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Abstract: This paper deals with the evaluate of the fractional integrals involving Saigo
operators of the product of the Srivastava’s polynomials and the N-function containing
the factor 2*(z* + c¥)~7 in its argument. Some interesting special cases are derived. The
results given by Chaurasia and Gupta [1] and Saigo and Raina [11] follow as special cases
of the results proved in this paper.
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1. INTRODUCTION AND PRELIMINARIES

Let «, 8 and ) be complex numbers, and further let x € R , = (0,00). Following Saigo
[10], the fractional integral (& («) > 0) and the fractional derivative (R (a) < 0) of the

function f(z) on R ; are defined by
z—oh

(18078) @) =y [ =0 e+ 5 =1 = 4/0) f(0d (R (@) > 0): (1)

= j—;[g:kﬁ_m_kf, R () <0,k =[R(—a)] + 1, (1.2)
a,b,m _ 1 = a—l;—a— - e .
(I—B f) (m)m/x (t—%) t B2F1<05+57_7770471_x/t)f(t)du(%(&)>0)7
(1.3)
_ (4)‘@%12%5—“ £ R(a) <0k = [R(—a)] + 1. (1.4)

It can be easily seen that the Riemann-Liouville and Erdélyi-Kober fractional calculus
operators are special cases of Saigo operators. In what follows the symbol T’ [gg;] will

represent the fraction of the product of gamma functions %

The general class of polynomials is defined by Srivastava [18, p.1, Eq.(1)] in the following
manner:

fw/u]
Sule] =" ( ?“sAw,sxS, w=0,1,2,... (1.5)
s=0 ’

where u is an arbitrary positive integer and the coefficients A, s (w,s > 0) are arbitrary
constants, real or complex.
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The series representation of R-function is introduced by Chaurasia et al. [2] as follow:

- (@5, 05)1 5w [Ti (@i Qi) iy QL (0) ¢
R [ <bJ7BJ)1m7"'7 [T (bji76ji>]m+1 i =Dk th 1 T (2) ",
(1.6)
with ( = %,pi < @i, |2| <1 and
by + 6;O) I I' (1 —aj — «;
05, (€)= T b (17

> i1 TZH? m—l—lF (1= bji — B Q) T, T (@i + jiC)’
The existence of the R-function defined on (1.6) depends on the following conditions.

o >0, larg(2)] < ggpl, l=1,..r, (1.8)
and
T
o >0, |arg(2)] < 50 l=1,..,7 R +1<0, (1.9)
where
=Yoot 3 -n( 3 et 3 ) (.10)
j=1 J=1 Jj=n+1 Jj=m+1
and
m n q b 1
¢ = ij =24 +7 (Z b, — Z ajl> + 5 (p—q), L=1,...r (1.11)
7j=1 7j=1 j=m+1 j=n+1

For the convergence conditions and other details of Aleph-function, (see: Siidland et al.
[20], [21]) and is defined in terms of the Mellin- Barnes type integrals as following manner
(see, e.g., [14], [15])

Remark 1.1. On setting 7, = 1(¢ = 1,...,7) in (1.6), yields the I-function due to Saxena
[13], defined in following manner:

(@, )y s oo (i, i) ,
e _ N N7 P n n+1,p;
DiqiiT [ ] Pi, qzlr[ ] Pisqi; 15 |: (bj75j>1,m7“"[(bji’ﬁji)]m—l—l,qi
]- m,n —C
= % . Qpi,qi,l;r (C) z dg (112)

Remark 1.2. If we set 7, = 1(¢ = 1,...,7) and r = 1, then (1.6) reduces to the familiar Fox
H-function [3]:

Disqi,151 Piyqi>151

H™ 2] = N0 2] = R [2

(CL ,CY ) :| 1 m,n —¢
( jv 5;) / QPiaQi,l;l (C) z dC (1.13)

2m

are the kernel Q" ({) can be obtained from (1.7).

Pisqi>151

A thorough and wide-ranging account of the H-function is obtainable from the mono-
graphs written by Kilbas and Saigo [4], Mathai et al. [6], Prudnikov et al. [7] and
Srivastava et al. [19].
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For our purpose, we recall the generaliged hypergeometric series defined by (see: [5, 8]):

qu |: %i::gp, Z:| - Z ((Cgll))n(((;pinzl = PFQ(a17"wap;ﬁla-”aﬁq;z), (114)
q» 0 n q)nTV:

where (A),, is the Pochhammer symbol defined (for A € C) by

1 n=0 I'A+n)
()‘>”:{)\()\+1)...(A+n—1) eN =125 .. =Ty AT/
(1.15)

and Z o denotes the set of nonpositive integers.

2. FRACTIONAL INTEGRAL FORMULAS

We now establish, if

Piqi,Ti;

F(E) = P (# 4 FY PGyt + K)o [ztmk Ly

where

s1=(aj, ) s (Ti (@i, i) iy e
and

2= (b5 Bi) 1 m s - (Ti (bgis B5i) ) o1 guor

then, we have following relation:

Theorem 2.1. Let R(a) > 0, A > 0, k = 1,2,3,...,¢ is a positive number and p is a
complex number, then there holds the relation

o m
(55°1) @) S VBt g
0+ S[ '/Bh CR Piqi,TisT
s=0 p=0 h=1

T+ 1)IN(T+n—06+1)
-3+ T+a+n+1)
pt+uvs—08CAKkT+1),Ak,T—B+n+1);
Xok41Fok —Z |, (2.2)
Ak, T+1-05),Ak,T+a+n+1),
where T'= X4+ pus — h¢ and R = kp + kvs — kd(.

The result (2.2) is valid for ®(a) > 0, R <)\ + pus + hb—’> >0, |largz| < T" (7/2),T" > 0,

T'=3 o+ Bi— (Z] L1 QD /le> > 0. Also c is a positive number
and p, i, v, h,d are complex numbers, k = 1,2,3,...,u is an arbitrary positive integer and
the coefficients A, s(w,s > 0) are arbitrary constants, real or complex. Here, A(k, )
represent the sequence of parameters

a a+1 a+k—1

kok T k ’
and op11Fok(+) is the generalized hypergeometric function, defined in [5].
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Proof. Let £ be the left-hand side of (2.2). using (1.5) and (1.6), applying (2.1) to (1.1),

we find as: o
e (_1)p(_w)usAw,sySZﬁC m,n
5 9 3 Pt =D SRR ST
s=0 p=0 h=1
X xp(@) / (x — ) LR (a+ B, —n; a; 1 — t /o)A Hshe ik ky=(prvs=6 g (2.3)
0

using the Gauss function and series formula (t* 4 c*)=° = ¢k 5 =0 q, < CZ) in (2.3),
we get

7 —1 p —w usAwS SZ m,n
SIS eyt
s—0 p=0 h—1 PP
A Dy P Gty o g (0805 2 00y agpranei) (L)'
I'(«a) (@), n! | ¢
n=0 n =0 !

% /m t>\+M3*hC+kCI(x _ t)a+n71dt7
0

Interchanging the order of integration and summation, this is valid under the given con-
ditions, and evaluates the inner integral by means of the formula

/m t>\+kq (a; _ t>a+p—1 — xa+>\+p+qu (a +p) r ()‘ + kq + 1> (2 4)
0 F(a+p+A+kg+1)’ ‘

with the little simplification, we obtain

(_1)p<_w)usAw sY°zT ¢

[w/u] co m

- J T ﬁan
s=0 p=0 h=1 S!p!ﬁth DirGis m(C)
XZ (a+5), Z p+vs—(5C) (T +1+ kq) x_k q s

with a employmg Gauss Theorem and multiplication formula, Rainville [9, p.49, 24-29] in
equation (2.5). we obtain the right-hand side of (2.2). O

Theorem 2.2. Let R(a) > 0,\ > 0, k = 1,2,3,...,¢ is a positive number and p is a
complex number, then there holds the relation

a,p, L& usAw Syszich A
(12075) (o) = 30 30 30 e i ()
s=0 p=0 h=1
I(B-T)'(n-T1)
I'-TI'(a+8+n-T)
p+uvs—0CAkTH+1),AkT—a—F—n+1)

X ok+1F ok, -z |, (2.6)

Ak, —n+1),A(k, T —p+1);
Here ¢ is a positive number and p, ju,v,h,d are compler numbers, k = 1,2,3,..., The
result (2.6) is valid for R(a) > 0, R ()\—i-,us—l— h%) > 0, largz| < T"(w/2),T" > 0, u
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is an arbitrary positive integer and the coefficients A, s(w,s > 0) are arbitrary constants,
real or complex.

Proof. Let £ be the left-hand side of (2.6). using (1.5) and (1.6), applying (2.1) to (1.3),
we obtain

[w/u] c0o m

usAws 5276 m.n
t= Z ZZ s'p'Bh = Qe imisr (€)

s=0 p=0 h=

1 [o¢]
“Tla) / (t—2)* PR (a+ B, —n; a5 1 — a/t) (k4 F) Tt g (2.7)
« X

and express series expansion for the Gauss function and (tk + ck)_p , then interchanging
the order of integration and summation, this is valid under the given conditions, and
evaluates the inner integral by means of the formula

o _ B I'(a+n)T(B8—X—kq)
prmamBontka (p _ gyetnTl gy — gtk : 2.8
/m t-2) ! '(a+B+n—X—kq) (28)
and, also using the relation (o), = %, further employing Gauss Theorem and multi-
plication formula, we obtain the right-hand side of (2.6). O

If we set h = § = 0 in equation (2.2) and (2.6), then we obtain following new results:

Corollary 2.3.
(1677 (2@ + ) esulyar(ah + &) 7)))

B G 1 P () s - DOty
cv (

ilr s! T\ +ps— B+ )I(A+ps+a+n+1)

p+uvs, Ak, A+ pus+ 1), Ak, N+ pus — B+n+1);
X ok41 For -7 | (2.9)
Ak, AN+ pus =0+ 1), Ak, AN+ us+a+n+1);

Corollary 2.4.
(1277 (2 (@ + ) P Silyar (e + ) )

2 (cw)w Ay’ (x_“> L(8 = A — ps)T(n — A — pis)
cho L s! ) T(=A—pus)I'(a+B+n—X— pus)
p+U$7A(ka>‘+MS+1)aA(k7>\+M‘9_a—ﬁ_n+1)7
Xok+1F2 - |- (2.10)
Ak, N+ ps —n+ 1), A(k, A+ us — 5+ 1);

ol
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3. INTERESTING SPECIAL CASES

(I) When 8 = —a, the operators (1.1) and (1.2) coincide with the classical Riemann-
Liouville fractional integrals of order a € C with and = > 0 (see, e.g., [12]):

1 X
(o7 "f) (@) = (I5.f) (1) = = [ (z =) f(t)dt, (3.1)
['(a) Jo
[w/u] co m _
—1)P(— usAws s ¢ aym.n
(](?Jr ) (x) B =0 20; ( ) ( S!l;!)ﬂh037 22 IT+ sz‘:qz',Ti;T <<)
C(T 4 1 p+uvs—06CAk,T+1); )
F(T(+Z+)1)k+1Fk - | (3.2)
Ak, T+1-7);
and . -
(170 0) @) = (1) @) = s [ (6= pioy (3.3
[w/u] oo m _
e (_1)p(_w)USAw7SySZ CgTe m,n
(I—f) (z) = o pz; ; slpl B, R QPini:TiQT (€)
o p+uvs—030CAk,T+1);
X%]ﬁ_lf:}g _acc_: . (34)

(k, T —p+1);

(II) When g = 0, in (1.1) - (1.2) yields the so-called Erdélyi-Kober integrals of order
a € C with and z > 0 (see, e.g., [12]):

(1571) @) = Uuf) (0) = oy [ (@ =00ty (35
[w/u] co m _
(—1)P(—w)usAw sy°z < o
(15a5) ()= 3 323 It = nen
p+uvs—0CAkT+n+1);
IT+n+1) v Fe —:ﬁ—: ’ (3.6)

LT +a+n+1) Ak, T+ a+n+1);

and
n o0
(1227f) (@) = (Ko f) (2) = F‘fa) / (t =)™ f (b, (3.7)
[w/u] oo m _
_ (_1)p(_w)usAw78ysz CxT m,n
(Kn,af) (z) = - ; ; s!plBycR Qpi,qi,n;r (€)
T(y—T) p+uvs—0CAkT—a—n+1);
)3 _a*
Cla+B+n—T)"""" Ak, T —n+1); : .
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4. CONCLUSION

We have established two new integral relations involving the product of the Srivastava’s
polynomials and the N-function. We can also derived analogous result in the form of
Riemann-Liouville and Erdélyi-Kober fractional integral operators, which have been de-
picted in corollaries. In another direction, using remark (1.1) and (1.2), we can also
find the numerous result in the form of I-function and H-function. Therefore, the re-
sults presented in this article are easily converted in terms of a similar type (1, 11, 16,
17) of new interesting integrals with different arguments after some suitable parametric
replacements.
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