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Abstract: Let n > 2 be any fixed positive integer and § denote
the trace of symmetric skew reverse n-derivation 4:R" —R,
associated with an antiautomorphism o .Let | be any Ideal
of R(1If R is non commutative prime ring such that
[6(),a" (X)]=0, for all x e | then 4 = 0in R.(2)Let R be non
commutative semiprime ring such that ¢ is commuting on |
and [6(X).0'(X] €Z(R), for al x e | then
[6(X),a (x)]=0foralxel.
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1. INTRODUCTION

The concept of reverse derivations of prime rings was
introduced by Bresar and Vukman [2]. Relations between
derivations and reverse derivations with examples were
given by Samman and Alyamani [17]. Recently there has
been a great deal of work done by many authors on
commutativity and centralizing mappings on prime rings and
semi prime rings in connection with derivations, skew
derivations, reverse derivations, skew reverse derivations

[ 1,4-6,7-12,15-17,19-22]. Vukman [19-22], Mohammad
Ashraf [1], Jung and Park [7] have studied the concepts of
symmetric biderivations, 3-derivations, 4-derivations and n-
derivations. Ajda Fosner [5], Faiza Shujat and Abuzaid
Ansari [17], Jayasubba Reddy et.al [8] and Basudeb Dhara
and Faiza Shujat [4], Yadav and Sharma [22] have extended
and studied the concepts of symmetric skew 3-derivations, 4-
derivations and n-derivations. Recently Jayasubba Reddy
et.a, [9-12] have studied the concepts of symmetric skew
reverse derivations. Inspired by these works we have made
an attempt to introduce the notion of symmetric skew reverse
n- derivations and prove some properties, which may be a
contribution to the theory of commuting and centralizing
mappings of prime rings and semi prime rings.

2. Preliminaries

Throughout this paper R will represent aring with center
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Z (R). Let nbe any integer. A ring R is said to be n- torsion
freg if foral x,y e R,nx=0 =x=0. Recal that aring R
issaidtobeprime, ifaRb=0, V a, b € R = either a=0 (or)
b=0 and a ring R is said to be semiprime, if aR a = 0,
vV ae R= a=0. Let usdenote the commutator xy - yx by
[ x, vy ].In this paper we extensively make use of the
commutator identities[ xy ,z]=[x,z]y+x[y,z] and
[x,yz]=[x,y]z+y[Xx,Z].Let] beany non-empty two
sided ideal of R. Then the mapping 8 : R>R issaid to be
commutingon |, if [ 6(x),x] =0, V x e | and centralizing
onlif,[6(x),x] € Z(R), V x e |. An additive mapping
D:R—R is called a derivation if, D(xy)=D(x) y + x D(y)
holds V X, y € R and is caled a reverse derivation, if
D(xy)=D(y) x + y D(x) holds V x,y e R. An additive
mapping D:R—R is caled a skew derivation (o-derivation )
associated with an automorphism o if, D(xy)=D(x) y +
o(x) D(y) holdsV x,y € Randiscaled symmetric skew
reverse derivation (o - derivation) associated with an
antiautomorphism o if, D(xy)=D(y) x + o' (y) D(x), holds
VX, yeR

Definition. 2.1. Let n> 2 be any fixed positive integer and a
mapping A : R" »>Rissaid to be symmetric  (permuting),
if the equation

A(xl,xz, Xgye Xp) = A(x”(l) , x”(z),..., x”(n))

V X; € Randfor every permutation ne S, the Symmetric
permutation group of order n.

holds

Definition.2.2. Let n > 2 be any fixed positive integer and a
mapping 8:R—R is defined as 8(X)= A(X,X,X;....,X) ,where
A:R" >R, iscalled the trace of the symmetric mapping A.

Definition2.3. An n — additive mapping A: R" >R is said to
be symmetric skew n — derivation, associated with an
automorphism a, if for every i =1, 2, 3..., n and for al

mapping

X > A(Xq, Xo e Xj_1: X0 X0 Xn) IS @ skew

xl,x2,....xi_l,xi+1,....xneR, the

derivation of R associated with the automorphism o . In
particular, for al X,Y,Xq,Xp,. Xj_1,Xj 1, Xn€R
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A XX 109X =
AXy Xy een X 1, XX g0 X, ) Y
+a(X) A(xl,xz,...,xi_l, y,xi+1,...,xn).

Definition.2.4. An n— additive mapping A:R" >R is said to
be symmetric skew reverse n — derivation, associated with
an antiautomorphism o, if for every i=1,2,3...,n and for all

mapping

.Xp) is a skew reverse

xl,x2,...,xi_l,xi+l,...,xneR, the
X = A(xl,xz,...,xi_l, XX 10
derivation of R associated with the antiautomorphism a”. In

particular, for al x,y, xl,xz,...,xi_l,xi+l,...,xneR,
A(xl,xz,...,xi_l, xy,xi+l,...,xn) =

A(xl,xz,...,xi_l, y,xi+1,...,xn) X +

a* ) A(xl,xz,...,xi_l,x,xi+1,...,xn)

Further, A(O,xz,xz,...,xn) :A(O+O,x2,...,xn)

= A(0, x2,x3,...,xn)+A(O,x2,x3,...,xn). Hence
A(O,xz,xs,...,xn) =0

= A(xl—xl,xz,xs,...,xn) =0

= A(xl, x2,...,xn) +A(-xl,x2,...,xn) =0

= A(-xl,xz,...,xn) :—A(xl,xz,...,xn)

Clearly, A is an odd function if n is odd and is an even
function, if niseven. If A: R" »R isasymmetric map which
is n — additive then the trace 8 of A satisfy the relation:

S(X+y)= COA(X, Xy yeeey x)+ClA(x, X,y eeer X1Y)
+02 AKXy ey XoY) + o +

CrA(XX,...,nr times y,y,...,I-times) +... .+
ChAWY, Y, YseenrY)

ies(x+y)= CO5(x) + ClA(x, X,y Xy eey X,Y)

+ 02 A X,y XoY) +ot

CrA(XX,..,nr times y,y,...,I-times) +....+

Choy), Vx,y € R

For symmetric biderivations 6 satisfies the relation
S(X+Y)=8(X)+2A(X,y)+5(Y),V Xy e R

For symmetric 3-derivations & satisfies the relation
S(X+Y)=8(X) +3A(X,X,Y) +3A(X,V.y) +5(Y),

VX,y e R

For symmetric 4-derivations & satisfies the relation:
S(X +Y)=6(X) + 4A(X, X, X,Y) + 6A(X, X,Y,Y)
+4A(X, Y, y,y)+0(y) vV X,y € R.
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For convenience let us define 5(x +y) asfollows:

n
S(x+y)= rgo cr fr(xy).

n-1
=0(X)+ Zlcr fr(xy)+3(y) ,V X,y € R,where
r=

fr (X)) = A(XXX,...,n-I times, yy,y,...,I times),

n!
a r!(n—r)!'
Example2.5. Let Fbe afield and o be an
antiautomorphism of F

Suppose that R:{ [3 ﬂ:x,ye F}. Clearly, theset R

of al 2 x 2 matrices w.r.t matrix addition and matrix
multiplication is a commutative ring. Let us define a map

*
o« R->R suchtharca*([x yD{“ () O]X,YGF.
00 0 O

Obviously o is an antiautomorphism.

X Y
Next let us denoteA :L')( CI)(} € R, k=1,23...n.
Now let us define a mapping A: R" —R such that

A(Al'Az""’Aan a (x)a (>(<)2)...a (Xn)}

* l * *
A(AlAiAz,...,An){g @ (gx)a éXZ)---a (Xn)}

0 o () ()a (xp)-r (%)
0 0

{0 a*(x%)a*(xz) ,,,,,, a*(xn)}{xl yl}{o o} and

0 0 0 0 00
o (ADAA,L A, A.)

_|0 " 0g)a’ (e (x,)..a (%)
0 0 '

AAAT AgynAp) = AT, Ayt ApAq

+a* (A%)A(Al,AZ,...,An). Hence from the aboveit is

clear that the n— additive map A is a symmetric skew reverse
n — derivation associated with an antiautomorphism o*.

Now let us quote some important lemmas, which are useful
in proving the main results. .

Lemma. 2.6. [3] Let n be afixed positive integer and R be
an n! —torsion free ring .Suppose that

¥1:Y2:¥3:-»Yn€ R, which satisfy the relation:
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Aty +a%y,+23yge 4 Ay =0 forn=123..n

Thenyl :O,Vi .
Lemma. 2.7. [14] Let Rbeaprimering. Let D: R—R bea
derivationandae R. If aD(x)=0orD(x)a=0, V x e

R, then we have either a=0or D = 0.

Lemma 2.8. Let Rbeaprimering. If a[x,b]=0 or
[x,b]la=0, V x € Rthen either a=0o0r b e Z(R), the
center of thering R.

Proof. Replacing x by xyintherelationa[x,b] =0, = a
[xy,b]=0= ax[y,b]+a[x,b]ly=0= ax|[y,b]
=0,V xyeR Thus aR[y,b]=0,y e R. SinceRis
primethen either a=0orb e Z(R).

3. The main results:

Theorem.3.1. Let n >2 be any fixed positive integer. Let R
be a non commutative n! — torsion free prime ring and | be
any non — zero two sided ideal of R .Suppose that there exist
asymmetric skew reverse n-derivation A:R" —R associated
with an antiautomorphism a*. Let & denote the trace of A
such that [8(X), o'(x)] = 0, for al x e | then

A(X Xy X500 X,,) =0, X € R

Proof. Our supposition is that there exist a symmetric skew
reverse n — derivation A: R" —R associated with an
antiautomorphism o such that

[8(X),a (x)]=0, Vx e l. @)
Substituting x by x+uy (1<up<n),in(1), wehave

[5(xtuy) . (xtuy)] =0V x,y €|

=13 o frxay), o (9 +a” (u)]=0

= 500+ 50+ 0 T (xg) @' (0 + e’ (10
=[50, a (] +[6(9), ua ()]

"5y W]+ 1S ()] +

n-1 *
+ rélcr fr (xuy), a ()]

n-1 *
+[r§10r fr (xuy), na (y)]=0

= {1500, N +ley ), @ )
+?{ley Ty, (1 + ey e ()
+3 flegfgleyhia” (1 +1ep fy(xy).a” ()

ot "G4 T ) @ ()]
+1"[8(y), & (%] =0. @
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Applying Lemma 2.6 to equation (2),

[, (). @ (]+[6(x).a (¥)]=0. @
Now replacing y by yx inequation (3),

[ (XY + & (9 Yha (]
H5(0,a () (y)]=0

= cdMy.a ()] +a ()1 fy(xy)a (]

ra ([5(a ()] =0

=a Ml e’ I+ M}
+e (0l (91=0

= e d(y.a (x)]=0
Using n!-torsion freeness,

oy, (X)]=0,V x,yel @
Now replacing y by yr inequation (4)

SXyha (0]=0,¥x.ye |l rer
=50y, (IF + SEOMr,@ ()]=0
= 5(x)y[r,a*(x)]=0,VX,ye landr e R

Since R is prime then by using Lemma 2.8 to equation
either 6(x) =0,V xel \Z

©)

(6)
*

(onNa (X)eZ(R),V xel\Z

Let xelnZ,yel andy g Ztheny+uxe I\Z

From relation (6), we have,
S(y+ux)=0

n
= > cgfg(y,ux)=0

s=0

n-1 ¢
3005(y)+cn§(yx)+sély csfs(y,x) =0
n nl g
=cput 6(X)+ X ucgfg(y,x)=0
s=1

1 2 3
= @ f(y, )+ ucyfo(y, X) + pcyfa(y, %)
-1
et 199+ oqu"5(x) =0 -
Again applying Lemma 2.6 to equation (7),
¢ f(y,X)=0= f;(y,x) =0
=AY Y, Y, X)=0
S fa(y,X)=0= f5(y,X) =0
= A(yv yv ya LERL} y, X, X) = O,
¢y ¥ =0=f _1(y,x)=0

ChI(X) =0= A(X, X, X,..., X,X) = 0.
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Hence from the above we have,

o(x)=0 ,VxelnZz

Now for each value of 1=1, 2, 3,..., n let usdenote
'I'I (X) = A(X, X, x,...,x,x|+1,x1+2,x|+3,...,xn),
where X, % el, i =l+11+2,...,n

(8)

=>Th(X)=6(X)=0, Vxe | ©)
Let ny (1<n<n) be any positive integer .Then from (9),
Ta(mx+xy) =0
n-1 [
= Tr(Xn) + Tr(7X) + El" CITI x)=0
n nl |
=6(Xp)+n (X)) + |§1" qT(x)=0

n=1
:lzln T (¥)=0,V x,xpel

1 2 3
= 1T (X) +77CyTH(X) + 77 caT3(X)

n-1
+ .t cn_lTn_l(x) =0. (10)
Again applying Lemma 2.8 to equation (10),
c_LTl(x) =0=> Tl(x) =0 = A(X, Xo1 Xy eoms Xn) =0

02T2(x) =0= T2(x) =0= A(X X, X3, oo Xn) =0...,

Ch 1 n 1(x) 0=T X Xq) =0

Hence from the above, wehave T.1(X)=0,V xel (11)
Again let T (1<t<n-1) be any positive integer. Then from (11)

Tn_l(rx+ Xn—l) =0, ¥x, Xp € |

_1(X) =0 = A X X, oy

n-2
t
= Tnoa )+ T 1 06 9) + tgl n T (x)=0

= rlclTl(x) + 1202T2(x) + 13c3T3(x)

-2
. ChoTh2(X) =0,V xel (12)
Again applying Lemma (1) to result (12) we have,
= A% X, Xy X, X1 Xn) =0
= T, 2(x) 0,vxel (13)

Continuing the above process, finally we obtain T,(x) =0,
vXxel

:>A(x1, Xo1 Xgr e X1 X)) =0,V X el. (14)
Now replacing x; by x;p;, where p; € R in(14),

A(xlpl, Xo1 X e X 1 Xn) =0

= APy Xp Xgs s X0 %)%
+a(P)Ag %o, X550 X, 1, %) =0

ISSN: 2231-5373

http://www.ijmttjournal.org

- Volume 47 Number 2 July 2017

:>A(pl,xz,xs,...,xn_l,xn)xlzo. (15)
Now applying Lemma 2.8 to equation (15),

A(pl, Xo e X1 Xn) =0, peR,VX €l

Now replacing x, by xup,, where p, € R in (15),
A(pl,p2 Xg e X1 Xn) =0, where PPy R, VX €l
Repeating the above process we finally obtain,

A(plv p2! p31 ] pn_l! pn) =0 ’ p| eR

Hence the proof of the theorem is completed.o
Theorem.3.2. Let n>2 be any fixed positive integer. Let R
be non commutative n! — torsion free semiprime ring and |
be any non — zero two sided ideal of R. Suppose that there
exist a symmetric skew reverse n-derivation A: R" —R

associated with an antiautomorphism a *. Let 5 denote the
trace of A such that 3 iscommuting on | and [3(x),a” (x)]

e Z(R), foral x e | then[3(x), &’ (x)] =0, ¥ x  I.

Proof. Our supposition is that there exist a symmetric skew
reverse n — derivation A: R" —R associated with an
antiautomorphism o gych that [0(X), X] = 0, for al x € |

and [3(x), & (x)]€Z(R), V xel.

Let u (1<u<n) be any positive integer. Substituting x by
x+uy in (1) we have,

[5(X+ﬂy) o (xtuy)] €Z, ¥ xyel

=15 o fr(xay), @ (o (w) <2
= u{1600.a” (1 +Ie fyxy) @ (1}
+? {ley fp ey (91 + 1y ey’ I} +-.
+u"{[C, 4 s (Y). @ (V] +[8(Y). e (0]}

“Usy)a ()] H6(x).a (NleZ,¥xyel  (17)
Now commuting (17) with 3(x),

{[1500." 1+ 1ey f xR0 003 |

1| Iep ey (91 + ey fy(xyda” (1,600 | +

#4104 0@ 418 (41,600 |
™ 1a0).a” (1,600 |

+[[5(x),a*(x)],5(x)}:0 Vxyel (18)
Applying Lemma. 2.6 to equation (18),we have

{laf.ou.e O01+18(0, 0" W1}, 60) |=
Now replacing y by x?
(e 0P a” 001609 | +[ 1609, (1,509 | -

19
in equation (19), we get
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= {(+0a" 1500”00} .60 | Had . @ (e (9]0
+[[6(x) a (x)]a (x), 5(x)} 3[01[500, a*(X)]y.a*(X)J
+[als00.a" (1, 500 + 00ty @ (1,07 0]
+[es0ome’ co1600] =0 + e (I .a” (1,07 0]
= (¢ +Dla (9, 80N6(9 @ ()] H1609,a"(1a" (), " 0|
He +Da (9] 169,07 (01,69 | oo 1500, 1" |-
Ho(d,0” (e (09,6001 +[ 15000 (.00 o" (0 = 0[609, @ (NTy.a” (0]
+e[500.a (XS] +[<‘,_L[5(x),a*(x)],5(x)}x +cl[[5(><), a*(X)],a*(X)}y
+c15(x)[[x,a*(x)],5(x)]+ q[8(x), 5(x)][x,a*(x)] =0 +C15(X) [[y.a*(X)] .a*(X)} +¢[0(%) .a*(X)] [y,a*(X)]
= (G + DI, (N +[600,a (1 roe 0| 10).e (91,67 (9|
+e(] 50, xa (9 -a” (0% | =0 igla (9.a” L) (3]
= (¢ +6(x) " (%] +cl§(x)[ [5(X), @ (x)]] H5(), & N[ (), & (X)]
= (g + DI, (1% =0,V xel (20) S CCRAC IR
g o eaation (A7) with « () and sing va” [ 1509, (M@ (9 |
[l hoen.e I+ e’ W]=0 @) Hd (e (N5 ,a:(y)]: 0
Now replacing y by yx in the above equation (21) , = 2¢[5(x), & (O][y.a (X)]
[l (a9 #1000 (e’ 9 |=0 5[ty (1o 0]
= | fa by (e wifa’ 0] {509, & (][ (), & (3] =0. @)
[1000.6" (9" (0" (9] -0 Now replacing y by S(X)[5(x) . ()] inrelation (22),

3[015(X)Y 1 0] 20[6(9,0” (00 56 (M. (9]

o 00”1 0] +e00| {1001 . (1) e (|

Ji009a" 9 o’ 0] -0 Ho00.a” ][ [609.” (150" (%) | =0

* 2 *
* * * * é‘ 6 [ ’
= [eo00.a” Wy.e” (9 ]+ [epmiye e’ 0] T T gl 0 e ]
e . r20[5(.a (12 +[5(0).a” (1% =0
+ le” (9.0" 1y (x).0” 0]

- . = (2 +D[5(),a (1 =0,V xel 23)
+[a L) (O] (x)] (oo 500, o COZR 000, o GO 0
#1609, a (e (y),a (%) } v xel. SinceR issemiprime then,

(2c,+D) [6(),a (W2 =0, v xel 24)
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Now combining (20) and (24), [5(x),a* (x)]2 =0, Vxel.
As the center of the semiprime ring contains no non-zero
nilpotent elements we have [ §(x) , @' (x) ] = 0, for al x e .
Hence the proof of the theorem is completed.o

Theorem.3.3. Let n >2 be any fixed positive integer. Let R
be an n! — torsion free prime ring and | be any non zero two
sided ideal of R. Suppose that there exist a non zero
symmetric skew reverse n-derivation A: R" —R, associated
with an antiautomorphism o". Let 8 denote the trace of A
such that & is commuting on | and [3(x), o (X)] € Z(R), for
al x € | then R must be commuitative.

Proof. On contrary suppose that R is a non commutative
prime ring. Then from Theorem.3.2, we have
[6(x), o (X)] = 0 for Al X € I
Now from Theorem.3.1, wehave A =0, ¥V x e R, whichis
acontradiction. Hence R must be commutative prime ring.o
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