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INTRODUCTION: In this paper 
N

X,X,X 
21

 are taken as complete N-Metric Spaces and 

1132121
XX:fXX:f,XX:f

NNN



 as                N-mappings which are all the 

self mappings. The elements of the metric spaces are taken as 

NNnnn
XxXX,Xx  

2211
where the first suffix indicating the respective metric 

space and the second one are the number of elements where Nn  (Set of natural number).  

MAIN RESULT: 

 Theorem [1.1] Let        
NN

d,Xd,X,d,X,d,X 
332211

 are N-complete metric 

spaces and 
N

ffff 
321

 are self mappings such that 

 

1112123

43232121

XX:f,XX:f,XX:f

XX:f,XX:f,XX:f

NNNNN

NNN










 

Satisfying following conditions     

 
 
 

 111
12111

12111

113211213211
..

x,x

x,x
xffff,xffffd

NN






  

 
 
 

 211

13122

13122

1213211313212
..

x,x

x,x
xfffff,xfffffd

NNNN






  

 
 
 

 311
14133

14133

132321111332113
..

x,x

x,x
xffffff,xffffffd

NNNNNN






  

 
 
 

 411
15144

15144

1432112154321124
..

x,x

x,x
xfffffff,xfffffffd

NNNNNNNN






  

continuing the same process we have the relative result for Nth complete metric spaces 
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 
 
 

 511
111

111

11231111432
..

x,x

x,x
xfffff,xfffffd

NN

NN

NNNNNN








    

 
NN

XxXx,Xx,Xx 
1313212111

  

and  10, , Also 
N

 
21

 and 
N

,,  
321

 indicated in above inequality are defined 

as follows,  

        0000
111141331312212111
 x,xx,xx,x,x,x

NN
  

     

  

 

  

  

   611
11122

1213211111154

121654211321111

111431325431

132111111132

121232132111112111

..xf,xd

,xffff,xdxfff

xffffd,xffff,xd

,xffff,xffffd

,xffff,xd,xffff

,xffffd,xffff,xdmaxx,x

N

NN

NNN

NNNN

NNNN

NNNNN






















similarly for 
32
 ,  we get   
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    

  

 

  

  

   

   711
111111

1132111321111

1114321112311

117653114321

11543116542

11432111543

1154311154321111

..xf,xd

,xfffxd,xffff,xd

,xffff,xd,xfffff

,xffffd,xfffff,xd

,xfffff,xffffd

,x,fffff,xd,xfffff

,xffffd,xffffff,xdmaxx,x

N

N,NNN

NNNNNNN

NNNNNN

NNNN

NNNNNN

NNNNNNNN
























    

Again 
N
 

321
 are defined as - 

      

 
111321112

1132111111132111112111






NNNN

N,NN,

xfffff,xfd

,xffffxd,xffff,xdmaxxx





 

      

   811
12232111213

1132112212232112213122

..xffffff,xfd

,xffffxd,xfffff,xdmaxxxr

NNNNN

N,NNN,










 

     
    9.1.1,,

,,max

114321111121

5432,111432111,1

xfffffxfdxff

ffffxdxffffxdxxr

NNNN

NNNNNNN








i)

 Then 
N

ffff 
321

 has a unique fixed point 
11

X  

ii) 
14321 NN

ffffff   has a unique fixed point 
22

X  

iii) 
23211  NN,N

ffffff   has a unique fixed point 
33

X  
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iv) 
32112  NNN,N

ffffff   has a unique fixed point 
44

X and so on for 

,X
55

  
66

X  and finally we obtain 
115432

fffffff
NN

  has a unique 

fixed point .X
NN

   

Further
1154343232121


 NNNNN

f,f,f,f,f   

Proof  :  Let us take x10 an element in 
1

X  Now let us define the sequences

       
nNnnn

xx,x,x 
321

 on the complete metric spaces 
N

XX,X,X,X 
4321

 

respectively and the sequences defined on  
N

XX,X,X 
321

as follows 

 
013211

xffffx
n

Nn
     - - - -(1.1.10) 

nNnnNn
x,fx,xfx

313112 
     - - - -(1.1.11) 

nNn
xfx

424 
        - - - -(1.1.12) 

 
nNnN

xfx
1

  for all positive integer n First we take 

133122111 


nnnnnn
xx,xx,xx  and 

1


nNnN
xx  and therefore we take - 

212313

332211






nNnNnn

NnNnnn

xxxx

x,x,x,x





  

Again we can put 

 
NnNnnn

x,x,x,x  
332211

 

if  
1133122 


nNnNnnnn

xx,xx,xx  

 then the inequality (1.1.1) gives 
111 


nn

xx  and by the inequality (1.1.2) we obtain  
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   

 
 

      

       

 
      

nnnnnn

nNnNN

nnnnnnnn

nnnnnn

nn

nn

nNNnNNnn

x,xd,x,xd,x,xdmax

x,xd

,x,xdx,xd,x,xd,x,xd

,x,xd,x,xd,x,xdmax

x,x

x,x

xfffff,xfffffdx,xd

3331222222

1

1222414412223133

122211111222

1322

1322

1132113232121222






























 

        

 
   00

1222

1

4144313311111222

,x,xd,max

x,xd

x,xd,x,xd,x,xd,x,xdmax

nn

nNnNN

nnnnnnnn












 

      

   1311
1

414431331111

..x,xd

x,xd,x,xd,x,xdmax

nNnNN

nnnnnn




 

  

Again substituting 
n

xx
313

  and 
1414 


n

xx  

we obtain from the inequality (1.1.3) 

   

 
 

1333

1333

2233211133321131333














nn

nn

nNNNNnNNNnn

x,x

x,x

xfffffff,xffffffdx,xd 

 

          

     
      

nnnnnn

nNnNNnnnn

nnnnnnnnnn

x,xd,x,xd,x,xdmax

x,xdx,xdx,xd

,x,xd,x,xd,x,xd,x,xd,x,xdmax

4441333333

113334144

13331111133312221333










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        

 
   00

1333

1

1444133112221333

,x,xd,max

x,xd

x,xd,x,xd,x,xdx,xdmax

nn

nNnNN

nnnnnnnn












 

 

         

 
 

1333

1

1444133112221333









nn

nNnNN

nnnnnnnn

x,xd

x,xd

x,xd,x,xd,x,xd,x,xdmax 

 

        
1144411111222 


nNnNNnnnnnn

x,xdx,xd,x,xd,x,xdmax   

Again for  
1444 nn

x,xd  we have, 

        

     1411
11111

1111122213331444

..x,xd,x,xd

x,xd,x,xd,x,xdmaxx,xd

nNnNNnNnNN

nnnnnnnn




 

 

        

       1511
111111411

1222133314441555

..x,xd,x,xd,x,xd

x,xd,x,xd,x,xdmaxx,xd

nNnNNnNnNNnn

nnnnnnnn




 

 

continuing this process we obtain, 

      

     1611
11111222

133312221111

..x,xdx,xd

x,xd,x,xdmaxx,xd

nnnn

nNnNNnNnNNnNnNN




 

          

      

       1711
111112221333

122211111

..x,xd,x,xdx,xd

,x,xd,x,xdmaxx,xd

nnnnnNnNN

nNnNNnNnNNnNnNN








 

and thus we obtain for  
1111 nn

x,xd  
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   

 
 

12111

12111

1132121132111111

x,x

x,x

xffff,xffffdx,xd
nNnn











 

        

       
      

nnnnnn

nNnNNnnnnnn

nnnnnnnn

x,xd,x,xd,x,xdmax

x,xd,x,xdx,xd,x,xd

,x,xd,x,xd,x,xd,x,xdmax

2221111111

1111114441111

1333111112221111











 

        

 
   00

1111

1

1444133312221111

,x,xd,max

x,xd

,x,xd,x,xd,x,xdx,xdmax

nn

nNnNN

nnnnnnnn












 

 

      

   1811
1

144413331222

..x,xd

x,xd,x,xd,x,xdmax

nNnNN

nnnnnn




 

 

 

Now using all inequality (1.1.1) we obtain 

        

     1911
11111

133413331222

2

1111

..x,xd,x,xd

,x,xd,x,xd,x,xdmaxx,xd

nNnNNnNnNN

nnnnnnnn




 

 

Similarly for the other inequality we have, 

        

     2011
11555

134413331111

2

1222

..x,xdx,xd

,x,xd,x,xd,x,xdmaxx,xd

nNnNNnn

nnnnnnnn







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        

     2111
11555

144412221111

2

1333

..x,xd,xd

x,xd,x,xd,x,xdmaxx,xd

nNnNNnn

nnnnnnnn







 

        

     2211
11111444

133312221111

2

1

..x,xdx,xd

,x,xd,x,xd,x,xdmaxx,xd

nNnNNnn

nnnnnnnNnNN







Now by induction, we obtain from the above inequality 

        

   2311
21

231332212212111

1

1111

..x,xd

x,xd,x,xd,x,xdmaxx,xd

NNN

n

nn





 

        

   2411
21

231332212212111

1

1222

..x,xd

x,xd,x,xd,x,xdmaxx,xd

NNN

n

nn





 

          2511
212212212111

1

1333
..x,xdx,xd,x,xdmaxx,xd

NNN

n

nn





......................................................................... 

.......................................................................... 

        

   2611
21

231332212221111

1

12111

..x,xd

,x,xd,x,xd,x,xdmaxxxd

NNN

n

NNN








 

        

     2711
211211

231332212221111

1

21

..x,xdx,xd

,x,xd,x,xd,x,xdmaxx,xd

NNNNNN

n

NNN







 

as  10,  then  01  n
 as n  therefore, 

d1() → 0 
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 

 

  0

0

0

1333

1222

1111













nn

nn

nn

x,xd

x,xd

x,xd

 

......................................................................... 

.......................................................................... 

.......................................................................... 

 

  0

0

1

1111









nNnNN

nNnNN

x,xd

x,xd

 

i.e. The Sequences         
nNnnn

xxxx 
321

 are cauchy sequence. Since 

       
NN

dXdX,dX,dX 
332211

 are complete metric space. So we have  

 

 

 

  

 

where
NN

XX,X,X,X 
432121

  respectively. Now substituting 

n
xx

111
  and 

212
x   we obtain,  

   

 
 

211

211

132121321111213211









,x

,x

xffff,ffffdx,ffffd

n

n

NNNnN


 

      

     
      

21321221111232111

212111113213

111121321221111














NNnnNn

NnNNnnnN

nnNNnn

fffff,d,xxd,ffff,xdmax

fff,xd,x,xdx,fd

,x,xd,fffff,d,x,xdmax







 

   

   

   

NnN
n

nnNNnN
n

nn
n

nn
n

xlim

x;xlim

x;xlim

x;xlim


















11

4433

2211
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For n  we get   0
12143211



,fffffd

N
 which is a contradiction and as 

  0
1213211



,ffffd

N
  Therefore   0

1213211



,ffffd

N
  

121321


N
ffff   

Similarly we obtain that 

232321


NN
fffff   

343211


 NNN
fffff   

4542112


 NNNN
ffffff   

......................................................................... 

.......................................................................... 

..........................................................................
NNN

fffff 
 11432

  

Now we claim that,
1

  is the fixed point of 
N

ffff 
321

 in 
1

X  

   
2

  is the fixed point of 
1432

fffff
N

  in 
2

X  

   
3

  is the fixed point of  
21543

ffffff
N

   in 
3

X  

......................................................................... 

.......................................................................... 

.......................................................................... 

           
N

  is the fixed point of  
1221

fffff
NNN




  in 
N

X  

Now let us take 
n

xx
212

  and 
2113


N

fx  and substituting in (1.1.2) 

we obtain 

 

 
nNNNN

nNN

xffff,fffffd

x,fffffd

2121213212

2213212













 

 
 
 

2121

2121










Nn

Nn

f,x

f,x
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      

   

 
    

 
21321233

12222132122

221432

1222221213

122222132111222























NNNn

nnNNn

nNN

nnnNN

nnnNnn

ffffff,xd

x,xd,fffff,xdmax

xffffd

,x,xd,x,ffffd

,x,xd,x,ffffd,x,xdmax











 

Now let n  and put 
121321


N

ffff   we obtain 

 
   

    
113321212

3213212122

221212











NNNN

NNN

NN
ff,d,ffffdmax

,fd,ffff,d
,ffffd




 Now 

if,     
1133212122


 NNNN

ff,d,ffff,dmax   

   
212122


NN

ffff,d   

 Then we have    
212221212




,fd,ffffd
NNN

  

 
    

    
1133212122

3213212122

221212











NNNN

NNN

NN
ff,d,ffff,dmax

,fd,ffff,dmax
,ffffd






       
3213




,fd
N

 

Again if      
1133212122


 NNNN

ff,d,ffffdmax   

   
 NN

ff,d
133

 

Then similarly we have, 

     
3213212221212




,fd,fd,ffffd
NNNN

  

Again put 
n

xx
331

  and 
3341


N

fx  we obtain, 

   
332433232113




,fd,ffffffd
NNNN

  

and     
33343322113




,fd,fffffd
NNNN

   

similarly we have 
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   
44454431124




,fd,fffffd
NNNNN

  

and    
5555443124




,fd,fffd
NNNN

  and Thus finally we get 

   
212113211

 ,fd,ffffd
NN

  using the above inequality  

   
212221212




,fd,ffffd
NNN

  

       

   2811
221212

1

5435

3

3324

2

3213212

..,ffffd

,fd,fd,fd,fd

NN

n

NNNN













  

as 01 n
 as  10,  we have 

22121


NN
ffff   hence   

22121


NN
ffff   has a fixed point 

2
  in 

2
X . 

 Lastly we show that 
N

 
321

 are the unique fixed point on respective metric spaces. 

 If possible let 
1

  is not unique then let 
1

  is another fixed point then putting 
112


N

fx  and  

111
x  in (1.1.1) we get  

   

    

    
      

    
     
















NN

NN

NN

NNN

NNN

NN

f,fd,,dmax

f,fd,,dmax

f,fd,,d,,dmax

fff,fffd,d

ffff,ffffd,dmax

ffff,ffffd,d

1211

1211

12111111

1431431111

14321432111

132113211111







 

 

      
NNNN

f,fdf,,fd,,dmax,If
12112111
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then we get    
111111

 ,dd  which gives  
11

  

Again substituting  
1131


 NN

ffx  and  
112


N

fx  we obtain 

   

    

   
    

11211113

13213212

111112112

11321113212112

















NNNNNN

NNNNN

NNN

NNNNNN

f,fd,ff,ff,dmax

fff,fffd,f,fd

d,ffff,fdmax

fffff,fffffdf,fd







 

After simplifying we get, 

   
11113112


 NNNNNN

ff,ffdf,fd  

similarly we get----- 

   
11231123411113


 NNNNNNNN

ffff,ffffdff,ffd 
 

.......................................................................... 

   
111132132

 ,dfff,fffd
NNN

  

combining the above inequalities  

   

 

 

 
111

1121124

3

11113

2

112111













,d

fff,fffd

ff,ffd

f,fd,d

n

NNNNNN

NNNN

NN



 

as   010  n,  

   0
111

d  which is a contradiction    
11

  
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which proves that 
1

  is a unique fixed point of  
N

ffff 
321

 in 
1

X similarly we can show that 

121 NN
ffff   has a unique fixed point 

2
  in 

2
X . 

 
2211  NNN

fffff   has an unique fixed point 
3

  in 
3

X . 

.......................................................................... 

.......................................................................... 

And 
131

ffff
NNN




 has an unique fixed point 
N

 in 
N

X  

CONCLUSION 

We observe that the self mappings 
N

ffff 
321

  play an essential role in contraction mapping. 

These mappings are effectively used in finding out the existence of fixed point on the complete metric spaces. 
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