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ABSTRACT: In this paper we have proved the generalized fixed point theorem on complete N-Metric Space
with the help of N-mappings. This theorem generalizes and extends the result of R.K. Jain, H.K. Sahu and B.
Fisher [3], Kikina [2] and chaube, Gupta and Shau [1] from three, four, five metric space to N-Metric Spaces.
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INTRODUCTION: In this paper X,, X, ==+ X, are taken as complete N-Metric Spaces and
fN . Xl—)XZ, fN—l . X2 - X3 ------ f1 . XN —> Xl as N-mappings which are all the
self mappings. The elements of the metric spaces are taken as
X, € X, X,, € X, X,y € X, where the first suffix indicating the respective metric

space and the second one are the number of elements where N € N (Set of natural number).
MAIN RESULT:
Theorem [1.1] Let (Xl , dl), (X2 , dz), (X3 , d3) ------ (XN ,d, ) are N-complete metric

spaces and 1:1 f2 f3————fN are self mappings such that
fo @ X, =X, fi i X,=>X,, f, 1 X, X, oo
f, X L,2oX, 6L X=X, X, >X

Satisfying following conditions

o B, (X %)

dl (fl fz 1:3 """ fN—l Xo1s f1 fz f3 """ fN Xll) Y (X11’X21) (1'1'1)
aB, (X, %)

dz fN fl fz fs """ fN 1 Xa fN fl fz f3 """ fN—l Xy ) < i 112

( ) 7> (X21 1 le ( )

ds (fN—l fN f1 fz fs """ fN—3 Xt fN—l fN fl fz fs """ fN—2 )(31)S aBs (XSUXM) (1'1'3)
Vs Kopr Xy

P, \Xy1s X5
d4 (sz fN—l fN f1 fz fa """ fN-4 X51’fN—2 le fN f1 fz f3 """ fN )(41)S B ( ) (1'1'4)

Y4 X41’ X51

continuing the same process we have the relative result for N™ complete metric spaces
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G'BN (XN1’X11)
dN fz fs f4 """ fN—l fN 17 fN fN—l """ f3 fz fl Xy1) < 1.1.5
( 8 ) T (XNl’Xll) ( )
V X, € X, X, € X,, X, € X,ooeee Xy, € Xy
and oL € (0,1), Also B, B, By and y,, ¥y, Yarroree Y, indicated in above inequality are defined
as follows,
Y1 (Xn’ le);to’ Yz(le’xsl)io """ Ys(xsw X41)¢0 """ Tn (XNl’Xll)io
Bl (X]_’l’ le): max {dl (Xn’ fl fz fs """ fN XNl)’ dN (fz f3 """ foz fN—l Xo1s
fz fs """ fN 1 fN Xll)’ dl (X11! f1 fz fs """ fN XNl)
dN—l(f3 1:4 fs """ foz X310 f3 f4 """ fN—l fN X11)’
dl (Xu’ fl fz fs """ fN Xll)’ dez(f4 f5 fe """ fN—l X1
f, oo f X11) ...... d, (xﬂ, £ f, f,oeme f. le)’
dz (X21’ fN Xll)} (1-1-6)
similarly for 3,, B+ we get
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By Xy x,)=maxid, (x,,, f, f, f, foooe by £ x ) duy (F, F, fon £y X,
f,of, foooee ff, XNl),dN(XNp £, f, f oo ff, XNl)’
d,, (f4 £, fy oo foox,, f, f, o fof, le),
d, (XNl’ f, o, f, e ff XNl),ng (fs ff e fox,.,
fof f e f, 1, XN_M), d, (XN_l’ £, f, £, . XN_“),
d, (Xw £ f, oo f, Xll),dN (XN1 £, fy e f Xu),
d, (x,. f, x,,,) (L.1.7)
AGEIN Y, Y, Yo+ -7, are defined as -
Vs (Xn, le): max {d, (Xn’ fof, £ o f . XN_M), d, (Xu fof, £ f Xu)’
d,(f, x,, fy £, f, feee f X))
r, (X, X,,)=max {d,(x,,, fy f, f, f,-f, X hd, (%, f F, fooee fy %),
d, (foy %0 fuy Fu o £y fooee fy X)) (1.1.8)

e (Xns %)= max {dy (Xyq, f, 5 F,oee f X ) dyy (yy Fp Fy Fy Fooeeee
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N PEETREE f,_, has a unique fixed point o, € X, and so on for
o, € X,, o, € X, and finally we obtain f, f, f, f - f,, T, f, hasa unique

fixed point Ol € XN .

Further f, o, =a,, f, o, =0a,, f,_, o, =a

Proof Let us take x50 an element in X1 Now let us define the sequences
{Xln}, {in}’ {X3n} ------ {XN n} on the complete metric spaces X,, X,, X,, X, == Xy
respectively and the sequences definedon X, X,, X ----- X, asfollows
Xn = (fl fz f3 """ fN )n X ----(1.1.10)
X, = f, X, X, = f., X, ----(1.112)
X = Ty X, S---(1112)

Xyn = fl Xy n for all positive integer n First we take
Xn Z X X, FX 0 X, FX ,and X, # X, andtherefore we take -

Xip = Oy X, = 0, 5 X5, = Oy, e Xyn = Oy
Xgnn = Xy 700 Xt = XN ne2

Again we can put
Xjp = Oy X, = Oy X, = Oy Xyn = Oy

if Xon = XKnar Ko = X Xn T Kna

then the inequality (1.1.1) gives X, . = X ., and by the inequality (1.1.2) we obtain
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dz (Xz X, n+1) d (fN 1:1 fz fs """ fN 2 Xgnas fN fl fz fs """ fN—l Xln)

_ 0B, (%)
YZ (XZ X3nl)

o max {dZ (X2n 2n+l) (Xl n-11 n)’ d2 (XZn’ X2 n+1)’
d3 (Xan—l’ X3n)’ dz (XZ n? X2 n+l )’d4 (X4n—1’ X4n) """ d2 (XZn’ X2 n+1)’

dN (XN n? XN n+l)}

< max {d, (in,XZH), d, (X“, X2n+1), d, (x3n, XSn)
o max d, (X, , %) 10, (Xss X b Ay (Karys Xao ) Oy (Xyngs Xo )
< dN (XNn’ XN n+1)}
< max {O’ dz (XZn’ X2n+l)’ 0}
< o max {dl (Xln_l, Xln), d, (Xsn_l, Xsn), d, (X4n+11 X4n) ......

dN (XNn’ XNn+1)} (1113)
Again substituting X,, = X, and X,, = X,

we obtain from the inequality (1.1.3)

d3 (Xsn’ X3n+1): d3(fN—1 fN fl fz fs """ fN—3 X3n10 f f f f f """ f -3 fN—z XZn)

. max [d3 (X3n’X3n+1)’ d2 (X2n1 X2n+1)’ d3 (XS 3n+1) (Xln—l Xl ) d (XSn’ X3n+l)’

IN
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a max [d3(x3n ! X3n+1) {dZ (X2n ! X2n+1)' dl (X3n ) X3n+]_)l d4 (X4n ] X4 n+1) """

dy (s )]

: max {01 d3 (X3n’ X n+1)’ 0}
o max [dS(XSH X3 n+1)’ {d2 (X2n X2 n+1)’ dl (X3n X3 n+1)’ d4 (X4n X4 n+1) °°°°°
< dN (XNn’XN n+l)}]
a d3 (XSn’ X3n+l)
S a max{dZ (XZn’ X2n+1)7d1(xln7xl n+1)’d4 (X4n’ X4 n+1) ...... dN (XNn’ XN n+l)}
Again for d4 (X4n y X, M) we have,

d, (s Xe s ) <amax{d, (X, ., X o) Ay (% 00 X, o) 00X ,0 X g )oeee

dN—l (XN—l n? XN—l n+1)’ dN (XN n? XN n+1) (1114)

Ao (X0 Xepo) < 00 max{d, (X, ., X, o) 0y (Ks0s X0 ) Ay 06 00 X, )

d1 (Xln’ X4 n+l)’ dN—l (XN—l n’? XN—l n+1)’ dN (XN n’? XN n+1) (1115)

continuing this process we obtain,

dZ (XZ n? X2 n+1) dl (Xln’ Xl n+l)} (1116)
dN (XNn’ XN n+l)S a max{dN—l (XN—l n ! XN—l n+l)’ dN—Z (XN—Z n?! XN—Z n+1)’

dN—S (XN—B n’? XN—3 n+l) ...... d2 (XZn' X2 n+1)’ dl (Xl n’? Xl n+1) (1117)

and thus we obtain for d1 (Xl nr X n+1)
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<
B max {dl(xln Xln) dl(xln Xlnl) dZ(XZn! XZn)
o max d, (%, s X ) {0, 06 0 X0 ) Gy (X0 s Xama ) G (X s X oo
dN (XNn ! XN n+1)}
<
max {0, d; (x,, X,.) 0}
< amax {d, (X, X, 0 ) A3 06,0 X (s Xep )

dy (%00 X)) (1.1.18)

Now using all inequality (1.1.1) we obtain

d, (Xm X, n+1) <a’ max{d2 (x2 X, M), ds(x“, xam), d4(x3n, XSM), ......

dN—l(XN—l n? XN—1n+1)’ dN (XNn’ XN n+1)} (1119)

Similarly for the other inequality we have,

d2 (XZn’ X2 n+1) S (X’Z ma'x {dl (Xln 1 Xl n+1)’ d3 (XBn’ X3n+1)’ d4 (X4n’ X3n+1)’

ds(XSn, x5n+1) ------ d, (XN Xy M)} (1.1.20)
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d, (Rens Xep b Gy (K X)) (1.1.22)
Now by induction, we obtain from the above inequality
d, (x,,%,.) < o™ max{d, (x, , x,) , d, (%, %) (% %)

dy (X0 X0, )} (1.1.23)
d, (sz sz) < o™ max{d1 (x]1 , xlz), d, (x21, ng), ds(xsl, st) ......

dy (Xu s X0 )} (L.1.24)
d3 (XSn’ X3n+l) S a”_l max{dl (Xll X12) d2 (XZl X22) ...... dN (XNl XNZ)} (1 1 25)

dN (XNl’ XNZ) S aﬂil max{dl (Xll ! XlZ)’ d2 (X21’ X22)’ d3 (XSI’ X32)’

N-1 (XN+1 ' XN—lZ) dN (XNl ' XNZ)} (1'1'27)

as ol € (O, 1) then 00" —> 0 as N —> o0 therefore,

di) —0
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i.e.  The  Sequences {Xln} {in} {Xsn} ------ {XNn} are cauchy  sequence.  Since

(X1 dl), (X2 dz) : (X3 d3) ------ (XN dN) are complete metric space. So we have

lim X, f—>a, ; K.f—> o,

n—oo

lim {Xsn}_>0('3 , {X4n}_> A,

n—oo

Iim {xN_ln}—>ocN_l; {an}—> o,

n—oo

whereot, OL,++-- a, € X lign )Xlam X7+ Oy, respectively.  Now  substituting

I1h-S5a2?

X, = X,and X,;, = O, weobtain,

d1 (f f, £y fN—l OLz’X1n+1) = d1 (fl fz f3 """ fN 10, fl fz fa """ fN XlN)

aB, (x,, a,)

S }\’1 (Xln’azj

ocmax{dl (Xln J X1n+1)’ dz(aw fN fl fz fs"' fN—l az)’ dl(xln’xln+1)’

d3(fN—l Ay, Xsn) """ dl (Xln J X1n+l)’ dN (XNn J f1 fz """ fN—l OLz)}

: max {dl (Xln’ f1 fz f3 """ fN az)’ dl(xln X1n+1)’ dz(OLz’ fN fl fz 1:3 """ folaz)}
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For N— oo we get d, (fl f, f, - f. OLZ,OLl)g O which is a contradiction and as
d, (f f, f--me f o, ,0,)>0 Theefored, (f f, f---- f, o,,0a)=0
= f f, i fuao, = o

fN f1 fz fs """ fN—2 o, = Q,
fN—l fN f1 f2 """ fN—3 a, = a4,
fN—2 fN—l fN f1 fz """ fN—4 o; = A,
.......................................................................... f, f, oo f, T, 0, = a
Now we claim that, O, is the fixed pointof f, f, f ------ f, in X,

oL, is the fixed pointof f, f, f, .- f, f,in X,

oL, isthe fixed pointof f, f, f ------ f, f, f,in X,

o, isthe fixed pointof f, f  f ===+ f, f, in X,

Now letus take X,, = X, and X;, = fN_l QL, and substituting in (1.1.2)

we obtain

dz (fN fl fz f3 """ fN—l a,, in)

a Bl (XZn’ fN—l aZ)
<
Y1 (XZn’ fN—l a’Z)
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max{dz (in X, n+l) dl(fl fz fs """ fN—l a, in) dz(xzn X2n+l)’
ds (fN fl fz """ fN 1 %y XZn) """ dz (XZn X, n+1)’
dN (fz f3 f4 """ fN—l o, XZn)}
<
B max{dz (XZn J fN fl fz fs """ fN—l az)’ dZ(XZn ’X2n+1)
da (X3n’ fN 2 fN fl fz f3 """ fN—l O(2)}
Now let N —> o0 and put fl f2 f3 ------ fN , O, = 0O we obtain
dz(fN f1 f2 ...... fN L a, az) < OLd:z (OCZ, fN f1 fz """ fN—l OLz)’d3 (fN—l OLZ’Ota)NOW
max{dz(fN fl fz """ fN—l o, ’da ((13 1 fN—l fN al)
if max{d2 (G'Z’fN f1 f2 """ fN—l az)’ d3 (OL3 1 fN 1 fN al)
= U (OL2 fN f1 fz """ le az)
Then we have = d2 (fN f1 f2 ------ fN A, OLZ)—d2 (fN a,,o,
d, (fN fof, f, o, az)f o max {dz (az’ fy f, £, fus 0(2), d3(fN—1 &y, OL3)}
max {dz (0(,2, fN 1:1 fz """ fN—l a, !d3 (aal fN—l fN al)}
<a ds (fN—l Oy, 0(,3)
Again if max{d2 (OL2 fN f1 f2 ------ fN_l OLZ), d3 (0L3 , fN_l fN Otl)

d2 (fN fl f2 ..... fN—l (X‘Z’ aZ): dZ(fN a’l’a2) S adB (fN—l aZ’a.?a)

Againput X;, = X, and X,, = fN_3 O, we obtain,

ds (fN—l fN f1 fz f3 """ fN—2 Og, as)g a‘d4(fN—2 OL3,OL3)

and ds (fN—l fN fl fz """ fN—2 Oy, 0L3)< a’d4(fN—3 Oy, OL3)

similarly we have
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d4 (fN—Z fN—l fN f1 """ fN—3 Olys O('4)S O(‘ds (fN—4 Oy 0L4)
and d, (f,, f_ - f, o, a,)<od (f_ o.,0) ad Thus finally we get
dl (fl f2 f3 ------ fN a,, ocl)g OLd2 (fN a,, OLZ) using the above inequality

dz (fN f1 fz """ fN—l a,, az): dz (fN al’a‘Z)

d2 (fN a‘l’(x‘z) S a‘dS(fol az ! G’S) S (x'zd4 (fN72 aS’Q‘?») S a3d5 (fo3 a4’a5)

<o"d, (f, f £, f, o,,0,) (1.1.28)
sat>0aoe (0,1) we have fN 1:l f2 ------ fN_1 o, = A, hence
f, f, f--n f,, o, =0, hasafixed point oL, in X,.

Lastly we show that O, OL, Oly-=---- Q,, are the unique fixed point on respective metric spaces.

If possible let O, is not unique then let OL; is another fixed point then putting X,, = fN o, and
X, = OL; in (1.1.1) we get

dl(a’ OL’) = d1 (f fz fs """ fN Ay, fl fz fs """ fN ai)

o max {dl (051, OL;) dN (fz f3 1:4 """ fN Oy fz 1:3 1:4 """ fN OL;)
d, (Oﬂi’ 0‘1) d, ., (f3 foeee fooy, f, f o f a;) ...... }

<

) max {d, (o}, o), d, (o , o), d, (f, o, f, @)}

IA
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thenweget d, (o, o) < o d, (o , o) whichgives o, = o

Again substituting X,, = f ., f, o and X,;, = f o weobtain

d, (fyo, f, o)< d, (f, f, f, f,-oeef 0, f f f, fooen iy al)
amax {d, (f, al, f, f f,--f  al) d (o o)
d, (f o, foal), d, (f, fooeef o, £, foeee o

)
{max d3 ’(fN—l fN a’;. ! fN—l fN a‘l)’ d2 (fN al ' fN a’i))

After simplifying we get,

d2 ( fN al’ fN a;.) S ad?: (fN

-1

combining the above inequalities

dl (al 1 a‘;.) S a’d2 (fN a’l ! fN a’;.)
< azds (fN—l fN OL; , fN—l fN al)
< o’ d4 (foz fN 1 fN OL; ’ foz le fN al)
< o” d1 (a‘l ) OLQ)

as ae (0,1) a" —> 0

d, (OL1 oc;) < 0O whichisacontradiction —=> o, = o
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which proves that 0., is a unique fixed point of f, f, f .- f, in X_similarly we can show that
f, f, £ f,,_, has a unique fixed point oL, in X, .
fN_l fN f1 f2 ------ fN_2 has an unique fixed point O, in X3.
and f, f., f,,————T, hasanunique fixed point ct, in X,
CONCLUSION
We observe that the self mappings f1 f2 f3 ------ fN play an essential role in contraction mapping.

These mappings are effectively used in finding out the existence of fixed point on the complete metric spaces.
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