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1. INTRODUCTION
Repeated roots of the polynomial equation
(x—=1)2(x—2)(x-3)% =0, although identical in all

respects, are treated as multiplicity ([1], [3]). So, it is
convenient to accept a collection like {1,11,2,3,3} of

roots rather than a set like {1,2,3} of roots. The

former if viewed as a set, will be identical to the
latter. In the physical world, it is observed that there
is enormous repetition ([2], [5], [6], [7], [11]). For
example, a carbon atom and a hydrogen atom are
obviously distinct whereas two hydrogen atoms are
different but identical. So, we can say that two
physical objects are the same or identical if they are
indistinguishable, but possibly separate, and
identical if they physically coincide ([1], [11]). In
Cantorian classical set theory, a set is well-defined
collection of distinct objects. If repeated occurrences
of any object are allowed in a set, then that
mathematical structure is called a multiset (mset in
short or bag) ([1], [11]). So, a multiset is a collection
of objects (called elements) in which elements may
occur more than once. The number of times an
element occurs in a multiset is called its multiplicity.
The cardinality of a multiset is the sum of the
multiplicities of its elements. For the shake of
convenience, a multiset is  written as
{ki!/ x1:ko! x2,.--kn! xn} In which the element x;
occurs k; times ([11]). Multisets are now of special

interest in some area of mathematics, computer
science, physics and philosophy ([1], [4], [8], [9].
[15], [17] - [21]). There are many situations in the
above subjects where it is more convenient to
consider a collection like multiset. e.g., the repeated
eigen values of a matrix, prime factors of a positive
integer, repeated observations in a statistical sample,
data structure etc. Although the root of the studies in
multiset is in combinatorics from ancient times ([25],
[26], [27]), the modern research in this field about
the structural development in multiset context is a
relatively new concept. Some research works on the
relations and functions in multiset context ([13], [14],

[22]), multiset topology ([1], [11], [12], [18]),
multiset ordering ([13]), multi group theory ([10],
[23], [24]) etc. have been done by some researchers.
In order of develop various structures on multisets
we start from the beginning viz development of
multi-number system. In this paper, we introduce a
concept multi-natural  number  system  from
axiomatic point of view and study its properties
related to compositions and order relations.

2. PRELIMINARIES
2.1. Definition

An mset M drawn from a set X is represented
by a function count M or Cy defined as
Cyv : X —> N where N represents the set of
nonnegative integers ([11]). Let M be an mset from
the set X ={X,Xy,....X,} Wwith X; appearing K;
times in M . It is denoted by X; € M . The mset
M drawn from the set X is then denoted by
{k1/ x1, kol x2,.--kn! xnp in which the element ;
occurs k; times ([11]). Also Cy (x) is the number

of occurrences of the element x in the mset M .
However, those elements which are not include in
the mset M have zero count ([11]).

2.2. Example

Let X ={a,b,c,d,e} be any set. Then
M ={2/a,4/b,5/d 1/} is an mset drawn from X
([11D.

2.3. Definition

Let M and N be two msets drawn from a set X .
Then the following are defined:

(i) M=N if Cyu(X)=Cn(X) ¥xeX.

(i) Mc N if Cu()<Cy(x) WV¥xeX (then
we call N to be a submset of M ).

(iii) P=M UN if

Cp(X) = Max{Cp (X),Cn ()} ¥xe X.

(iv P=M NN if

Cp(X) =Min{Cp (X),Cn(X)} Wxe X .

(V) P=M®N if

CP(X) ZCM (X) +CN (X) vxe X.

(vi) P=M®GN if

Cp(X) = Max{Cp (X) —Cn (%),0} ¥x e X .
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Where @ and © represent mset addition and
mset subtraction respectively ([11]).
Let M be an mset drawn from a set X . The

support set of M denoted by M ™ is a subset of X
and M* ={xe X:Cy(x)>0}. ie, M" is an

ordinary set and it is also called the root set. The
cardinality of an mset M drawn from a set X

denoted by card (M) or |[M| and is given by
IM [ =2xex Cm () ([11]).

2.4. Definition

A domain X, is defined as a set of elements
from which msets are constructed. The mset space

[X]™ is the set of all msets whose elements are in
X such that no element in the mset occurs more
than m times ([16], [11]).

The element [X]” is the set of all msets over a
domain X such that there is no limit on the number
of occurrences of an element in an mset ([16], [11]).

If X ={X,X0,... Xk},

then [XI™ ={{my / x;, My / Xo,...M /X, }

cfor i =12,...k;m; €{01,2,..m}} ([16], [11]).

2.5. Definition
Let X be a support set and [X]™ be the mset

space defined over X , then the complement M€ of
M in [X]™ is an element of [x]™ such that

Cu(X)=m-Cy(x) vxeX ([16], [11]).

2.6. Definition (Different types of Submsets)

A submset N of a mset M (i.e., McN) isa
whole submset of M with each element in N
having full multiplicity as in M . e,
Cn (X) =Cp (x) for every x in N*([11]).

Asubmset N of M is a partial whole submset of
M with at least one element in N having same
multiplicity as in M . ie, Cy(X)=Cp(x) for
some x in N* ([11]).

A submset N of M is a full submset of M if,
M* = N* and Cy(x) <Cpy(x) for every x in N*
([11]).

2.6.1. Empty set ¢ is a whole submset of every
mset but it is neither a full submset nor a partial

whole submset of any nonempty mset M ([11]).

2.6.2. Consider the msetM ={2/x,3/y,5/z}. The
following are the some of the submsets of M
which are whole submsets, partial whole
submsets and full submsets ([11]).

2.6.3. A submset {2/x,3/y} is a whole submset
and partial whole submset of M but it is not a
full submset of M ([11]).

2.6.4. A submset {1/x,3/y,2/z} is a partial

whole submset and full submset of M but it is
not a whole submset of M ([11]).
2.6.5. A submset {1/x,3/y} is a partial whole

submset of M which is neither full submset of
M nor a whole submset of M ([11]).

2.7. The five axioms of Peano ([28], [29], [30])

If we assume the existence of a set N with the
following properties:

N(i): There exist an element 1e N

N(ii): For every ne N, there exist an element
o(n) e N such that {(n,o(n)) | n e N} is a function

N(iii): 1 o(n)

N(iv): o isonetoone

N(v): If P is any subset of N such that 1e P and
o(nN)eP V neP,then P=N

then such a set N is defined to be a set of natural
numbers and the elements of this set to be natural
numbers. (N1, o) is called a natural number system

and o is called successor function.

2.7.1. Note: Any two natural number systems
defined by Peano’s axiomatic definition are
isomorphic ([28], [29], [30]).

2.8. Iteration theorem ([29], [30])

Let (N,1, o) be any natural number system and
X be any non-empty set. Given xe X and a
function ¢:X — X , then 3 a unique function
¢p:N—>X such that o) =x and

#(o(n) = p(4(n)) vneN.

2.9. Theorem: Addition of two natural numbers
([29], [30]D)
There exists a unique function a:NxN — N
with the following properties:
B(i): a(p)=0c(p) V peN.
B(ii): a(p,o(n)) =o(a(p,n)) vV p,neN.
2.9.1. Note: a(p,n) is denoted by p+n and is
defined as the addition of two natural numbers.
2.9.2. Note: o(p)=p+1vpeN:
Proof: From B(i) of 2.9, Vpe N, a(p,) =c(p)
= p+1l=0c(p) (by Note 2.9.1)

2.10. Theorem: Multiplication of two natural
numbers ([29], [30])

3 a unique function B:NxN — N with the
following properties:

M(@): (g )=gV geN.

M(ii): p(a,o(m)) =a(q, B(0,m)) ¥V g,meN.

2.10.1. Note: A(g,m) is denoted by gm and is

defined as the multiplication of two natural
numbers.

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 137




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 48 Number 2 August 2017

2.11. Lemma: For every natural number p,
either p=1 or p=o(q) for some natural

number q:
Proof: Let E={} {peN|p=0c(q) for some
ge N}.
Then 1<E.
Let peE.

If p=1then o(l) €E, by definition of E.

If p=1 then by definition of E, 3qge N such
that p=o(q).

Therefore, o(p) =oc(o(q)) .

Therefore, o(p) €E.

In either case, o(p) €E .

Therefore, peE = o(p)<E.

Therefore, by N(v) of 2.7, E=N..
Hence the lemma.
2.11.1. Note: So, for any p(#1) €N, there

is ge N such that o(q)=p. q is
unique since o is one-one.
We define such q=p-1.

2.12. Theorem: Vpe N —{3}, p=cP D ().

Proof: Let T ={u{peN|p=cP V3.
Then 1eT.
Let peT.

If p=1,

then o(p) = o(1) = (P (1) = 5(@(P-D ()

[since p=1=0o(p)=l=0c(p)eN—-{, so by
lemma 211, 3J(o(p)-DeN such  that
o(o(p)-1) =0c(p) = oc(p)—1=0c(p), since o is
one-one]J.

Therefore, o(p) €T in this case.

If p=1 then by definition of T,
p=cP(

=0o(p)=0c? V) =oP@) =o“PDq
[since o(o(p)-Y)=0(p) =>o(p)—1=p as o is
one-one].

Therefore, o(p) T in this case too.

Therefore, o(p) €T in either case.
Therefore, peT =o(P)eT,

Therefore, by N(v) of 2.7, T =N .
Hence the theorem.

2.13. Theorem: o obey commutative property
on N ([29], [30]). So,

B'(i): a(,p)=o(p) VpeN.
B'(ii) : a(o(n), p)=o(a(n, p)) vp.qeN.

2.13.1. Note: a(c™ @), p)=c™ (a(, p)
vneN and VpeN :
Proof: The proof is straight forward.

2.14. Theorem: g obey commutative property
on N. ([29], [30]).
So,
M'(i): Lo =qV geN.
M7 (ii): p(o(m),q) =a(B(a,m),q) V gmeN .

3. AXIOMATIC DEFINITION OF MULTI-
NATURAL NUMBERS

Now we shall define here multi-natural numbers
axiomatically. Our foundation is obviously ordinary
natural number system (N, o) which is defined

axiomatically by Peano.

3.1. Definition
Axioml: For all p,ge N, there exist a multi-

natural number denoted by N§ .

Axiom 2: Two multi-natural numbers Nj and Nj
are equal iff p=r and g=s.

Axiom 3: For any multi-natural number N% ,
p,g € N, there exist a multi-natural number N‘ﬂ.(p)
(defined to be support successor of N%) and another
multi-natural number Ng@ (defined to be
multiplicity successor of N%)-

Axiom 4: N{, Vge N, is not support successor

of any multi-natural number, also, Nlp, vpeN, is

not multiplicity successor of any multi-natural
number.

Axiom 5: Let P(N%) be any proposition
involving a multi-natural number N%- Suppose that
P(N%) is true. Also suppose that whenever P(N%)
is true, then P(NZ ) and P(N$(®) both are also
true. Then P(N%) is true for every multi-natural

number N%-

Let us denote the set of all multi-natural numbers
as m(N). Also, let us define pe Nand g e N as

respectively the support and the multiplicity of a
multi-natural number N7 .

3.2. Successor Functions

3.2.1.  Support Successor
S:m(N) — m(N)

Function:
defined
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by S(N9) = N%,y + NBem(N) is the Also, S(p)(Nf):NZ(p)(r) (by  repeated
support successor function. application of 3.2.1).
3.2.2.  Multiplicity Successor Function:
M :m(N) —> m(N) defined 3.6. Note: Define M@ =M oM o...oM (g
by M(N%) = N§@ , N%em(N) is the times), ge N .

iplici i @
multiplicity successor function. Also M (q)(Nrs) ~N? D(s) (by  repeated

3.2.3.  Note: S and M both are one to one since o application of 3.2.2).

is one to one. i.e., different multi-natural
numbers have different multiplicity
successors as well as different support
SUCCEsSOrs.

3.7. Note: S(P oM@ Mm@ 5 5(P)
Vv p,ge N : The proof is similar to 3.4.

3.3. Definition of Multi-natural numbers using 3.8. Elementary Properties of m(N)

successor Functions: L
3.8.1.  m(N)is infinite:

We assume the existence of a set m(N) with the Proof: By Note 3.2.3, S is one to one.
following properties: Furthermore, N%e S(m(N)) by axiom 4 of
Axiom 1: For all p,qe N, there exist a member of 3.3

m(N), denoted by N% . So, S is onto some proper subset of m(N).

. . Hence m(N)is infinite.
Axiom 2: Two multi-natural numbers N% and

N} areequal iff p=r and q=s. 382 S(NY) =N forall N§em(N):
Axiom 3. For every N%em(N) , there exist an Proof:

element S(N$) e m(N) such that Let m(P) ={N% em(N):S(NP) = N3}
{(N%,S(N%)):N%em(N)} is a function, also Since by axiom 4 of 3.3, N%eS(m(N)) .

1
there exist an element M(N%)em(N) such that s0 Nyem(P).

{(INS. M(ND) : NG em(N)} is a function.

Axiom 4: NJ e Sm(N)vge N also If S(S(NB) =S(NP) , then S(NB)=N}
(since S is one to one from 3.2.3),
contradicting N € m(P) .

Suppose, N e m(P) .

NbheM(m(N)VpeN .
Axiom 5: If m(P) be any subset of m(N)such that

Niem(P) and S(N.LM(Nem(P) for all SoS(S(INB) #S(N)
N € m(P). Then m(P) =m(N). consequently, S(N%) em(P) whenever
NY em(P).

3.4. Note: SocM =MoS: .
Again S(M(N3)) = M(NJ)

Both the functions SoM and M oS are functions

from m(N) into m(N). = SoM(Np) = M(N{)

= MoS(NJ) = M(N}]) (by3.4)
Again, vV NJ e m(N), SeM(NJ)
= M(S(NP) = M(N})

= S(M(NP) = S(NF@) = Nfi((g% = S(NY) = NJ (since M is one to one from
3.2.3), contradictin NY em(P
= M(NE () = MSINE) = M eS(NY). : 9 Npem®)
So S(M =M ,
Therefore, SoM =M oS ( (N%)) (N%)
consequently, M (N %) e m(P) whenever
3.5. Note: Define S(P) =SoSo...0S(p times), NG € m(P).

peN.
So, by axiom 5 of 3.3, m(P) =m(N).
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Therefore, S(N3) = N% VN§em(N). 387. If Nfem(N) , then qg=1 iff
3.83. M(NY)=NY for all Nyem(N): N% & M(m(N))
Proof is similar to 3.8.2. q=1= N%eM(m(N)) follows

immediately from axiom 4 of 3.3.
Also, NfeM(mM(N)) =q=1
follows from 3.8.5.

3.84. For all N§Jem(N)-{Ni:teN}, there

exist N e m(N) such that N =S(N}) :
Proof:

Let m(P) ={N§_ZIEN}U{N%13NEEm(N) 4, AXIOMATIC DEFINITION OF ADDITION ON

m(N)
such that N =S(NQ}- 4.1. Definition of Addition:
Then by definition of m(P), N{em(P)vte N, A function A:m(N)>xm(N) —m(N) with

the following properties:
Axiom 1: AN, ND)=S(N9),

Axiom 2: A(NS,S(N) =S(ANNS. N,

S0 Nll em(P).
Suppose, N em(P).

S(NJ) is a support successor of N3 em(N) .

Axiom 3:
Hence, S(N%) e m(P) whenever N% em(P). A(N%, M (Nnm)) =M (q)(A(N%, NTY),
Now we shall show that M(Ng) em(P). N%, N em(N), is called addition of two
In this connection if p=1, multi-natural numbers.
gy _ a9y _ no(@) . 4.2. Theorem (Existence and uniqueness
then M(Np) =M(Ny) =N em(P) (since theorem of addition):
by definition of m(P), Niem(P)vteN and There exists a unique addition function.
N vaeN Proof:
o(@) e geN). Letany pe N be given.
If p=1 then M(Ng):M(S(NE)) By iteration theorem 2.8 with X =N and

x=o(p), =0 , 3 a unique function

[since Nyem(P) and p=l so by
ap:N—>N such that a,(l)=o(p) and

definition of m(P), there exist Nl‘j em(N) such
that N3 =S(NJ) ]

—MoS(NI) =S M(NT) = S(M(NJ) em(P). Similarly, letany ge N be given.
By iteration theorem 2.8 with X =N and
X=q , ¢=aq , 3 a unique function
whenever N em(P). Pq:N—>N such that S;()=q and
Therefore, by axiom 5 of 3.3, m(P) =m(N) . By oo(m) =agqofy(m) ¥ meN.
Hence the result.

apco(n)=ceap(n) VneN.

Therefore, in either case M(Ng)em(P)

Let us define A:m(N)xm(N) - m(N) by
By (m)

ap(n)’
Then immediately A:m(N)xm(N) — m(N)
is a function since ap:N—>N and

385 For all N$em(N)—{Nf:teN},

ANNJ N =N Nag. Ng' e m(N).

there exist N em(N) such that
Ng=M(NK):
The proof is similar to 3.8.4.

386. If N%em(N), then p=1 iff By N — N both are functions.

N nB@® o

N% & S(m(N)) : Now A(Ng,Nl)_Nas(l) =Ng(p =S(ND).
p=1= N% ¢ S(m(N)) follows Therefore, A satisfies Axiom 1 of 4.1.
immediately from axiom 4 of 3.3. Also, A(NY,S(N) = ANG. NI ()
Also, NfeS(M(N)) =p=1 _ NP Bam)
follows from 3.8.4. ap(o(m) — olapm)

— ﬂq(m) _ ﬂq(m)

= Notay o = SNay )
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= S(A(NE, NI, Vv Ni' e m(N).
Therefore, A satisfies Axiom 20f 4.1.
Also, ANNS,M(ND) = A(NS, NF™)
_ ,Bq (o(m)) _ g Oﬂq (m) _ g oﬂq (m)
=Ny = Neyoy = Ny
a(9,B4(m))
ap(n)
a(l,y(m))
ap(n)
a(@ ),
ap(n)

(By theorem 2.12)
N a(/)’q(m))ifq 1

ap(n)

D (@1, (M),
ay () ifg=1

(By Note 2.13.1)
N 7B (m))-fq -1

ap(n)

@ (o (B, (M),
ay (1) ifg=1

(By B'(i) of 2.13)

apm)

@ (B, (m)).
() ifg=1

=N
N ifg=1

™ifq 21

N

M (N7 ™ itq =1

ap(n)

Bg(m)

)
M@ NG

(By 3.6)
Mm@ (N Pq
%p

)ifg=1

(m)
()

=M@ (ANNY. N, V Ni" e m(N).
Therefore, A satisfies Axiom 3 of 4.1.
Therefore, the function A satisfies all the
three axioms of the definition given in 4.1.
Let A":m(N)xm(N)—>m(N) be another
function which also satisfies all the three
axioms of the definition given in 4.1.

For any N e m(N) let m(P)

={Np' em(N) | A(NJ,Np") = A(NJ, N} .

Then since AN, N) = A'(NJ, N,
S0 Nll em(P).

Let N" e m(P).

Then A(NJ,S(Ng")) = S(A(NJ,NY) (by
S(A(NJ,N)

axiom 2) = (since

4.3.

http://www.ijmttjournal.org

Np'em(P)) = A(NJ,S(Ng") (by axiom
2).
Therefore,
Ny em(P).
Again,

AN M(NT) = M@ (ANT N (by

S(NT) em(P) whenever

axiom 3) = M(q)(A'(Ng,NrT)) (since

Np'em(P)) = A(NJ,M(NT) (by axiom
3).
Therefore,
N em(P).

Therefore, by axiom 5 of definition of multi-
natural number (3.1), m(P) =m(N).

AN, N = A(NE N

M(N")  em(P) whenever

Therefore,

v N3, Ni' e m(N).
So A exist is uniquely.

Theorem:
The function A:m(N)xm(N)— m(N)
defined by ANNE NI =NDT,

NJ, N em(N) , satisfies Axiom 1-3 of
Addition:

- ANY N = NG L =N
Proof:  A(Np,Np)=Npg,; =Nz

(From
2.9.2) =S(N}J) (From3.2.1).
So A satisfies Axiom 1 of 4.1.
A(NE,S(NA) = ANJ,NJrmy) (From 3.2.1)

_ N am _
=Npi(om) =

= S(NJT,) (From 3.2.1) =S(A(NJ,NT") .
So A satisfies Axiom 2 of 4.1.
Finally, A(NNS,M(NJ) =A(N NT™)

Ng'g‘pm) (By B(ii) of 2.9)

(From 3.2.2) =N37{™ =NJtI™ (By M(ii)

1+m;
o210 =] 2P0
NG, o OFaMifg 1
(From theorem 2.12)
NgMWifg=1

NG G aMifg 1
(From B'(i) of 2.13 and 2.13.1)
B (Npyn)ifg=1

M @D (N IM)ifg 21
(From 3.2.2 and 3.6)
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M (N3T,)ifg=1

M @D (NGAM)ifq =1
(From M'(i) of 2.14 and B'(i) of 2.13)
_M(NGT)ifg=1

M @D M (NIT,)ifg =1
(From 3.2.2)

M (NGTy)ifg =1

M@ (NGT)ifg £1
(From 3.6)
M(A(NF +N)ifg=1

M@ (AN +N))ifg=1
=M@ @ANT+NM).

So A satisfies Axiom 3 of 4.1.
Hence the theorem.
4.3.1. Note: The Addition function A
defined in 4.1. is unique (By theorem
4.2.), so we can write
ANNS N =NET, NI NS em(N) .
4.3.2. Note: According to Note 4.3.1.,
Support of A(NJ,Ng') is (p+m)

and multiplicity of AN, Ng')is gm.

4.3.3. Note: From now on, we will denote
ANZ,Ng') as N§+Np'.

4.3.4. Note: Combining axiom 2 & 3, we
can write,

A(NY,S o M(NT))

=SoM@(S(NY.NT)) -

4.4. Properties of Addition: Following properties
of addition can be deduced:

4.4.1. Property: S(N%)=N%+ N%-

4.4.2. Property:
NG+(N+ND=(N§+N})+NT
VN9, NL em(N)

4.4.3. Property:
Ni+N$=NG+N]VNGem(N)

4.4.4. Property:
(NS+ND+NE=(NS+NJ)+NT,
VNS, N em(N).
4.45. Property:
N%+ Nk = Ni+N$ VNG, N e m(N)
(the commutative law of addition).
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4.4.6. Property:
(NG+ N +Nh=NG+(NL+N)
VNG, Nk, N e m(N) (the

associative law of addition.)
4.4.7. Property:

NG = NG+ N VNG, NE e m(N)
Proof follows from 4.2.2.
4.4.8. Property:

NE+NE=N$+NR=NL=NL .
VNG, N, Nfhem(N)
(the cancellation law for addition).

4.5. Counting

45.1. Examples: We know that the actual
essence of natural number is counting. But the
process of counting of elements of a multiset is
not a natural process due the presence of the
copies of the elements.
If we consider the copies as different from
original, we must use natural numbers for
counting, otherwise we must give number of
distinct elements and number of copies for each.
But here we introduce a different way to count
the multi-number of elements of a multiset by
giving the following examples (definition given
in 4.3.6):

Examplel: The multi-number of elements of the
multiset X ={a,a,a} is Nf- The multi-number

of elements of the multiset Y ={b, b} is Nfalso,
the multi-number of elements of Z ={c,c} is

NZ.

Example2: Consider the multiset
A={a,a,a,b,b,c,c} which is a multiset with
{a,b,c}as the support set with 12 multiplicity (by

fundamental law of association). In this
connection, if we say that the set A has 3 elements
(discarding the copies) or if we say that the set has
7 elements (otherwise), then the essence of
multiset will drive out.
In this paper, we define the multi-number of
elements of A is

(N3 +N2+NZ =N§+ N2 =N

We claim that this type of counting using multi-
natural number preserves the essence of counting
of the elements of a multiset and is favored by the
addition of two multi-natural numbers. It’s worth
noting that the multi-number of elements of
B={a,a,a,aa,aa4a,a,aaa,Db,c} is

N+ N1+ NI =N
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45.2. Full submsets: Again, we know that full
submsets are very important submsets in
multiset context. Also, the number of full

submsets of A={a,a,a,b,b,c,c} is 12. Also,
all the full msubsets of A are such msubsets of
A for which support is {a,b,c}. Therefore, the
multiset A has the support set {a,b,c} and has
12 full submsets but the converse is not true.
The support set {a,b,c} generates many
multisets except A all of which have 12 full
submsets. Let p(p,q) be the number of positive
integral solutions  of the  equation
X.Xp...Xp =0, then p(p,q) is the number of
multisets each having same support set with p
elements, same number of full submsets and
sane multi-number of elements.

45.3. Multiple Roots: The list of roots of the
polynomial equation (x—1)2(x—3) =01is 1,1,3.
Therefore, the multiset of roots of
(x—1)2(x—3) =0 is {1,1,3} . But the equation
has two distinct roots 1 and 3 giving the set of
roots of the equation is {1,3}. But if about the

collection of roots of the equation we represent
the set {1,3}, then it will be very unjustified and

the representation will be inadequate. The
essence of multiness of the multiset {1,1,3} of the
roots of the equation (x—1)2(x—3) =0 will be
preserved if we consider the set {1,3} of the roots
with multiplicity 2 which in turn support the
multi-number of the roots of the equation is N%-

454, Ng -Count Power msets: Let

q=0".q%2...0," be the canonical form of

q where g,0s,...0¢ (G <0p<...<qy ) is the
complete list of prime factors of q with

multiplicities ry,r,,...,ri respectively.

Let us consider the equation
X1 Xp... Xp = Oit.02.. Q¢ , where X e N..

Let us consider the equation
XP+Xp+...4Xp= 1, i=12..k

X € N U{0}. The number of solutions of the
. (r+p-1)
second equation is o1 ,i=12,..k.

So, the number of solutions of the first equation
o k(n+ p—lJ
is I1 = p(N9), say.

i=1(|0—1 P
Let p=(pa, p,....4tp) be one of such solution of
first equation. Then for each set A={a,ay,...ap}

having p elements and for each u , there exist a

multiset x(A) (with A as the support set) for
which C,(a) (@) =45, 1=12,.....p . Let us denote

the set of all such multisets as (A, (N3)) and

define it as * Ng -count power mset of A’.

. . p :
Also in this case, > N{% =NJ.
i=1

455. Single Whole Submsets, Single Submsets:
Let us now define a submset N of a mset M
drawn from a set X as a ‘single whole submset’ if
Cnem()=Cp(x) or 0 WxeX and
{xe X :Cnyam () =Cp ()} is a singleton set,
say{n}, then let us denote it as My (=N), i.e, a
single whole submset is such a submset of a
multiset for which exactly one element of the
support set belongs to it with the same count as in
the mset.
Let us now define a mset as a single mset if it has a
singleton support set.

So immediately, each mset can be expressed as a
union of all its single whole submsets. Therefore,

M= U Mgy.

neX
In this connection, we note that single whole
submsets are pairwise disjoint.

45.6. Multi Number of Elements in a Multiset:
Which we have illustrated in the examplel and
example2 of 4.3.1, to represent the concept of multi-
number of elements in a multiset, we now defining
that as follows:

Let N be a single mset also let x is the only

elementof N with Cy(x)=n.

Let us now define Ni' as the multi-number of
elements in N . Next let us consider an mset M
whose support N* ={x,X,,.... X,} is a finite set
and multiplicity of each of its elements is finite and
is given by the count function Cy(X)=t ,
i=12,....n. Then we define the multi number of

elements in M as the sum of the multi-numbers of
the elements in all its single whole submsets i.e.,

N+ N2 4.4+ Nj" = NE where t =tit,...t,.
5. AXIOMATIC DEFINITION OF MULTIPLICATION
oN m(N)
5.1. Definition of Multiplication:
A function P:m(N)xm(N) — m(N) with the
following properties:
Axiom 1: P(N9,ND =N,
Axiom 2: P(N$,S(NI) = s(P (P(NS,NT),
Axiom3: P(N$.M(NT) =M@ PN NT)
is called multiplication of two multi-natural numbers.
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5.2. Theorem (Existence and uniqueness
theorem of multiplication):
There exists a unique multiplication function.
Proof:
Letany pe N be given.

By iteration theorem 2.8 with X =N and
x=o(p) , ¢=0o , I a unique function
ap:N—->N such that «,(l)=o(p) and

apeco(n)=coap(n) ¥V neN.

Similarly, letany qe N be given.
By iteration theorem 2.8 with X =N and x=q,
¢ =0aq, 3 a unique function B;:N — N such

that Bq@=q and
Byeo(M) =agofy(m) vV meN.

Let us define P:m(N)xm(N)—>m(N) by
Bq(m)

P(NE. N :Nﬂ;(n) , NJ N em(N) .
Then immediately P:m(N)xm(N) - m(N) is a
function since B, :N—>N and S;:N—>N
both are functions.

Then proceeding in the similar argument as in
theorem 4.2 we can show that P satisfies all the
three axioms of the definition given in 5.1. also,
we can show that P exists uniquely.
5.3. Theorem:

The function P :m(N)xm(N)— m(N)

defined by P(NR.NT)=NJT
NJ N em(N) , satisfies Axiom 1-3 of

multiplication:
The proof is similar to the proof of the
theorem 4.3.
5.3.1. Note: The multiplication function P
defined in 5.1. is unique (By theorem
5.2.), SO we can write
P(Ng,Np') = NgT,
5.3.2.  According to Note 3.3.1., Support of

P(NJ,Ng") is pn and multiplicity of
P(NJE, NJ") is gm.

5.3.3.  Note: From now on, we will denote
P(NJ,N7") as NE.Ng'

5.3.4. Note: Combining axiom 1 and axiom
2 of 5.1., we can write

P(NY.SeM(N))

=sP oM@ (P(NG, NT)) -

5.4. Properties of multiplication: Following
properties of multiplication can be deduced:

541. P(NLN%)=N%=P(N%,ND.

NJ NR em(N) .

542. P(NJ,Ng) = P(NT,NJ) (the
commutative law of multiplication).
543.  P(P(Nm NP NP =P(NR, P(NY. NP)

(the associative law of multiplication).
5.4.4. Ingeneral,

P(NG, AN, N?))
#A(P(NY. Nm). P(N3.NP) .

(i.e, P do not obey distributive
property over A).
5.4.5. Note: But in particular,

P(NY, AINDL NB))
= A(P(NY, NI, P(NG, N3)) -

5.5. Following important results can be deduced:
1) Nh+Nh+.....(up to k times) = NE;]-

2) NRK-NP.....(up to k factors) = N”mkk .

3 NRFENRF o (up to k times)
= NL NI+ N ND -+ NN
= NGNS = NDON,

6. ORDERON m(N)

Our multi-natural number system seems to be
taking shape very nicely. We can add them, multiply
them and even take the power of multi-natural
numbers in some cases. Now we need to order our
multi-natural numbers.

6.1. Definition

We say that for N, Nfem(N), N =Np iff
(p=mas well as g=n). Also we say that for
N, Nmem(N), NP is greater than Nf and
we write N3 > Np if INFem(N) such that
NYd=Nm+NF=NR) o ie, (if p>m as
wellas n|q).

We say that N is greater than or equal to Nf,
and we write Nf=Npp if N§>Npj or
NY=Np, ie, if (p>mas well as n|q) or if
(p=maswellas n=q).

6.2. Properties of order on m(N)

6.2.1. Theorem: the relation > on m(N) is

a partial order relation which is not
total.
Proof: Reflexivity is clear since

NP =NPVYNDem(N).

ISSN: 2231-5373 http://www.ijmttjournal.org Page 144




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 48 Number 2 August 2017

Suppose for N4, Nj em(N) N%=Np and
N> NP
Therefore, p=maswellas n=q.
Therefore, N% =Np.
Therefore, > is antisymmetric on m(N) .
NG NRm.Nfem(N) , let
N%>Nmand N > N?-

If at least one of the equality hold then
immediately N> N¢ . Otherwise, (p>m as

Finally,  for

well as n|q) and (m>r aswell as s|n). Then
(p>raswellas s|q).
Therefore, N> N} Therefore, > is a
transitive relation on m(N) . Therefore, > is a
partial order relation on m(N) .

To show that the relation > is not total, we
note that N§ is not greater than or equal to Ng'
also N3 is not greater than or equal to N3 .
Therefore, > is not a total order relation on
m(N) .

6.2.2. Therefore (m(N),>)is a poset but not
a chain. Immediately (m(N),>) do not
obey the Law of Trichotomy.

6.23.  NP>NPis not true V Ngem(N):

Proof: Since p is not greater than p so
the result is immediate.

6.24. NI =Ni YNJem(N):
Proof: Since p=>1 and

1lg VpeN so the result follows
immediately.

6.25. (N$+NR=N% Vv Nhem(N):
Proof: From 5.1.3,
(N$+Nf)  =NJ5,  which s
immediately greater than or equal to
Ng since ( pm> pas well as g|gn
for p=land q=1) or (pm=p as
wellas g=qgn for p=1and gq=1).

6.26. NH>Nm<NJ+NE>NR+N?
vV Nfem(N):

Proof: Let N > N -
Then p>m aswellas n|q.
Now  N%+N} =NP and

ns
Nf+N¢=Npr.

ISSN: 2231-5373

6.2.7.

Since ( p>m and n|g ) so
( pr>mr vreN ) as well as
(ns|gs VseN).

Therefore,

Npr > N v Nfem(N)

i.e, N%+N? > N+ N3
vV Niem(N).

Conversely let, N§+N? > N+ N¢
vV Niem(N).

ie, NJE >N vV Nfem(N).
Then (pr>mr YreN ) as well as
(ns|gs VseN).

Therefore, (p>m and n|q).

So, N$>Nm-
Hence the result.
N%>Nhand NP > N{'
=NJ+N7 >Np +N¢
vV N3 NS, N em(N) :

Proof: Let N > Nfand N7 > N¢'.

Then (p>m and n|q) also (r >t and
uls).

S S
Now NP +Np =NE,

and N +N¢' =N,
Since p>mand r>t so p+r>m+t
Andsince n|g and u|s so nu|gs.

Therefore, N, >Ny

Consequently, N + N7 > Np +N¢'.

6.2.8.

6.2.9.

6.2.10.

6.2.11.

http://www.ijmttjournal.org

1
Nm=Ng < Ng+Np>NJ,

v NJ,Nhem(N) : The proof is
straight forward.

v Np, Npem(N), Ng+Ng>NJ:
The proof is straight forward.

NG +NP =Np +N?

=NJ3=Np VNI NZ,Ngem(N):
The proof is straight forward.

Np >Ng = Np.NP >N3AN? ,
VYN; em(N) : The proof is straight
forward.
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6.212. NP.-NP=Nm-NF=NpH=Np ,
VYNJ, NP, Np e m(N)

(cancellation law for multiplication):
The proof is straight forward.

NJd.Nm =Ng: The proof is straight
forward.
Npm >N3 & N¢' > Ng

6.2.13.

6.2.14.

= Np.N¢' >NJ.Ng : The proof is

straight forward.

6.2.15. Intuitively, we realise that for any
multi-natural number, we can make the product
‘as big as we please’ by multiplying it with
another suitable multi-natural number. Like the
ordinary natural number system, it is also very
fundamental property of the multi-natural
number system. In this connection, we give the
following theorem:

Theorem: For N, N em(N), IN? e m(N)
such that N.N? > Np.
Proof: For any N, Nmem(N) we take

le,:M(n)oS(NPn) .

Then
NG-(M™ e S(NR)) = Nb-NZR,1) = NZIL) N,
(since p(m+2)ymand n|2gn)

CONCLUSIONS

In this paper, we have defined and studied multi-
natural number system from axiomatic point of
view.

There is a lot of scope of future research work in
the field of multi set. Specially, further study can be
carried out in the following directions:

To study the possible extension process of Multi
Natural Number System towards Multi Integer
System, Multi Rational Number System, Multi Real
Number System etc.

Also, to study thoroughly the properties of
algebraic operations and order relations defined on
them.
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