3 ) N {Lz(uﬂ,uﬂ e ,Mgz))N+1,Pi} (1.17)
B={L¢(Uji;vﬁ),--- ;f))M—H,QZ—} (1.18)
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D =(\"; 8! ))1J\41al’i<1>(b;'z‘()U;6‘51()1))]\414-17@1»(1)7 08 B e (5](4-<)s>;5,§¢<)5))Ms+1,62i<5> (1.20)

The multivariable Aleph-function write :

A C
N(zg, -+ ,2) = NOUNWV o (1.21)
B:D

Zg

The generalized polynomials defined by Srivastava [7], is given in the following manner :

[N1/Mi] [Ne/M¢]

M oot 7M Nl M1K1 (_Nt)MLKL
SNll,...’Ntt[yl"” ;yt — Z Z Kt!
K1=0 K:=0
K K

ANy, K- N, Ky -y, (1.22)
Where M7, -+ , My are arbitrary positive integers and the coefficients A[N7, K7;- -« ; Ny, K| are arbitrary
constants, real or complex. In the present paper, we use the following notation

(_Nl)MlKl (_Nt)Mth

— . e 1.2

aq ey | A[Ny, Ky -+ 5 Ny, Ky (1.23)
In the document , we note :
G(nG1a917 T 7T]GT‘797‘) = ¢(77G1’917 T 777Gr,gr)‘91 (776'1,91) t er(nGr,gr) (1.24)

where ¢(nG17g17 T 777Gr7gr), 01 (77G1,g1 ), cer HT(nGr,gr) are given respectively in (1.2) and (1.3)

The spheroidal function wan(c, T]) of general order & > —1 can be expansed as ([3] an [8].

"2 o= a1l
¢an (C7 77): V ( ) Z ag (c]an) (077) 2 Jk—&-a—l—% (C??) (1~25)
ante) k=0,orl

which represents the function uniformly on (00, 00), where the coefficients ay (c\om) satisfy the recursion formula
[14 ,eq.67]and the asterisk over the summation sign indicates that the sum is taken over only even or odd values of k
according as 70 is even or odd. As ¢ — 0, ai(clan) — 0,k #n

The Fresnel integral denoted .S (Z) is defined by : see Abramowitz M and Stegun L. A. ([1],page 89(300))
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z T
S(z :/ sin (=12 )dt 1.25
()= | (2 ) (1.25)

2. Required integral

We have the following integral, see Brychkow ([2], 4.5.1, 1page 189).

“ a*ttts  [2p3 3.,.3
/ 2 Ha—2)"7 1S (by/z(a — z))de = 3 — B (s—f— Z,t—i— Z)
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™
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X3F4 s - . 3 5;— 16 2.1)
s+t s+t
24 2 T g T3
3 3
where a > 0, Re(s) > _Z’Re(t) > ~1

3. Main integral

Let X5t = x® (a — x)t,We have the following generalized finite integral :

a , Y1Xo1
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(i—n’—(s’+(2m+k)a + Zle KiYi 4 21 NG9 Q)3 s 5 Ts)s

(-3-(5+t+(2mAk) (o + B) + Sry K (i + ) + 3oiey Mg (i + Bi))ier +m1, -+ €5 + 1),

(Lm0 + B)+ Ty Kul + )+ T (0 )); S48, 5,

(i—n’—%(s’—{—t’—l—@m—l—k)(a + B) + 2221 Ki(vi + i) + 211 1Ga.g: (i + 5i)); q—’_Tma R %)7

(1L ++mtk) (o + B) + Siy Kol + i) + Yoty MG, g (0 + Bi)); SEIL oo ol

(-3 (St mk) (a + 8) + i Ki(yi + i) + i 1Gsgs (o + Bi)); S Cetila),

(A= +2mk)B + S0 Kt + 0 NG gBi)i €1, y€s), A C
Co (3.1)
B:D
where Usz = P; +4; Qi + 33 1i37”
Provided that

a) min{a757pi76i77j7“j>a/€a6k7nlvel} >0aZ: 17 787j:1a"' 7t7k:1a”' ,T,l: 17 >R

, 4% R pd) 3
, J . J ——
) Rels +<2m+k>a+§an<% FORPILE . ol

b(’ﬂ) 3
O Relt' +(2m + k) + z@ 2in, 5@) 3 mi, poligr

=1

1
d)|argzi| < §A7(;k)ﬂ' , where Agk) is defined by (1.5);2=1,---,71

1
e)largZy| < iBz'(k)ﬂ- , where Bi(k) is defined by (1.13);2 =1,--- , s

f) The series occuring on the right-hand side of (3.1) is absolutely and uniformly convergent and @ > 0

Proof
First, expressing the spheroidal function wan( 7 Xa a, 5)in serie with the help of equation (1.25), the Aleph-function
of r variables in series with the help of equation (1.6), the general class of polynomial of several variables S Ml’ ' ’N]vt[t

with the help of equation (1.22) and the Aleph-function of s variables in Mellin-Barnes contour integral with the help of
equation (1.9), changing the order of integration ans summation (which is easily seen to be justified due to the absolute
convergence of the integral and the summations involved in the process) and then evaluating the resulting integral with
the help of equation (2.1) and expressing the generalized hypergeometric function 3F) in serie , use the following

relations I'(a)(a)n =I'(a+n) and a= %

with Re(a) > 0 . Finally interpreting the result thus obtained with
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the Mellin-barnes contour integral, we arrive at the desired result.

4. Multivariable I-function

If tj, Ly, -+ -, Ljs) — 1, the Aleph-function of several variables degenere to the I-function of several variables. The
simple integral have been derived in this section for multivariable I-functions defined by Sharma et al [4].

Corollary 1

a , 1 M M le'Yl:.u'l
/ 2 Na— )" 1S (by/a(a —2)) Yan(”, Xag) SHETA| L
0

th’Yt:Mt
Z1X011751 Zanl,el a’s "¢ +2 2b3 o0 OO % 0o
NO,n:v IO N:V dz
wiw ot U-w T
ZT'XOtmﬁr Y/ an,es n’=0 k=0,orl m=0
0o mi m, [IN1/Mi] [Nt /M) Gl-l- 4G,
Z Z Z Z Z al 5 G ! G(nGlyﬁhv"' 777Gmgr)
Gy, ,Gr=0 g1=0 9r=0 K;=0 -q
m 3 _ 2n’
(_) ak(ca‘an) (4)n/< ab) P1 Ds T]Gl 91 nG'r‘;gr Kl Kt O'(2m+k‘)
miT(m + k+a+3) 160 (3) , (T) w1 1T A E e
: 2 2)n’ \4/)n/ °
Zla??1+€1
q2mAR) (et B)+307 ) Ki(vitma)+327_1 16, .9, (i +Bi) [ON+4:V
U43:W cen
Zsa/ns+es

(Aw-(s+(2m+k)a + 35 Kivi + 3 1Gig: Q)i s 5 7s)s

(—%—(S’+t’+(2m+k)(0& + ﬂ) + 2221 KZ(VZ + /’l’l) + 22:1 NG;,g: (ai + Bz))a €1 + N, - ,€s + 775);

AL+ +@mAk) (a + B) + 5oy Ki(vi + 1) + iy 0Gags (i + By)); S0 o codiiey

(- 250+ (2mtk) (o + B) + Si K (i + ) + iy MGy ,0: (0 + Bi)); S, Seblley)

(32 (st (2mtk) (o + B) + Sty Ki(yi + 1) + 3iy NG g (0 + B)); S - o, odile)

(-2 L (8 (2mAk) (o + B) + i, Kilyi + 1) + i G g (i + B)); SEIL o Cotiey
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(i‘nl(t"“@m*’k)ﬁ + Zf;:l Kipi + Y i1 MGs.g:5i); €1+ ,€5), A: C
4.1)

B:D
under the same notationa and conditions that (3.1) with ¢4, t;(1), =+, Li(s) —> 1

5. Aleph-function of two variables

If s = 2, we obtain the Aleph-function of two variables defined by K.Sharma [6], and we have the following simple
integrals.

Corollary 2

“ oy Moo M Y1 Xn1
[N ) ST Yol o) S
0

th’Yt:Mt
21X ay .6 ZlXﬁ1,61 s +t'+ 3 B = OO« s
NO,n:v NO,N:V dp — a 2 2 Z
wiw e U:W e r= 73 _7T
ZT"XOérwBr Z2X772,62 n’=0 k=0,orl m=0
) ma m, [N1/Mi] [Ny /M) G1+ 4G,
)IEEDIEEDD Z Z 5 G5 G Gl s Ga)
Gi1,-,Gr=0 ¢g1=0 gr=0 K = ‘h
m 3 _ 2n’
(_) ak(cg‘()én) (4)71 ( CLb) P1 . ,.Ds G101 NGrgr, K1 Kt o(2m+k)
T Lk 3) 167 (3 7 n Ts™ 5 Y Yp €
mil(m +k+ o+ 3) 167 (3),, (1), 7!
Zlanl+€1
G CMAR) OB F T Ki (i) + 5 16,0, (0i+80) O N+4V
I U43:W cee
Z2a772+62

(i—n (S +(2m+k)06 + zz 1 Kz’% + Zz 1 nGZ,glal) s 772)

(-3-(H+(2m+k) (o + ) + 3y Ki(yi + i) + > i1 MGag: (@i + Bi))sex +m1, €2 + 1),

(- 6+ @merk) @+ 8) + S0y KiCi + o) Sy g (o + 50); S5, 25,

(-2 (8++2m4k) (@ + 8) + S0 K (i + 1) + S0y M6y (i + By)); Sbm, ety
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(-3-3 (st +(2m4k) (o + B) + X1 1K(%+uz)+22 L NGg: (i + Bi)); A5, 252,

(30l (g +t+(2m+k) (a + B) + i, K; (%- i) Y MGy g (0 + By)); SR, 2tz

(i'n7'(t7+(2m+k)6 + ZE:I Kip/i + Z::l TIGz‘agi/Bi); €1, 62)> A:C
(5.1)

B:D
under the same notation and conditions that (3.1) with § = 2

6. I-function of two variables

If ¢;, L;, /,;/ — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [5] and we obtain the same formula with the I-function of two variables.

Corollary 3

@ / ’ le'Y'h/J/l
/ 2 " Ha—z)" 1S (by/z(a — 2)) Yan(c”, Xa,p) S]]\\;[ll”.' N,
0

th’YtuLLt
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wew e U-W Ce €T E E E
ZrXa,.,ﬁT Zg)(nz,E2 n’=0 k=0,orl1 m=0
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Z Z Z Z Z al g 5 G ! G(nGl,glv"' ﬂ?Gr,gr)

1,,Gr=0 ¢1=0 gr=0 K;=0

3 2
(=)™ ak(c”|an) (2)p (a0 S MG Ky K o (2metk)
miT(m+k+a+3) 167 (3) (3) ! ° ! !
Zla'f]1+€1

a(2m+k)(0¢+5)+2§:1 Ki(vitui)+>2521 16,9, (i +Bi) IO,NJ‘;%:V
43°

Zza"lz +e2

G- (s +2m+k)a+ X0 Kivi + X i 16y ,9: Q)i 15 2),

(-3-(s"+t'+(2m—+k) (o + 8) + Zz K (vi + Mz) + Y i1 NGag: (0 + Bi))i €1+ My €2 4+ 12),
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A L(e+t+2m+k) (a+ 8) + i Ki(vi + 111) + 30y NG .g: (i + By)); AL otz

(2-0-2(+t+(2m+k) (o + B) + D1y Ki(vi + ) + Doty MG, g, (i + By)); S50, 282,

NI

(-1-2(s'+t+(2m+k) (o + B) + 25:1 K (i + 13) + 111Gy g: (s + B;)); S 23z

(43 (5 +2mAk) (@ + B8) + iy Ki(vi + 1) + =y 64,0, (s + i) S50, 242,

(i—n’—(t’+(2m—|—k)ﬁ + Zzzl Kiui + Z::l nGmgz‘Bi); €1, 62)7 A:C
(5.1)

B:D
under the same notation and conditions that (3.1) with § = 2 and ¢;, t;,¢; — 1

7. Conclusion

In this paper we have evaluated a generalized finite integral involving the multivariable Aleph-functions,the Fresnel
integral function, a class of polynomials of several variables and the spheroidal function.The integral established in this
paper is of very general nature as it contains Multivariable Aleph-function, which is a general function of several
variables studied so far. Thus, the integral established in this research work would serve as a key formula from which,
upon specializing the parameters, as many as desired results involving the special functions of one and several variables
can be obtained.
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