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I. INTRODUCTION

More recently, many of the standard ideas
of nonlinear analysis have been extended to the
class of so-called CAT(0) spaces, [So named by
Gromov[1] in honor of Cartan, Alexandrov, and
Toponogov]. First time, W.A. Kirk[4] developed
the fixed point theory for CAT(0) spaces and
proved an interesting fact about the fixed point set.
He showed that every nonexpansive (single-valued)
mapping defined on a bounded closed convex
subset of a complete CAT(0) space always has a
fixed point. Since then the fixed point theory for
single-valued and multivalued mappings in CAT(0)
spaces has been rapidly developed. In 2008,
Dhompongsa and Panyanak[7] used the concept of
A -convergence introduced by Lim to prove the
CAT(0) space analogs and obtained A -
convergence theorems for the Picard, Mann and
Ishikawa iterations in the CAT(0) space setting.

A metric space X isa CAT(0) space if it is
geodesically connected and if every geodesic
triangle in X is at least as “thin” as its comparison
triangle in the Euclidean plane [2]. It is well known
that any complete, simply connected Riemannian
manifold having nonpositive sectional curvature is
a CAT(0) space. Complete CAT(0) spaces are often
called Hadamard spaces[4]. For a thorough
discussion of these space and of the fundamental
role they play in various branches of mathematics,
see Bridson and Haefliger [2] or Burago et al.[3].

Liu [8] has proved the convergence of
Mann and Ishikawa iterative sequence for uniformly

L-Lipschitzian asymptotically demicontractive and
hemicontractive mappings in Hilbert space. The
approximation of fixed points of one or more
nonexpansive, asymptotically nonexpansive, or
asymptotically quasi-nonexpansive mappings by
various iterations have been extensively studied in
Banach spaces, convex metric spaces, CAT(0) spaces,
and so on [4, 8, 10-25].

In this paper, we establish theorem of
strong convergence for the Mann iteration scheme to
a fixed point of a finite family of a uniformly L-
Lipschitzian asymptotically demicontractive
mapping in CAT(0) space.

Il. PRELIMINARIES

Let (X, d) be a metric space. A geodesic
path joining x € X to y € X (or, more briefly, a
geodesic from x to y) is a mapping ¢ from a closed
interval [0,1] < Rto X such thatc(0) =x; c(l)=y,

and d(c(t), cto)) = [t—to| for all t, t; € [0,1]. In

particular, ¢ is an isometry and d(x, y) = | . The
image of c is called a geodesic (or metric) segment
joining x and y. When it is unique, this geodesic is
denoted by [x, y]. The space (X, d) is said to be a
geodesic space if every two points of X are joined by
a geodesic and X is said to be uniquely geodesic if
there is exactly one geodesic joining x and y for each
X, Y € X. A subset Y < X is said to be convex if Y
includes every geodesic segment joining any two of
its points.

A geodesic triangle A (X;, Xz, X3) in a
geodesic metric space (X, d) consists of three points
in X (the vertices of A) and a geodesic segment
between each pair of vertices (the edges of A). A
comparison triangle for a geodesic triangle A (X1, X2,
x3) in (X, d) is a triangle A (X, Xa Xo)=
A(%,%,, %) in the Euclidean plane R* such that

dge (Yi,Vj)zd(xi,yj) for i,j€{123}.Sucha

triangle always exists [2].
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A geodesic metric space is said to be a
CAT(0) space if all geodesic triangles of appropriate
size satisfy the following CAT(0) comparison axiom.

Let A be a geodesic triangle in X and let
A < R? be a comparison triangle for A. Then A is
said to satisfy the CAT(0) inequality if for all x, y
€ A and all the comparison points X,y € A,

d(xy)<d(X,y)

If Xy, y1, z; are points in a CAT(0) space and if yp is
the midpoint of the segment [yi, Y,], which we will

denote by @ , then the CAT(0) inequality
implies

@ 1 1
dz[x,yl_zhjgzdz(x, y1)+5d2(x,y2)

1.2
—-=d ,
4 (Y1 Y2)

This is the (CN) inequality of Bruhat and Tits [5]. In
fact, a geodesic space is CAT(0) space if and only if
it satisfies the (CN) inequality [2]. The previous
inequality has been extended by Khamsi and Kirk [6]
as

dz(z,ax@(l—a)y)s(xdz(z,x)+(1—a)d2(z,y)
—a(l—a)dz(x, y)

(CN)
for any o €[0,1] and x, y, z € X. The inequality
(CN") also appeared in [7].

Let us recall that a geodesic metric space is a CAT(0)
space if and only if it satisfies the (CN) inequality
(see [ 2, page 163]). Moreover, if X is a CAT(0)
metric space and X, y € X, then for any a € [0, 1],

there exists a unique point ax @ (1 — a)y € [X, VY]
such that

d(z,ax@(l—a) y) <ad(z,x)+(1-a)d(z,y)
for any z € X and

X, y]={ax ® (1 - a)y: a € [0, 1]}

(2) A mapping T :

(3) A mapping T :

Now we introduce some important definitions as
follows:

Definitions: Let C be a nonempty subset of a metric
space (X, d). Let F(T) denote the fixed point set of

T.Let F(T)=¢ .

(1) A mapping T : C — C is said to be k-strict

asymptotically pseudocontractive with
sequence {a,} if lim,., a, = 1 for some
constant k, 0 <k <1land

dZ(T”x,T”y)saﬁdz(x, y)+k(d (x,T”x)—d(y,T”y))
forall x,yeC,neN.

If kK =0, then T is said to be asymptotically
nonexpansive with sequence {a.}, that is,

d (Tnx, Try) < and (x,y), ¥V x,y € C.
C — C is said to be
asymptotically demicontractive with sequence

{a,} if lim,_.a, = 1 for some constant k, 0 < k
<1, and

dz(T”x, p)saﬁdz(x, p)+k-d2<x,T”x),

VpeF(T),xeC,neN.

If kK =0, then T is said to be asymptotically
quasi nonexpansive with sequence {a.}, that is,

d(Trx, p)<and (x,p), ¥Yx€C, ¥ peF(T).
C — C is said to be

asymptotically pseudocontractive with sequence
{a,} if lim,_a,=1and

G2 (17 T7y) < a2 () (8 (7" -a 7" )]

forallx,yeC,neN.

(4) A mapping T : C — C is said to be uniformly L-

Lipschitzian if for some constant L > 0,
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d(T”x,T”y)s L-d(xy),¥x y€eC,

for alln € N.

Let C be a nonempty convex subset of a CAT(0)
space (X, d) and let T : C — C be a given mapping.
Let x; € C be a given point.

The sequences {x.} and {y,} defined by the
iterative process

Xn+1 = (1 B an) Xn © anTnyn,
Yu= (1= Bn) xn @ fnl"xn, n 21, (2.1)
is called an Ishikawa-type iterative sequence [26].

If B, = 0, then (2.1) reduces to the sequence {x.}
defined by the iterative process

Xni1= (1 — an) %0 ® anT™,, n >1, (2.2)
which is called a Mann-type iterative sequence [27].

Lemma 2.1 [8]. Let sequences {a.}, {b.} satisfy
that
an+1§ an + bn, an 2 0,

o0

for all n € N, an is convergent, and {a.} has a
n=1

subsequence {ank } converging to 0. Then, we must

have lim,_,,a, =0

I1l. MAIN RESULTS

First we prove a lemma as follows:
Lemma 3.1 Let (X, d) be a CAT(0) space and let C
be a nonempty convex subset of X. Let Tj: C— C,

i=12,...n be a finite family of uniformly L-
Lipschitzian mapping and let {e,}.{B,} be

sequences in [0,1]. Define the iteration scheme {x,}
as (2.1). Then

d(Xp, Tixy) <d (xn,Tinxn)

+LA+2L+12)d (xn,l,Ti”’lxn,l)
foralln > 1.

Proof. Let D,= d (xn,Ti”xn), We have

d (anlv ynfl) =d (anlv A= Bra)Xna @ ﬂnflTinilxnfl)

< ﬂnfl -d (anlvTin_lel) = ﬂnlenfl (3.1)
From (3.1), we get

d (Xn—llTinilyn—l) <d (Xn—l’Tinilxn—l)

+d (Tin_lxnferi 1 ynfl)

< Dn—l +L-d (Xn—l’ yn—l)
SDpag+pfra-L-Dpg (3.2)
From (3.1) and (3.2), we get

d (X, Tix,)<d (xn ,Ti”xn)+d (Ti”xn T; xn)
<D, +L-d (Ti”’lxn,xn)
<D, +L- {d (Ti”_lxn ,Ti”_lxn_l)+ d (Ti”_lxn_l, X, )}
<Dy +L2-d (X, % )+L-d (Ti”‘lxn_l, xn)
<Dy + L+ d((1= 1)t © 1T g X 1)
+L-d (Ti”_lxn,l, (1-ong) %1 ® anflTin_lynfl)
<D, +L% a, 4d (Ti”’lyn_l, Xn—l)
(1-ay4)d (Ti”’lxn_l, xn_l)
| +apqd (Tin_lxnfllTin_lyn—l)

+L

2
<Dp+L 'an—l(Dn—l+ﬁn—1 -L- Dn—l)
2
+L '(l_anfl) Dpa+L"-apnq-fnr1-Dna
<Dy y+LA+2L+L%)D, 4, n>1 (3.3)

This completes the proof of lemma.

Theorem 3.1 Let (X, d) be a complete CAT(0)
space, let C <X be a nonempty bounded closed
convex set. Let T;:C—C,i=123,...,n be a
family of complete continuous and uniformly L-
Lipschitzian and asymptotically demicontractive
with sequence {a,}, a, € [1,),

0
Z(aﬁ—l)<oo, e<ap<l-k-¢, for all n € N
n=1
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and some ¢ >0. Given x, € C, define the iteration
scheme {x,} as

Xn1 = (1= ) % @ T X,

Then {x,} converges strongly to some fixed point of

{Ti}.

Proof. Since T; be a family of a completely
continuous mapping in a bounded closed convex
subset C of complete metric space, from Schauder’s
theorem, (T;) is nonempty. It follows from (CN)
inequality that

0% (Xpu, P) = 0 (1=t ) Xn ® Ty X0, D)

S(l—an)dz(xn, p)+and2(Ti” Xp, p)

(3.4)
—ap (1-ay )d? (xn,Tin Xn)
forall pe F(T;).

Since T; be a family of
demicontractive mappings, we get

asymptotically

dz(xm—l! p)S(l—an)dz(Xn, p)

+an{a§d2(xn, p)+k«d2(xn,Tin xn)}

—an(l—an)dz(xn,Ti”xn)
sdz(xn,p)+an(an 1)d (Xn, P)
—an(l—an—k)dz(xn,Tinxn)
(3.5)
forall pe F(T;).

Since0O<e<a, <l-k—¢,wehave 1-k—a, 2 ¢.
Thus,

an (1-k—ay) 2 &2 (3.6)

Now (3.5) and (3.6) implies that

0% (X1, P) <02 (%9, P) + o (85 ~1)d° (xp, )
— &2 -dz(xn,Tin xn)
(3.7)

forall pe F(T;).

Since C is bounded and T;’s are self-mapping in C,
there exists some M >0 so that d?(x,, p)<M , for

all neN. Since 0< o, <1, it follows from (3.7) that

dz(xn+l p Xnv +(ar21 )
—&? dz(xn,T x)
(3.8)
forall pe F(T;).
Therefore,
gz-dz(xn,Ti”xn)sdz(xn,p) d? (Xn41. P)
+(a§—1)|v|
(3.9)
So,

for allm € N. Since Zm:(aﬁ —1) < oo, we get

n=1
m
Zgz.dz(xn,n”xn)@o (3.10)
n=1
Therefore,

Iimn_mdz(xn,Ti”xn)=O,

Iimn_md(xn,Ti” xn):O (3.12)

Since T; be a family of uniformly L-Lipschitzian
mappings, it follows from lemma 3.1 that

limp_yo, d (X, Ti X ) =0 (3.12)
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Since {x,} is a bounded sequence and T;’s are
completely continuous, there exist a convergent

subsequence {Txnk} of {Tx, }. Therefore, from

(3.12), {x».} has a convergent subsequence {xnk} .

Let lim,_,,, %, =0. It follows from the continuity

k
of Ti’s and (3.12), we have q = T q. Therefore, {x}
has a subsequence which converges to the fixed
point g of T;.

Let p=g in the inequality (3.8). Since
m m
Z(aﬁ —1)<oo and Zez'dz(xn,Ti” Xn)<oo '
n=1 n=1

from (3.8) and Lemma 2.1, we have
limp_yee d2 (X, 9) =0,

Therefore,  limy_,,, X, =0,

This completes the proof of Theorem 3.1.

Corollary 3.2 Let (X, d) be a complete CAT(0)
space, let C =X be a nonempty bounded closed
convex set. Let T;:C—C,i=123,...,n be a
family of complete continuous and uniformly L-
Lipschitzian and k-strict asymptotically
pseudocontractive with sequence {a,}, a, € [1,2),

Z(aﬁ—1)<oo, e<ap<l-k-¢g, for all n € N
n=1

and some ¢ >0. Given X, € C, define the iteration
scheme {x,} as

Xn1 = (1= ) % @ T"x,

Then {x,} converges strongly to some fixed point of

{1}

Proof. Since Ti’s are k-strict asymptotically
pseudocontractive; then T;’s must be asymptotically
demicontractive (by definition). Therefore, Corollary
3.2 can be proved by using theorem 3.1.
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