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1. Introduction

Metric Fixed point theory is an essential
part of Mathematical Analysis because of its
applications in different areas like variational and
linear inequalities, improvement and approximation
theory. The fixed point theorem in metric spaces
plays a significant role to construct methods to
solve the problem in Mathematics and Sciences.
Although metric fixed point theory is vast field of
study and is capable of solving many equations.

In this paper, we proved some fixed point
theorems using some contractive conditions in
Multiplicative Cone - b metric spaces. The study of
fixed point of mappings satisfying certain
contraction conditions has many applications and
has been at the centre of various research activities.

2. Preliminaries

We recall some definitions Properties for
b-metric spaces given by Czerwik [ 14 ]
,multiplicative cone —b metric spaces [16 ] and
Consistent with Haung and Zhang[9] and Hussain
and shah[10] , will be needed the following
definitions in this paper.

Suppose E be a real Banach space and P
be a subset of E. Then P is called Cone iff:

(i) P is closed, nonempty and P = {0}.

(i) cx+dy eP for all x,yeP and non -
negative real numbers c, d.

(iiiy P n (—P) = {0}.

Definition 2.1[9] Suppose P be a Cone in real
Banach space E, define a partial ordering < with
respect to P bya < b < b —a € P. We can write
a < bto show thata < b and a # b whilea K b
will stand for b — a € int P, where int P denotes
interior of P.

Definition 2.2[3] Let X be a non-empty set. Let
the mapping d: X X X — R satisfies:

(i) 1< d(x,y) forall x,y € Y with x # y;
(i)d(x,y) =1 ifandonlyifx = y;

(iii) d(x,y) = d(y,x) forall x,y € x;

(iv) d(x,y) < d(x,2).d(z,y) forallx,y, z € X.
Then the function d is said to be a multiplicative
metric on X and (X,d) is called a cone
multiplicative metric space.

Definition 2.3[10] Suppose that X be a non-empty
set and s > 1 be a given positive real number. A
function d: X X X — R is said to be cone b- metric
if and only if vx,y, zeX , the following
conditions are satisfied:

(i) 0< d(x,y) forall x,y € Y with x # y;
(ii)d(x,y) =0 ifandonlyifx = y;

(iii) d(x,y) = d(y,x) forallx,y € X;

(iv) d(x,y) < s[d(x,z) +d(z,y)] for all x,y, z €
X.

Then the function d is said to be a cone b- metric
on X and (X,d) is called a cone b- metric space.

Definition 2.4 [16]: Let X be a non-empty set and
s =1 be a given positive real number. A mapping
d:X x X — R satisfies:

(i) 1< d(x,y) for all x, y € Y with x # y;
@iiyd(x,y) =1 ifandonlyif x = y;

(iii) d(x,y) = d(y,x) forallx,y € X;
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(iv) d(x,y) < [d(x,2).d(z,y)]® for all x,y, z€
X.

Then the function d is said to be a multiplicative
cone b- metric on X and (X,d) is called a
multiplicative cone b- metric space.

1
Example 2.5[14]: Let d(x,y) = a@i=1lxivil")?
forallx,y e X;P > 1.
We show that d(x,y) is multiplicative cone b -
metric space i.e., (mg,,d), but not multiplicative
cone metric space i.e., (m.,d)

Definition 2.6[12](Multiplicative Convergence)
Let (X, d) be a multiplicative metric space, (x,) be
a sequence in X and x € X. If for every
multiplicative open ball B,(x), there exists a
natural number N such thatn > N = x,, € B, (x),
then the sequence (x,) is said to be multiplicative
convergent to X, denoted by x,, —, x (n— ).

Lemma 2.7:[12] Let (X, d) be a multiplicative
metric space, (x,) be a sequence in X. If the
sequence (x,) is multiplicative convergent, then
the multiplicative limit point is unique.

Theorem 2.8:[6,7 ] Let (X,d) be a Complete metric
spaces and T:X — X be a Kannan Contraction
mapping (ie)

d(Tx, Ty) < K[d(x, Tx) + d(x, Ty)]
for all x,y € X, where Ke [0,%). Then T hasa
unique fixed point.

Theorem 2.9 : [6,7] Let (X,d) be a Complete
metric spaces and T:X — X be a Chatterjea-
Contraction mapping (ie)

d(Tx, Ty) < K[d(x, Ty) + d(y, Tx)]
for all x,y € X, where Ke [0,%). Then T has a
unique fixed point.

Definition 2.10 :[12] Let (X, d) be a
multiplicative metric space. A self mapping f is
said to be multiplicative Kannan contraction if

A
d(fx, fy) < (d(fx, 0. d(fy, )",
forall x,y € X, where 1 € [0,%).

Definition 2.11 [12] Let (X, d) be a multiplicative
metric space. A self mapping f is said to be
multiplicative Chatterjea contraction if

d(fx, fy) < (d(Fx,y).d(fy,0)’,

forall x,y € X, where 1 € [0,%).

Lemma 2.12 :[16] Suppose that {gm} be a sequence
in real Banach Space E and P be a cone. If
c€int Pand gy — 1 as (M — ), then there exist
N such that for all m >N, we have g, c.

Lemma 2.13:[16] Suppose P ba a Cone and g« ¢
for all ¢ € int P ,then g=1.

Lemma 2.14:[16] Suppose P ba a Cone .If ge P
and g < g* for some k € [0,1), then g=1.

Theorem 2.15:[16] Let (X, d) be a complete
multiplicative  cone b-metric space with power
s = 1. Suppose the mapping T: X — x satisfies the
following contractive condition,

d(Ta,Th) <d(a,b)* foralla,b € X

where 0 < A <1 is a constant. Then T has a
unique fixed point in X.

Theorem 2.16:[15] Let X be a Complete metric
space with metric d and let T: X — X be a function
with the property
d(T(x),T(y)) < ad(x,T(x)) + bd(y,T(y))
+cd(x,y)
for all x,y € X where a, b, ¢ are non-negative and
satisfy a+b+c < 1. Then T has a unique fixed point.

Theorem 2.17:[15] Let X be a Complete b - metric
space with metric d and let T: X — X be a function
with the following condition
d(T(x),T(y)) < ad(x,T(x)) + bd(y,T(y))
+ cd(x,y)

for all x,y € X where a, b, ¢ are non-negative and
satisfy a+s(b+c) < 1 for s = 1. Then T has a unique
fixed point.

3. Main Results

In this section, we prove some fixed
theorems using Multiplicative Kannan contraction
and multiplicative Chatterjea - contraction and one
more contractive conditions in multiplicative cone
b - metric spaces. Our main result is follow as:

Theorem 3.1 Let (X, d) be a complete
multiplicative cone b- metric space with power
s = 1. Suppose the mapping T: X — X satisfies the
following Kannan contractive condition,

d(Tx, Ty) < (d(Tx, x).d(Ty, y))l,
forall x,y € X,where0< 1< % is a constant.
Then T has a unique fixed point in X and for any

x € X, iterative sequence (T™x) converges to the
fixed point.

Proof. Choose x, € X. We construct the iterative
sequence { x,}, where x; =Txy, x, =Tx; =
T2xgy0 Xy = TXp_q, Xpyq = Tx, =Ty, n >
1, we have

d(xp41,%,) = d(Tx,, Txp_1)
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< (d(Txn' xn)- d(Txn—Alt xn—l))}L

<< (d(xn'xn—l))ﬂ
< d(x1,%)"

A
for all né N, whereh = < 1.Forn>m.

d(x,, %)
< (A, xp—1)- A1, Xp—2) e A(Xppg1, X ))°
<

(d (xl xo)h"_1+h"_2+~--+hm )s
)
hm
< (d(x1,x9)1-1)°
sh™

S d(xl, xO)1_Sh

This implies d(x,, x,,) = 1(n,m — ).
sh™

(i.e) d(xq,x9)1-sh = 1 asm— oo for any s > 1.
Hence {x,} is a Cauchy sequence. Since (X,d) is a
Complete multiplicative Cone b-metric space, there
exist z in X such thatx,, - z (n —» o). for all n >
No .

d(Tz,2) < (d(TzTx,).d(Tx,,2))°
< d(Tz,Tx,).d(Tx,,2)°

< (d(Tz2).d(z, Tx,)™. d(xp41,2)°

< (d(Tz,2)* .d(x,41,2)*"
sQ+1)
<d(x,412) ™" & c,foreachn>n,

we have

By use of lemma 2.12 ,we deduce that d(Tz,z) =
1. This implies Tz = z. So z is a fixed point of T.
For proving uniqueness, if there is another fixed
point z;, then by the given assertion,

d(z,z;) = d(Tz,Tzy)
< (d(Tz,2).d(Tz, z))*
<
d(Tz,2)*.d(Tz;,2)*

By lemma 2.12 , z = z; .This Completes the proof.

Theorem 3.2 Let (X, d) be a complete
multiplicative cone b- metric space with power
s = 1. Suppose the mapping T: X — X holds the
contractive condition,

d(Tx,Ty) < (d(Tx,y).d(Ty, x))l,
for all x,y € X, where A € [0, %) is a constant. Then

T has a unique fixed point in X. And for any
x € X, iterative sequence (T™x) converges to the
fixed point.

Proof. Choose x, € X. Setx; = Txy, x, = Tx; =
T2xg,0y Xpp1 = Tx, = T x,...

we have
d(xy 41, %,) = d(Tx,,Tx,_1)

< d(Tx,, x,_1). A(Tx,_q, X))
< d(x,,x,_1).d(x,,x,))"
< d(x,,x,_1)"

< d(x »xo)ln

Forn>m,
d(x,, %)

< (d(xn'xn—l)' d(xn—ltxn—z) d(xm+1' xm))s

<
(d(xy, XO)A"_1+A"_2+-~-+A"’ )s
Am
< (d(x1,%9)12

sA™
S d(xl,xo)l_sjL

This implies d(x,,, x,,) = 1(n,m — ).

SA
(i.e) d(xq,x9)1-s2 > 1 asm— oo forany s > 1.
Hence {x,} is a Cauchy sequence. Since (X,d) isa
Complete multiplicative Cone b-metric space, there
isz € X suchthatx, - z(n - ) foralln>n, .

d(Tz,z) < (d(TzTx,).d(Tx,,z))°
<

(A(T2,%,). d(T%, 2))% . d (X1 2)°

<
(d(Tz, z). d(xn,z))s. d(xnﬂ‘ Z)Md(xnﬂ‘z)s

< (0, ) 4 d(xy41,02) " . d (X110, 2)°

we have, d(Tz,z) < d(x,41,2)1-1 < c, for each
n > ny, By use of lemma 2.14 ,we deduce that
d(Tz,z) = 1. This implies Tz =z. So z is a fixed
point of T. For proving uniqueness, if there is
another fixed point z,, then by the given assertion,

d(z, z1) = d(Tz,Tzy)
< (d(Tz,2).d(Tz;,2))*

IA

d(Tz,z)*.d(Tz, z)*

By lemma 2.14 , z = z; , This Completes the proof.

Theorem 3.3 Let (X, d) be a complete cone b-
metric space with metric d and let T: X —» X be a
function with the following condition,

d(Tx, Ty) < d(x, Tx)?.d(y, Ty)?.d(x,y)",
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for all x,y € X, where p, g, r are non- negative real
numbers and satisfy p+(q+r) <1 fors>1.
Then T has a unique fixed point.

Proof. Letx, € X and {x,} be a sequence in X
such that x,, = Tx,_; = T"x,.

Now, d(x,,1,%,) = d(Tx,,Tx,_1)
< d(xn'Txn)p'd(xn—liTxn—l)q'd(xn'Txn—l)r

<

d(xn+1'x*)s
<
Qe Tx)P . [dCe, x) . d(x", Tx,)]50.
d(x*, %, )" d(Xp41,X7)°
<
d(x, Tx*)P . d(x,, x°)50. d (", Xy )20
d(x®, %) d(Xp41,X7)°
d(x*, Tx*) d(x*,Tx*)_SP
sr+52q
= d(xn,x*)
d(x*,Tx*)l_S” S

2
.d(x*, xn+1)s p+rs

(A X 41)- Ao, TP A1, T 1) A X 1 H (o 2750 d (", %, )0 . (3)

< d(xn:xn+1)sp'd(xn—lﬂxn)q+r
d(xn:xn+1)1_5p < d(xn—lﬂxn)q+r

- D

secondly,
d(xy41,%,) =d(Tx,,Tx,_1) =
d(Tx,_4,Tx,)

< d(xn—l' Txn—l)p' d(xn' Txn)q' d(xn—li Txn)r
<

d(xn—l' Txn—l)p [d(xn,xn+1)' d(xn+1,Txn)]sq d(xn—l' Txn)r

< d(xn—l'xn)p d(xn,xn+1)sq d(xn—li Txn)r
d(xn+1'xn)1_sq < d(xn—lixn)p+r
- (2

Multiplying (1) & (2)

d(xn'xn+1)1_sp d(xn:xn+1)1_sq
= d(xn—lixn)q_H'd(xn—lixn)p+r

d(xn'xn+1)2_s(p+q) <

+q+2r
d(xn—lixn)p 1
ptq+2r

< d(xn—li xn)27s(p+q)

d(xn' xn+1)

p+q+2r
2-s(p+q)’

Put 1=
Thus,

it is easy to see that 1 € [0,1).

d(xn'xn+1) =< d(xn'xn—l)l' LS d(xlixo)ln

we can follow the same argument that is given in
Theorem 3.1 [16 ] , there exist x* € X such that
x, = x*. Let ¢ >>1 be arbitrary. Since x, - x*,
there exist N such that

d(x,,x )< ¢

Next we show that x* is fixed point of T, we
have
d(Tx*x*) = [d(Tx*,Tx,).d(Tx, ,x*)]°
< d(Tx* T x,)5.d(xp41,%x%)°
<
[d(x*, Tx*)P.d(x,, Tx,)?.d(x", x,)"]°.

On the Other hand

dix*, Tx*) = [d(x*,Tx,) .d(Tx, ,Tx*)] ®
=d(x*,x,41)° -d(Tx,, , Tx*)*

<
d(x*, x,41)°%. [d(x,, T, P d(x*, Tx*). d(x,,x*)]°
< d(x", x,41)5. [d(x,,x7) . d(x, Tx,)]sP.
d(x*, Tx*)*.d(x,,x*)*
<d(x*x,41)%. d(xn,x*)szp. d(x*, xn+1)szp.
d(x*, Tx")*.d(x,,x*)*

d(x*, Tx*).d(x*, Tx*)™1 =
d(x*, xn+1)5+52p. d(xn, X*, )52p+r5

d(x*, Tx")™s1 <
52p+rs

S 52
d(x* %41 ) ’ p.d(,xn x*)
Multiplying (3) & (4) gives,
d(x*, Tx*)?~P =50 <
d(x*, xn+1)s+szp+s+szq. d(, X, ‘X*)

< d(x*,%,4) 5040 d(,x, x°)
d(x*,Tx*) <c

szp +rs+sr +szq

2rs +sz(p +q)

we can see from lemma 2.14, that d(x* , Tx*) = 1.
(ie) the mapping T has a fixed point x* . At last, for
uniqueness, if there is another fixed point y* then
dlx*, y*) =d(Tx*,Ty*)
<d(x",Tx")P
d(y", Ty")1d(x",y*)"
= d(x,y) <d(x",y*").
Owingto 0< r < 1, we deduce from lemma 2.14
that x* = y* . This completes the Proof.
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