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ABSTRACT

In the present paper we evaluate a generalized finite integral involving the product of generalized multiple zeta-function, the dilogarithm function, the
multivariable Aleph-function, the multivariable I-function defined by Prasad and general class of polynomials of several variables. The importance of
the result established in this paper lies in the fact they involve the Aleph-function of several variables which is sufficiently general in nature and
capable to yielding a large of results merely by specializating the parameters their in.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [5], itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral
occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and will be
defined and represented as follows.
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[T T = 55 T 11— ¢ + 4P sy)
S oo TI% i D1~ d“ik) 00 58) TNy 41 (e =0 s8]
Suppose , as usual , that the parameters
bj,j=1,---,Qa5,j=1,---,P;

k .
C;Z-()k),]:nk—l-l,.. , P.wy s () =1,---,Ny;

and Gk(sk) = (1.3)

d(k()k)hj =My +1,-- ,an);dgk),j =1, My;

with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/s, ﬁ/s, 'y's and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

P (k)
R SR D IR S W S
j=N+1 j=np41 j=1
Qi (k)
—T;(k) 5(k()k) < (1.4)
j=Mp+1

The reals numbers T; are positives for ¢ = 1 to 2 , T,(x) are positives for i*) =11 R®

The contour L is in the Sp-p lane and run from ¢ — 400 to 0 + 400 where 0 is a real number with loop , if
k k .
necessary ,ensure that the poles of F(dg- ) 55 )Sk) with 7 =1 to my are separated from those of
T

F(l —aj+ Zozgk)sk) with 7 =1 to N and F(l (k) + ’Y( )Sk) with 7 = 1 to INj to the left of the
=1

contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < EAEK)W, where
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M, Qi(k)
+Z5J(-k)—7'i<k> Z 5(()k>>0 with k=1, - ,izl,---,R,i(k):L...,R(k) (1.5)
' J=M+1

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
N(zh e ’ZT) - 0( |Zl|a17 T ‘ZTlaT) ’max( |Z1|7' B |Z7“| ) —0

N(Zl"" 727’):0( |21|617"'7 67'),m’in(|zl|7---’|zr|)—>OO
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where, withk = 1,--- .7 = min[Re(dg»k)/(s](-k))],j =1,---, Myand
B = maz[Re((c}") —1)//\"N].j =1, | Ny

Serie representation of Aleph-function of several variables is given by
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Where ¢(., -+ ,.),0;(.),i = 1,--- ,r are given respectively in (1.2), (1.3) and
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9 5(1) 9 553

which is valid under the conditions 5&,) [d; + pi] # 5§i)[dgi + Gy
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In the document , we will note :

G(T}thl7 T 777G7‘ag7‘> - ¢(,’7G17917 e 7nGr7gT)61 (nGlygl) e QT(nG’V‘7g1‘)

where @(NG g1 s NGrgr ) 01(NG1 1), -+ 5 Or(NG,..q, ) are given respectively in (1.2) and (1.3)

Z1
We will note the Aleph-function of r variables NO’:Q{:U

Zy

The multivariable I-function is defined in term of multiple Mellin-Barnes type integral :
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1 o o S ’
:(27T("})S/L /L E(te,--- ,ts)H@(ti)Zf’dtl“'dts (1.12)

The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [4]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largzi| < §Q§k)7r , where
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k=1

k=n(i)+1 k=m ()41 k=1 k=ny+1

. 2 LCIN qs
Za Z o) | - 25§2+25§2+"'+25§Z) (1.13)
k=1 k=1 k=1

k=ns+1
wherei=1,---,s

The complex numbers Z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

(21,0, 20) = 0( 21|, -+ 2] ) smaz( |2, -+ |z ) = 0
I(Zl,"' ’ZS) :0(‘21|B17 , B;)’mZn(|z1|7. ,|ZS|)_>OO
where, withk = 1,--- , 21}, = min[Re(blg-k)/B;k))],j =1,---,myand

B, = maz[Re((@\™ — 1)/a{)],j=1,--- ny,

We will use these following notations in this paper :

U=0p2,92:P3,q3;"* ;Ps—1,qs5—1; V = 0,n2;0,n3;--- ;0,n5_1 (1.14)
W=(p,q); 5 (p,¢®); X = (m/,n'); - 5 (m, nl) (1.15)
A= (a2k:70/2k70/2[k); e ;(a(s—l)k)yO/(s—l)lma/(/sfnka T Ef_igk) (1.16)
= (kaa Békn él]g)7 Ty (b(s—l)k)76/(s—1)k7 /BE;_l)k;a e 76E§:i;k> (1.17)

A = (ask:; O/ska O/slk7 e 7a§k) 0B = (bsk:, B/Ska Bglw e 765}@) (1-18)
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The multivariable I-function write :

A RGA°
Vi0,ne; X .
I(2,- - 725) = IU:p:qé;W . (1.20)
B; %8B; B’
S
The generalized polynomials defined by Srivastava [6], is given in the following manner :

[N{/M{] [Ny /M]

/ / —N7) (—N{) s
M, M 1) MKy t)M[K,
SNf,...7N£t[y17"'7yt - Z Z K't
K1=0 K:=0 t
K K
AINT, K5 i N Ky oy (1.21)
Where M7, - , M/ are arbitrary positive integers and the coefficients A[N7, K1;--- ; N/, K;] are arbitrary
constants, real or complex. In the present paper, we use the following notation
(—NDwmjx, (=N wmyx,
/ /!
ar = Klll Kt!t ANy, Kq;- -+ 3 Ny, K (1.22)
2. Generalized multiple Zeta-function and dilogarithm function
Bin Saad et al [2] have defined the generalized multiple Zeta-function ¢/(j)>\1, As (xl, ce L, Tg, 2, a) by
e P1 Ds
(s) (1)py+-tp @7 - 2h

) (@1, T, 2,0)= 2.1

>‘l7 7 ’ [t R o Zp :Opll...ps!(a_l’_Alpl+...+)\Sps)z ( )
where |z;| < 1,i=1---,5,5s € Z*,p € C\ {0,—1,—2,---} and
a€eC \ {—(Ai,pi),pi e NU {0}}, Re(z) >0
The dilogarithm function denoted Lo (z ) is defined by : serie expansion and integral.
Lis(z Z 12 ,where 2| <1 2.2)

O p—
Lis(z)= / th (2.3)

For more details, see Berndt ([1], page 323-326)

3. Required integral
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we have the following integral, see Brychkow ([3], 4.2.3, 1 page 180).

ot (YD) Loy = T R
T = 3 2 ;a
0 Va 2u(p+ DT (1 + 3) pt 3 2
Llu+1 11,1 +1
= (u+ 1)k cooosab | —p(pt 1) 4Fs : ;ab 3.1)
p+ 3,2 u+322

with Re(p) > —2,|arg(l —ab)| < m,a >0

4. Main integral

We have the following generalized finite integral :
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(0-( 4+ 30 pipi o Ky + 0 G )i, 5 7s), A A
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| | 1,91 9r
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(M)pl++ps tpl . tps 77('1 91 . 'Z;f]Gr,gr yKl . th (ab)n
pl!"'ps!(a+)\1p1+"'+)\sps)z ! t (n/+1)2
anl Zl
(121 1pzpz+21 1 171+Zz 1 MG;,9; %i IVORR"‘QX
Uwprt+2,qr+2;W
anRZR
A (-(p+ 325, pipi + Zﬁzl Kivi + 301 Gigii)im, - 5 ms),
B 5 (‘l'n ( W+ ZZ 1 PiDi +Zz 1 Kz’Yz + Zz 1Gig: & z) n,:-- 7775)7
(—n’—(u + Zf:l piPi + Zle K’ifyi + Z?zl Gi7giai); m,: - 7778)72[; A
o (4.1)

O+ pipi+ i Kivi + 30 Gugs )i, 2 1s), B B!

Provided that
a) min{pivj,cm,m} >0,i=1,---,s,5=1,--- , t,k=1,---,rl=1,--- R, Re(z) >0

s r d(l) R b(z)
/ . . '] —_—
b)Re[s’ + Z piDi + Zl o; 1<r§1ir]1w 5(1) Z 7; min | > -2

1< <m ) 5(0

1
C) |a7’gzk| < §A§k)ﬂ' , where Agk) is defined by (1.5);2 =1, ,7

1
d) largZy| < §Q§k)7r, where ng) is defined by (1.11);2 =1,--- , s
e) The multiple serie occuring on the right-hand side of (3.1) is absolutely and uniformly convergent.
f)|arg(l — ab)| < m,a >0

9f |z <l,i=1---,8,s€Z ", ueC\{0,—1,-2,---}and a € C\ {—(\;,p;),p: € NU{0}}
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Proof

o /\1’ LA (lefl, e wg Xz, a)in multiple
serie with the help of equation (2.1), the Aleph-function of r variables in series with the help of equation (1.6), the

First, expressing the multiple generalized the Zeta-function qb

general class of polynomial of several variables S]A\?ll,’_'_'_'y’]]\}ft with the help of equation (1.22) and and the Prasad's

multivariable I-function of s variables in Mellin-Barnes contour integral with the help of equation (1.9), changing the
order of integration ans summation (which is easily seen to be justified due to the absolute convergence of the integral
and the summations involved in the process) and then evaluating the resulting integral with the help of equation (3.1)
and expressing the generalized hypergeometric functions 3F5 and 4F3 in series. Use several times the following

relations I'(a)(a)n =T'(a+n) and a = ﬁ

the Mellin-barnes contour integral, we arrive at the desired result.

with Re(a) > 0 . Finally interpreting the result thus obtained with

The quantities U, V, W, X, A, B, 2,8, A’ and B’ are defined by the equations (1.14) to (1;19)

5. Particular case

If U=V = A= B =0, the multivariable I-function defined by Prasad degenere in multivariable H-function defined
by Srivastava et al [7]. We have the following result.

Ja—z v [ YET
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0 ytI’Yt

Zliﬂal lem +1 [e%e)
NO,N:’U HO,nR;X dr = M §
uiw Tt PRrar;W T o 2
era'r‘ ZRan P1,- »pszo
Z Z g Z E E 5 G '5 G | G(T}thl?”'ncw!]r) a
K;1=0 K=0 n’=0 Gi,- ,G,=0g1=0 gr=0 gLl gr=re
(:u)pl—l-"'-i‘ps P, tpé 101 91 | ’7Gr gr Yt Ky yth (ab)nl

p1!-- .psl(a +M\pr+ -+ /\sps)z

anl Zl

az =1 Psz-El 1 z'Yl‘f‘Z —1MG;,9; Xi HO nr+5X
PR+5,qr+5W

anRZR
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Cl(p+ 3 pipi + 3 Ky + 0 g )i, 5 7s),s
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(0-( 4+ 30 pipi o Ky + 0 G )i, 5 7s), A A

[o@)
- p ,"’7]95:0
('( M+ Zj:l piDi + 22:1 Ky + Z?:l Gizgiai); /EC 7775)7 B; B’ '
PO WD DD DD D P T
GG .05 MG a
| X | 1,91 9r
K1=0 K:=0 n'=0 Gi,-,G»=0g1=0 =0 5C’1G1 597"G7"‘
(M)p1+"'+ps tpl . tps 77('1 91 .. Z;"]Gr,gr yKl . th (a‘b)n
pl!"'ps!(a+)\1p1+"'+)\sps)z ! t (n/+1)2

anl Zl

(]E =1 p1p1+21 1 171+Z —1MG;,9; i HO nr+2;X
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anRZR
(-(p+ 3 i+ Ky + 3 Gygi )iy 5 1),

(30-( it Xy pimi + 24 1Kz%+ZZ | Gigi Q)3T M),

(—n’—(u + Zf:l pipi + Z:Zl Ky + Z?Zl Gi:.giai); m,: - ,773)» 2L A

(4.1)

CCpt 5 pii + e Kivi + 3001 Gagi@i)i s+ 5 0s), B B

7.Conclusion

In this paper we have evaluated a generalized finite integral involving the multivariable Aleph-function, a class of
polynomials of several variables a sequence of functions and the multivariable I-function defined by Prasad. The
integral established in this paper is of very general nature as it contains Multivariable Aleph-function, which is a
general function of several variables studied so far. Thus, the integral established in this research work would serve as
a key formula from which, upon specializing the parameters, as many as desired results involving the special functions
of one and several variables can be obtained.
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