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Abstract
We consider thering R — GF( )[x]/ (x*" 9" _1) , wherep, qand ¢ be distinct odd primes ( / is of the
4p'q
type 4k+1), ¢ s quadratic residue modulo 2p" as well as modulo 2™ (n, m > 1) with ged (¢(2p")/2,

$(2q™)/2) =1.Explicit expressions for all the 8mn+8n+8m-+4 primitive idempotents are obtained.
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1. Introduction

Let GF () be a field of odd prime order ¢ of the type 4k+1.Let 77 >1be an integer with gcd
(¢, n)=1.Let R =GF(£)[x]/ (X" —1) .The minimal cyclic codes of length 7 over GF () are ideals of

the ring R,7 generated by the primitive idempotents. Arora and Pruthi [1,2] obtained the primitive idempotents in
Rn For n=2, 4, p", 2p" where p is an odd prime and ¢ is primitive root mod n When 1= p"q where p,

q are distinct odd primes and ¢ is a primitive root mod p" and q both with gcd (¢(p") /2, #(q)/2) = 1, the

primitive idempotent in R,7 have been obtained by, G.K.Bakshi and Madhu Raka [4]. n=p"q™ , wherep, q

and ¢ be distinct odd primes (/ is of the type 4k+1), ¢ is quadratic residue modulo p" as well as modulo g™

(n, m > 1) with ged (p(p")/2, ¢(gq™)/2) =1, the primitive idempotent in R,7 have been obtained by, Ranjeet

Singh and Manju Pruthi [5]. n=2p"q™ , where p, g and ¢ be distinct odd primes , / is quadratic residue
modulo 2p" as well as modulo g™ (n, m > 1) with ged (y(p") /2, ¢(q™)/2) =1, the primitive idempotent in R,7
have been obtained by, Ranjeet Singh [6].In this paper , we consider the case when 1 =4p"q™ where p, g and
¢ be distinct odd primes (/ is of the type 4k+1), ¢ is quadratic residue modulo 2p" as well as modulo 2¢™ (n,

m > 1) with ged (¢(2p")/2, ¢p(29™)/2) =1. We obtain explicit expressions for all the 8mn+8n+8m-+4 primitive

idempotentsin R (see theorem 2.3).
4p’'q

2. Primitive Idempotents in g —GK(I )[X]/(X4p“qm —1)
ap"g™
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-1 . .. .
2.1. For 0<s<p-1, let Cq Z{S,S|,S|2,---,S|ts }. where t; is the least positive integer such that

sl’s =s (mod7) be the cyclotomic coset containing s, if & denotes a primitive 7 th root of unity in some

extension field of GF (¢)then the polynomial M®(x) = M(x—c') is the minimal polynomial of ¢ over
ieCg

GF (¢) .Let M ¢ be the minimal ideal in R, generated by * L and 6 be the primitive idempotent of M,

M 5 (x)

then we know by (Theoreml, [4]) the primitive idempotent &5 corresponding to the cyclotomic coset C;

containing s in R is given by 4p"d" -1 N whereg;= 1 Ta ’  Vi>0.Thus to describe 6, it
4pnqm 6, = ex nm 1€Cq
i=0 4p'q
becomes necessary to compute &; .To compute & numerically, we consider the case when —C;= Cs4, and we get

that

:mz _IJ_ n_m Z(XJ VI>0

B 4p'q" e, 4p'q" jecg,
Lemma2.2. Let p,q, | be distinct odd primes (I is of the type 4k+1) and ¢ is quadratic residue modulo 2p" as
well as modulo 29™ (n, m > 1) with ged (¢(2p")/2, $(2q™)/2) =1.Then
o)  _9@"d™) | forall, k, 0<j<n-1,0<k<m-1.
ap"igmk 8

Theorem?2.3. The 8mn+8n+8m-+4 primitive idempotents corresponding to cyclotomic cosets

C.,C C C.:,C o :,C o :C o :,C o :,C e ,
07 Congm 7 Copngm 7 Capngm #Congiz Capngi C3pngi 7 Capnal Copnal C2bpnal” “3pNal”

c S C: o ,C . ,C
abp"g!” Tp'd™” T2p'q™’

,C

. c . c c . c C . cC...C .
3p'q™” “4p'q™’ Tap'q™’ "2ap'q™’ “3ap'd™’ 4ap'd™’ p'a!’ 2p'd!

.. C ::C ::.C ::.C :.:.C .. C ::.C ::.C ::.C N
3p'q’’ "ap'q!” “ap'q!’ "2ap'q!” 3ap'a! “4ap'q!” "bp'a! " 2bp'e! " “3bp'e! ’ Tabp'q! Tabp'q!’

C .. C .. C .
2abp'qJ ! 3abp'qJ ! 4abp'qJ !

0<j<n-1,0<k<m-1 inR o are

4pq
(i) B(X)= 1 (1+x+ N +x4pnqm_1).
4pnqm
(ii)
1 (n,m)

0 = i + 0446 — Oy — Oy +
pnqm (X) 4pnqm {(i’rg’o) (64(|,r) (X) 0_4a(|,r) (X) O-Z(I,r)(x) GZa(l,r)(X))
(n,m)

z (S4abiir) (X) + Sap(i,r) (X) = Oap(i r) (X) = C2apip (X)) +

(i,r)=(0,0)

(n,m)
Z H(O3(1,r) (X) + G345 1) (X) = O(i ) (X) = Oy ) (X))
(i,r)=(0,0)
(n,m)

+ Y (03ab() (X) + O3p) (X) = Oapi) (X) = Oy (X))}

(i,r)=(0,0)
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(iii) Replacing—c; (X)bY Gy ) (X) , &3 1y (X) BY —G3; () and —; 1 (X) by —G; ) (x) and

we get the required expression for ¢ NE
3pq

(iv) Replacing —Gy; ) (X) by Gy ) (X) . &3 ) (X) by — 83, ) (x) and—&s; , (x) by &5 (x) and

we get the required expression for ¢ o m(X)-
3pq

(v) For 0<k<m-1],
(n-1,m-k-1)

_ 1 *
Opog V==Y (01 (K)+ O (¥)+ iy X) + G )
L R (=X

(n-1,m—k-1)
£ Y &)+ Ogatyi) (X)+ Oy )+ oy )
(ir)=0,0)
(n-1,m-k-1) .
+ D M0y (X)+ O (X)+ O (X) + O3y )
(ir)=(0,0)
(n-1,m-k-1) .
+ D EolOaa(X)+ ) (X)+ O (X)+ Oy ()}
(ir)=(0.0)
plgm),
+ { Z (04(i1) (X) + Ogabi ) (X) = 02,1y (X) = O2apyi) (X))

80"a" (ir)-(om)
(n-1,m-1)
+ Z (044(1,r)(X) + O api.r) (X) = Oai ) (X) = gy ry (X))
(i.r)=(0,m—k)
(n-1,m-1)
+ z 1(63;,r) (%) + O3p(i1) (X) = O ) (X) = Ty ) (X))
(i,r)=(0,m—k)
(n-1,m-1)
+ z 1(634(;,r) (X) + O3 ) (X) = i ) (X) — Oy (X))
(i,r)=(0,m—)
(n,m-1)
+ Z (S4(i,r)(X) + O (i ) (X) = O2(s vy (X) = Oy ) (X))
(i,r)=(n,m—k)
(n,m—-1) _
+ D (O3 (X)+ Oap(i (X) = (i (X) — O (X))
(i,r)=(n,m—k)
(n—1,m)
+ Z [G4(i,r)(X) = O i py (X) +1(T 35 1y (X) — 5 ) (X))]
(i,r)=(0,m)
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(n—1,m)

+ Z [G4a(i,r)(x)_GZa(i,r)(X)+i(63a(i,r)(x)_Ga(i,r)(x))]
(i,r)=(0,m)

Jr(64(n,m) (x)— G2 (n,m) (x)+i(c 3(n,m) (x)—o (n,m) (x))}
(vi) Similarly (v), Replacing 1, by &, and & by, and ny, by&g and & byE, and m,byE,,
—G(i) (X)BY G ) (X). &5 ) (X) by —03; ) (X) and—&(ilr) (X)by —o;(x) and we get the required
expression for eanqk (x)-
(vii) Similarly (v) Replacing &, by &, and £gbyE;, —Gir) (X)bY O ) (X) o35 ) (X) bY — 55, (x) and

—&(i r)(x)by &(i r)(X) and we get the required expression for ¢ L
7 ’ 3p q

(viii) Similarly (v) Replacing ng by&, and &;by&g and my by &1 and &g by &1, =G (X) by Gy (X).

&3(”) (X) by 533,y (%) and—&(i r(X)by G; y(x) and we get the required expression for 6, o k(X
’ ’ ’ pd

(ix) Similarly (v), Replacing T]B byn: and QI bygg in 8, ,(x) and we get the required expression for g )
P bp'q

(x) Similarly (vi), Replacing g; bygz and g; bygz in ezpnqk(x) and we get the required expression for

Gprnqk (X) ’

(xi) Similarly (vii), Replacing ﬂ:) byn: and gg bygz and ﬂ: bynz and g; bygg in g )
3pq

and we get the required expression for g (x)-
3b nqk
(xii) Similarly (viii), Replacing g; bygg and gg bygz in g () and we get the required expression for
4p'q

0 4bpnqk (X) '

(xiii) For 0< j<n-1

_ 1 m-1
gp igm (X) - 4pj+1qm { Z nO(G(n—j—l,r)(X) + G3(n—j—1,r)(x) + cYab(n—j—l,r)(x) + c$3ab(n—j—1,r) (X))
r=0
m-1
+ Z il(GZ(nfjfi,r) (X) + c54(n7j7i,r) (X) + G2ab(nfjfi,r) (X) + G4ab(nfj7i,r) (X))
r=0
m-1
+ Z nl(ca(nfjfi,r) (X) + Ob(n—j-ir) (X) + G3a(nfjfi,r) (X) + G3b(nfj7i,r) (X))
r=0
m-1
+ Z €0(02a(n—j-i,1) (%) + O 4(1j-i,r) ) + Oy j-i ) (X) + Oapinjiy) (X))}
r=0
(I) (pn_ j) (n-1,m-1) .
+ { Z [G4ir) (X) = Oy (X) + 1035 (X) = ;) (X))]

8" (1) mi0)
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(n-1m-1)
+ Z [G4ab(i,r) (x)— G2ab(ir) (x)+ i(G3ab(i,r) (x)— Oab(ir) (x))]
(ir)=(n-i,0)
(n-1,m-1)
+ Z [G4a(i,r) (X) ~G2alir) (X) + i(GSa(i,r)(X) ~Galir) (X))]
(ir)=(n-},0)
(n-1,m-1)
+ ) (O X) =G (0 + (0305 (X) = Oy (X)]
(ir)=(n-j,0)
(m-1) _
+ Z [04(n’r)(x) - cyZ(n,r)(X) + I(G3(n,r)(x) - cy(n'r) (X))]
r=0
(m-1)

+ Z [G4b(n,r)(x) ~O2p(n,r) (x)+ i(G3b(n,r)(X) ~Ob(n,r) (x))]
r=0
(n—1,m)

+ Z [G4(ir) (X) = O ) (X) + (O35 ) (X) — 5 ) (X))]
(i,r):(n—j,m)
(n—1,m)

+ Z [G4a(i,r) (X) —O2a(ir) (X) + i(G3a(i,r) (X) ~Galir) (X))]

(i,r)=(n—j,m)
+(G4(n,m)(x) - cTZ(n,m)(X) +&$3(n'm) (X) - cY(n'm) (X))}

(xiv) Similarly (xiii), Replacing—cz(ilr)(x) bsz(i,r)(X) ’&S(i,r)(x) by_03(i,r)(x) and—&(ilr)(x) by _G(i,r)(x)
and & by &,y by&, Mg by Ep.&q by Eg. My by &g .we get the required expression for g )
2plq

(xv) Similarly (xiii) Replacing —c,; () bY G r) (x) 3 (%) by —&3“” (x) and —&(i'r)(x) by &(i,r) (x)

and&, by &, EJl byEJO, we get the required expression for g J. o (x)-
3p'q
(xvi) Similarly (xiii) Replacing—c,; , (x)bY G ) (X) &3(i,r)(x) by 535, (x) and —&&; ) (x)by o; y(x) and

&by &y by & mg by Eg.E; by Eg. M4 by & we get the required expression for 94 L m(X)-
plg

(xvii) Similarly (xiii) Replacing Mg by 1’]1,&1 by &0, we get the required expression for g J. n(X)-
ap'q

(xviii) Similarly (xiv) Replacing ?50 by él":l by &0, we get the required expression for g J. L
2ap’q

(xix) Similarly (xv) Replacing Mg by 1M , & byfl,n1 by Ng ,Eﬂ by EJO , We get the required expression

for ) .
93 ap j qm (X)

(xx) Similarly (xvi) Replacing ?50 by él":l by &0, we get the required expression for g i mX)-
4ap'q

(xxi)For 0< j<n-1,0<k<m-1

ISSN: 2231-5373 http://www.ijmttjournal.org Page 167




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 47 Number 2 July 2017

1 1 (n—j-1,m—k-1)

equk (x)= o {w ( )Z(: | [Ciie i (O )+ Oy (XD +B 4 (G2 (X)+ G X))
ir)=(0,0

A+ (03,6 (X) + O3a6(,r) (X)) + Diij k) (i ) (X) + Saapyi ry (X))

1 (n-j-1,m—k-1)

=5 Y g (Oagin) X+ O D)+ A (k) (G2 () + Ot (X))
Pa" (ir)=(0,0)

+B(141,r+) (O3a(ir) (X) + O30(1,1) (X)) + Cijr4) (Taai,r) (X) + Oap(i,ry (X))]

Pp" gt T
+f[ D (0(mas)X)+ 02 ma1)X) + O3 m k1) X) + Oggi k1) (X))
(i,r)=(n—jm—k-1)
(n—1,m—k-1)
+ z (Ga(i,m—k—l) (X) + csZa(i,m—k—l) (X) + cT3a(i,m—k—1) (X) + G4a(i,m—k—1) (X))
(i,r)=(n—j,m—k-1)
(n—1,m—k-1)
+ Z (Sb(i,m—k-1) (X) + S 2p(i,m—k-1) (X) + Oap i m—k—1) (X) + Capim—t—1) (X))
(i,r)=(n—jm—k-1)
(n—1,m—k-1)
+ > (S ab(i,m—-1)(X) + F2ab(i m-k-1) (X) + O3ap(i,m—k-1)(X) + Caap(im-k-1) (X))]
(ir)=(n—j,m—k-1)
o™, e
i
+p™ T[ z (O(n-j-1, (X) + Oanj1,0) (X) + O3(n_j1r) (X) + T4 1,r) (X))]
(ir)=(n-j-1,m—k)
(n—j-1,m-1)
+ Z (Ga(n—j—l,r) (X) + cSZa(n—j—l,r) (X) + C73a(n—j—1,r) (X) + G4a(n—j—1,r) (X))
(i,r)=(n—j-1,m—k)
(n—j-1,m-1)
+ Z (Ob(n—j1,r) (X) + S2p(n—j-1,r) (X) + O3p(nj-1,r) (X) + Oap(n_j-1,1 (X))
(i,r)=(n—j-1,m—k)
(n—j-1,m-1)
+ Z (Ga b(n—j-1,r) (x)+ G2ab(n-j-1,r) (x)+ O3ab(n—j-1,r) (x)+ G4ab(n-j-1,r) (x))] +

(i,r)=(n-j-1,m—k)

d(4p" ")
4
(n—-1,m-1)
+ z (G4a(i,r) (x)— G2a(ir) (x)+ i(G3a(i,r) (x)— Oalir) (x)))
(i,r)=(n—j,m—k)
(n—1,m-1)
+ Z (S ab(i,r) (X) = Oap(i) (X) + (S3p(; 1) (X) = Oy (X))
(i,r)=(n—j,m—k)
(n—1,m-1)
+ D (Cgan(n(X) = Oaap(ir) (X)+(O3ab( (X) — Capin ) *
(i,r)=(n—j,m—k)

(n—1,m-1)

[ Z (04(i,r) (x)— Oir) (x)+ i(Gg(i,r) (x)— Giir) (x))
(i, )=(n—j,m—k)
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(nm-1)
D (O X) = Oy (X) + (03 1) (X) = 5 (X))
(i,r)=(n,m—k)
(nm-1) _
+ > (Sab(in) ) = Oap(i) () + (34 ) (X) = Oy (X)) +
(i,r)=(n,m—k)
(n-1,m)

Z (G241 ) (X) = Oo(i ) (X) + (O3 ) (X) — O 1y (X)) +
(ir)=(n-jm)
(n—1,m) _
> (Caain %)~ Caafr) (X) + (G35 (X) — Gy (0)) T9a(n,m) X) = G my (X)
(ir)=(n-jm)
+i (63(n,m) (X) - cY(n,m) (X))]}

(xxii) On the similar lines as in (xxi), we can find 92 ) by replacing C(”j“k) :A*(M’Hk) ,
P°q

* * * * * *
el =C (e Airjrak) "B gk Dk =B G durek =D

)? and A(i+j,r+k) (i+j,r+k)? B(i+j,r+k) =

_ " q™*)and vice versain @, , (X) .
== 4 Pl

* i _k
Aisj e @érd)
4

(xxiii) On the similar lines as in (xxi), we can finde3quk () by replacing C (i].r+k) :A(i+j,r+k) ,

B’ =A" (o} D

(i+,r+k) ~ N (i jork) ! (i+j,r+k):

*

_ n—j_m—k n—j  m—k - .
B jret =D (i fur sk i irslo And _hApT7aTT) _ 4T d ) vice versa in

0,0 ()

*

(xxiv) On the similar lines as in (xxi), we can find ¢ J. « () by replacing C B
4p’q

(i+jur+i) =C (i+j,r+k)’ Aivjrei =

*

A% R n—j_m-k n—j_m-k . .
(k) B (14,r4K) 7C (i furk ' (i rak) =D (i j,r+k) @Nd Qe d) _ ol4p 4q ) and viceversa in 0 (X)

(xxv) On the similar lines as in (xxi), we can find ea )by replacing C(i+j,r+k) =D

ol (x (i+],r+k)

*

* * * . -
B (i+]j,r+k) =A (i+j,r+k)” A(i+j,r+k): B(i+j,r+k) 'D(i+j,r+k): C (i+j,r+k) ' and viceversa in Hquk (X)
(xxvi) On the similar lines as in (xxii), we can find HZaquk (x) by replacing A*(i+j’r+k) :B*(Hjﬁk) ,

*

C rirso=D (ijiriky, andviceversain Hzquk(x).
(xxvii) On the similar lines as in (xxiii), we can find 93 L by replacing Al B ,C(”mk) =D
ap'g
* * * * . -
(i+]r k)" A(i+j,r+k)_B (i+j,r+k)’C (i) =D (isj ek andviceversain 93quk(x).
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D and Viceversa

(+jrk) 2 (i+jor+k)

(xxviii) On the similar lines as in (xxiv), we can find g () by replacing C”
4ap’q

ing . :
e4quk (X)

(xxix) On the similar lines as in (xxv), we can find ebquk(x) by replacing D(Hj“k) :X(”mk) ,B(”j“k) =E

* * * *

A D X and viceversain g . (x)-
aplg

k) Alirk) =Y (i) D e =X (i ik

* *

(xxx) On the similar lines as in (xxvi), we can find Gprjqk (x) by replacing B (i+irk) =E (i,rk) D (+7r k) =X

* * *

(i+jrk) A(i+j,r+k) =Y (k) C and viceversain g . (X):

i) =L (el i
2ap’q

* *

(xxxi) On the similar lines as in (xxvii), we can find 63bquk(x) by replacing B (+4K) :E(i+j,r+k)’ B (4 r k) =E

(i+],r+k)’ D(i+j,r+k) :X(i+j,r+k)’ D (i+j,r+k):X (i+],r+k) and viceversa in egaquk (X)

*

.. .. . - - - * v
(xxxii) On the similar lines as in (xxviii), we can find 94bquk(x) by replacing D (i+irk) =X (ij,rk) C livirk

=Z i.jr0 @ndviceversain 94aquk (x)-

(xxxiii) On the similar lines as in (xxi), we can find eabquk(x) by replacing C (+ir+K) :Z(i+j,r+k)’ B (4 r k) =E

*

D it =X and viceversa in g (k)

pq

i A (kg T ) (i+].r+0)

* *

. . . . .. . . * U _
(xxxiv) On the similar lines as in (xxii), we can find ezabquk(x) by replacing A(i+j,r+k) =Y (i+],r+k) C (+irik) =2

* * *

G0 B g T8 (k) B i =X

and viceversain g . (x)-
2

(i+],r+k) j
p'q

* *

(xxxv) On the similar lines as in (xxiii), we can find eaabquk(x) by replacing A A=Y

(i+j,r+k) =Y ek

*

(i+jur+k) D(i+j,r+k) =X(i+j’r+k), C i =L (ivjrek) andviceversain 93quk (x)-

* *

(xxxvi) On the similar lines as in (xxiv), we can find 94abquk(x) by replacing C*(”j“k) =Z i D oGivjiren
=X i4jri and viceversa in 94quk(x).
Ami,— 1+ +y+0 Ami,—1+r—=0—
WhereA(n_l m—1) :pn 1qm 1(—7)’ B(n—l m—l) :pn 1qm 1(—7)
’ 4 ’ 4
i —l-T—y+0 o d-r+y-6
Cln-1m-1)= P d™ (—— 122, Dn-1,m-1) = P " (——— =)
4 4
. 1m, L+ r+y+0 . ami,dltr—0—
Apamn= P (L) By =M )
4 4
. am1 A-T—y+0 . 1 m,d=r+y—95
Camy = pnlqml(—y) D pamy = pnlqml(—y)

4 4
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w0, o) , o)
-3 ap1gm s -2 n-1m s Z(
HO—Z(QF’ q)’nl_Z(a4p a’yal ,
s=0 s=0
<I)(p
Z (o p" g™ alswherer =q, y*=p, d*=pq
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