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Algorithm on Gamma Function and its
approximation function derivation

Karan Jain, Deepanshu Aggarwal

Abstract:

The paper provides new insight in dealing with gamma function by formulating an approximation function
which converts the convoluted integral in the repeated multiplicative format through the application Euler
Mascheroni constant.

My paper also formulates the relation between trigonometric functions and gamma function. My paper helps
traversing in the dimension of trigonometry with the generality as nuanced as possible.

Results:
Result 1:

r(t)cos(ta)
nls|t N
Where tg¢Z~ &n #0 & t#0

j x -1 g=ax" cog(hx™) dx
0

Result 2:

r)sin(ta)
nls|t N
Where t¢Z~ & n #0 & t#0

J x (=D g=ax" g in(bx™) dx
0

Result 3:

—0.57 n
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Where y#0

Derivation of the Results 1 & 2

The result written is derived in the following pages starting from the basic definition of gamma function.
Deriving a relation between gamma function trigonometry function (sine or cos) using complex number
approach.

To start from basic definition of gamma function
I :fowut‘le‘“ du
Where t £Z and t#0

Now make the following substitution: u = sx™
Where s is the complex number of the (a+ib)
Differentiating both sides
du = (s)(m)x™ 1 dx
n &R — {0} i.e. n cannot be equal to 0.
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After making the substitution:
rg) = f [(sx™) ] (e=*" ) (s)(n) x*Ddx
0
r(t) — foos(t—1+1) x(nt—n+n—1)e—sx"ndx
0

r) = f (nst) x" 1 e=sx" dx
0

re _ > (nt-1) p—sa™
o Jo x e dx 1)

Where t¢ Z~ &n #0 & t#A0

Since we assumed ‘s’ to be a complex number of the form (a+ib), we can rewrite Equation(1) by replacing ‘s’
with its complex conjugate, s. § is of the form (a - ib).

Replacing s’ by §

r®) _ (°_ (t-1) ,—sx"
e Jo % e dx 2

Where t¢ Z~ &n #0 & t£0

e Equationl
re _ J C D) st gy
n(st) 0
Where t¢ Z~ &n #0 & t40
e Equation 2
r@ _

(nt—1) p—sx™
— =] x e dx
n(st) _[0

Where t¢ Z~ &n #0 & tA0

Where s is the complex number of the (a+ib)

s=a+ib
s = |s|et®
where |s|=VaZ+b? tana= %
st = |S|teita (3)
s=a-ib S = |s|te~ia
(5)° = (shyete @

- Substituting the results of (3) and (4) in equations (1) and (2) respectively.

-Substituting the following values
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— s=a+ib
— S§S=a-—ib
Modified equation (1)

re _ fow x (=1 o—(a+ib)x" g

nlslteit“_
Where t¢ Z~ &n #0 & t#A0
Modified equation (2)

r@
n|s|te—ita

:fowx (nt-1) o—(a—ib)x"

Where t¢ Z~ &n #0 & t#A0

o Case(i):
Adding equation (1) and (2)
o Case(ii) :

Subtracting equation (1) from (2)

Simplifying case (i)

> ra) + r) — fom(x (nt-1) o [ e—(a+ib)x" + e—(a—ib)x"])dx

nlsltetla@) * pis|tet(=ia)

> % (e—ia + eia) — fom(x (nt-1) e—ax”[ e—ibx" 4 eibx"])dx

Applying Euler’s formula, which is given by:-

e +e
cosy=——-——
on LHS and RHS
I(t) cos(ta) _ (o (nt-1) p—ax™ n
et Jo x e " cos(bx™) dx
I'(t) cos(ta) B
nlslt
fomx mt-1) g=ax" cog(hx™) dx------------ equation(s)
Where t¢ Z~ &n #0 & t#0
Simplifying case (ii)
r(t) r(t) 0 _ _ A} (a—ib) 4T
> Al D mlsltetCi® — fo (x (nt-1) [e (a+ib)x™ _ o—(a—ib)x Ddx

F(t) —i i 0 — —y —_iha P dl
> m et( i+a) _et(1+a)) — J‘o (x (nt-1) e~ ax [e ibx™ _ elbx ])dx
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iy _e—iy

Apply Euler’s formula which is given by:- siny = £ >

on LHS and RHS

rt)sin(ta)

>
n|s|t

re) sint@) _ r® _ (gt—1) ,—ax® o ;
e = [, x Ve ™" sin(bx") dx ------------- (6)

Where t¢Z~ &n #0 & tA0

Jy x @D emax" s in(bx™) dx

Result 1& 2
> Result1
r(t t @ n
(t) cos(ta) _ f x (t-1) g—ax cos(bx™) dx
n|s|t 0
Where t€Z~ &n #0 & t£0
> Result2
Ir'(t)sin(t @ n
( )sm( a) _ j x (nt-1) e sin(bx") dx
nls|t 0

Where t¢Z~ & n #0 & t#0

Where s=a+ib

|s| = Va2 + b?
a =tan 1>

Derivation of Result 3:

o0

(r@s)) = j tsletdt
0

e~ t =lim (1 +ﬂ>n

n-ow n

n-—-ow

o0 t n
r@s) = f t571 lim (1 ——) dt
0 n

Applying ILATE Sequence
oot AN I b t\" -1
lim [— (1 — —) —lim | —n (1 — —) (—) dt
s n/ lyp nowjJy s n n

n-—-o

o[ (o1

.n

9]

t n—2
x lim | t5+1 (1 ——) dt
n

n (n—1)
) (s+1)Xn n-ow J,

r(s) = (— x

S.n
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_(n (n—-1) (n-2) 1 : © 4 s+n—1
F(S) - (s.n) X (s+1)xn X (s+1)xn """ ><(s+n—1)><n x nh—gol fO t dt

ts+n

_ n! .
(r(s))_(nnxs.(s+1) ...... (s+(n—1))) x ll'LTLlwl sth |

n! s+n

n
n"Xs.(s+1)...... (s+(n—1))) X (s+n)

UOL

n!xn’

= (I(s)=

SXs+1X....... s+n

=> (I'(s)) = n® x lim,,_,, [["_y—

s+z

=>I(s) = - xlim, ., [ ()]

s+z
| took out the care where z=0

Important Result

= (F(S)) = n?s X limn_m [H?:l (L)]

s+z

Further Simplification

(r(s)):n?s X limn—m H?=1 (#)

1 +§)

(r(s)):"?s x lim,, ., [T, (1 + i)_l

eslog n

(I(s))= x lim,, ., [1?2; (1 + i)_l

N

_QOXeslog n . s
(F)==—xlim, . [~ (1 +7)

o S oo S
82k=172k=1; ><eslogn

rs= x lim,,_,, [T, (1 + i)_l

N

i1y -slogn = sy)

Where y = euler mascheroni constant
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pli=1im s T sy -1
) =———xlim| [(1+})
(I'(s)) = e_sys x i{ [é x(1+ 2)_1] e (1)

Using Resultl

(I'(s)) cos(as) _

- f xm5~1 e=ax" cog(hx™)dt
nlp| 0

- b
where @ = arctan (a)
Ipl=vaZ + 57
Substituting s = % ,
(r %) cos (g)

T =j e~ " cos(bx™) dx
nlp|*/n 0

Now b = 0;

|p|=\/a2+b2=\/§=a

Tana =§ sinceb=0=>a=0

cos0=1
n((:)%l)/n = [, e ™" dx....(2)

replacen -y
y((fl)/y = J, e dx....(4)

now (1) modifies to ...

ers = s syt
(r(s)) = X gll_)rgl;[ [ez X (1 + E) ] e (1)

S

1
subtitute s = —
y

a b= i - [ i><(1+ 1)_1] 3)
—-) = mm ezy — e
y 1/y n-ow 21 Zy

Substituting (3) — (4)
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—0.57 1 n

5 i n oy 1
e it 5 (14.2)

e v lim[]" e»

yar

Result 3

—0.57 1

n—oo

1
ay

Checking Result 3 and its approximation

(A)

j e *dx =le ¥y = (+1)
0

Checking result (A)
Y=1, a=1

—0.57
e 1

-1

2

n

1
lim ez (1 +
n—oo

z=1

1
11
Taking 10 terms

1

e

_e 2.35

11

=0.9532336= 1.0000000

2 3 4 5

€—0.57 +2.92 x(l/ll)

check the result for y=1,a=1

n
LIE N
0

1

1 2 3 4
—0.57 5 @140.5+0.334+0.25+0.2+0.167+0.142+0.125+0.11240.1 50 = 5 = o Z 0 = o

9]
— —axy
0

Bx(ieg) x(1g) x(103)
) x(142) x(148) x(14) w1

6

5
X

14+7)
4

1 _1
)

6

7
778

This approximation will reach the R.H.S. if we increase the terms
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(B)
e ax = \/%20.8862269

Check the result for y=2,a=1

Checking result (B)
Y=2,a=1
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—0.57 n -1
e 2 1 1
=>——X lim ez (1 + —)
12 n-w 14 27

Taking 5 terms

~0.57 1 1 1 1 1 ! 1\t 1\t 1,7t 1\t
2 XezxXetXesxXesXelo X |1 —) x(l —) x(l —) x(l —) x(l —)
e ez X e+ Xe6XesXe (+2 +4 +6 +8 +10
1111 1 05
eE+Z+€+§+E_T7 XE xfx9x§ XE
3 5 7 9 11

=0.5+0.25+0.167+0.125+0.1-0.285 5 64X60
10599

3840

10395
=¢85 x 0.36940

= 2.35608 x 0.36940

= 0857 x

=0.87033 &
VT _ 1.77245

=0.886
2 2

0.87033 = 0.886
This approximation will reach the R.H.S. if we increase the terms

Conclusion
Result 1:

r(t)cos(ta)

sl -[o x =1 g=ax" cog(hx™) dx

Where t¢Z~ &n #0 & t£0
Result 2:

r)sin(ta)

sl fo x (=D g=ax” g in(hx™) dx

Where t¢Z~ &n #0 & t£0

Result 3:
—0.57 1 n
e v lim[["_ e (1 + l) o
= 1 2= f e *dt
a 0
Where y#0
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