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Abstract :This paper deals with fuzzy Laplace
transforms to obtain the solution of fuzzy fractional
differential equation (FFDEs) under Riemann Liouville
H-differentiability with fractional order (0 < #<1). There
is limited research devoted to the analytical method to
solve the FFDEs under Riemann Liouville H-
differentiability. An analytical solution is presented to
confirm the capability of proposed method

| .INTRODUCTION

Fractional calculus is a mathematical branch
investigating the properties of derivatives and integrals
of non- integer orders. It has been applied in modelling
physical and chemical processes and in engineering [4, 6,
18] Podlubny and kilbas[10,12,] gave the idea of
fractional calculus and consider Riemann Liouville
differentiability to solve FFDEs. Agarwal [2] proposed
the concept of solutions for fractional differential
equations with uncertainty.

Laplace transform is used for solving differential
equations. To solve fuzzy fractional differential
equation, fuzzy initial and boundary value problems, we
use fuzzy Laplace transform. The advantage of fuzzy
Laplace transform is that it solves the problem directly
without determining a general solution.

Here we have seen some basic definitions and
Riemann Liouville H- differentiability in section 2. In
section 3, fuzzy Laplace transforms are introduced and
we discuss the properties .The solutions of FFDEs are
determined by Fuzzy Laplace transform under
Riemann Liouville H- differentiability and solve the
example involving sine terms in section 4. In section
5, a conclusion is drawn.

Il. PRELIMINARIES
Definition: 2.1[8]

Fuzzy number is a mapping « : R —=[0, 1] with the
following properties:

1. w is upper semi continuous.
2. u is fuzzy convex.

ie.,ully + (1 —A)y) = min fulx), uly)} for all
xy €R, A €[0, 1].

3.u isnormal. i.e., 3 x, €R for which ulx,) =1

4, Suppu = {x € Rfu(x) = 0} is the support of the u,
and its closure cl (supp ) is compact.

Definition: 2.2[13, 14]

A fuzzy number u in parametric form is a pair (. )
of functions u(r).u(r). 0 = r = 1. which satisfy the
following requirements:

1.ulr} is a bounded non-decreasing left continuous
function in (0, 1],and right continuous at 0O,

2.u(r)is a bounded non-increasing left continuous
function in (0,1],and right continuous at 0,
3ulr) =ulrlo=r= 1L

Theorem: 2.1[15] Let f be fuzzy valued function on
[a,%2) represented by(f(x: r), flx;r) ] For any fixed
r €[0, 1], assume f (x;v) and £ (x;+) are Riemann-
integrable on [a, b] for every b> a, and assume there
are two positive functions M (r), M (r) such that

I3 | £Ceir) |n‘x = M(r)and [} | Flxsr)|dx = T ()

for every b= a.Then f(x) is improper fuzzy Riemann
integrable on [a, @}and the improper fuzzy Riemann
integral is a fuzzy number. Furthermore, we have

fo{x; rldx = J::f{.r: ridx, J;xE{r: r]n’x]]

Definition: 2.3 Let x.y = E. If there exists ze £ such
thatx = v + =, then = is called the H- difference of x
and ¥ and it is denoted by x & .

Riemann Liouville H-differentiability: [7]

€ *[a,b] is the space of all continuous fuzzy valued
functions on [a,b]. Also we denote the space of all
Lebesgue integrable fuzzy valued functions on [a, b]
by L7 [a. 5] .

Definition: 2.4 Let f € CFla,b]n LF[a.b] x5 in (a,b)
and #(x) = —— [FZEE e say that f is Riemann

ril—-§1°% (x—t18 "
Liouville H- differentiable about order 0== & = 1 at xy,
if there exists an element(*:D”. f )(x;) € E such that
for h > 0 sufficiently small

() B2D%f )xy) =,

_ lim #lxgloel,-h)
~ h=o* R

&y, +hlgely, )
]

(or)
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lim ®lxp 18 (xp+h)
h—0¥ —h

(ii) B2 D2 £ )(xg)

lim ®lxg—RIS&®x)
h—=0* - (Or)

T Iim i R £
(i) (F Ds f )wg) = i, Zmm Sy

_ Iim Plxe—RIS®(x)
= h=ot R (Or)

. aL 8 _ lim FxgIE®ag+h)
(iv) (D= f )xpd = T, ===

lim ®lx 188 (x-h)
R=07 R

We say that the fuzzy valued function f is (**(i} — £ )
differentiable if it is differentiable as in the
definition2.5 case (i), and f is(*: (i) — & )
differentiable if it is differentiable as in the definition
2.5 of case (ii) and so on for other cases.

Theorem:2.2[17]
Let f € C¥[a, b]N L¥[a.b],x4in (a,b) and 0 < <1.
Then

(i) Let us consider f is (*:(i) — # ) differentiable
fuzzy valued function, then

i SIENSUES [ STENTN o B TENES]

0=r=1

(ii) Let us consider f is (*(ii) — 8 ) differentiable
fuzzy valued function, then

(P05 f )xosr) = [ (4D f (o), (FHDF.F ) (0 )]
0=r=1
Where
I L L d xfltr)d
( Dc'f :I':.rn..?"] - [:'IJ_—S' dx =2 'I—f"ﬂr:rn @

{RLDS-F Wxgsr) = L_ L if’-’?'r:rld:] 2

(1-F1dx a |I—f|'T x=xg

3. FUZZY LAPLACE TRANSFORMS

Definition: 3.1[16]

Let f be continuous fuzzy valued function. Suppose

that 7 (x)Ze~"* is improper fuzzy Riemann integrable

on [0,22). then [, f(x)Ge ~P*dx is called fuzzy

Laplace transforms and denoted by

LIf(x)] = J, Fx)@e P dx ©)
(p>0 and integer)

Using Theorem 2.1 we have 0= r = 1;

JT flar)2e P dx

:[J’: flar)De P dx .J’: Flx:r)0e P dx ]

Using the classical Laplace transforms,
I[f‘ix: r]] = J’:f{x; rle P dx and

{[ Fla r]] = J,[:: flx:rle P¥dx

Then we get

LIf ()] = [{ [ r ][ Fx r]]]

Definition: 3.2

Hypergeom (mn.d.z) is the generalized hyper
geometric function Fin.d.z). also known as Barnes
extended hyper geometric function. For scalars a ,b
and ¢, hypergeom ([ab],c ,z) is a Gauss hyper
geometric function 2 F (a.bic:z). The Gauss
hypergeometric function 2F (a.b; e z) is defined in
the unit disc as the sum of the hypergeometric series

||:|,.:|E:'|,:x_r: ,|Z| =1

2F (a.bic;z) = X5,

(€0
Definition: 3.3
The pochhammer symbol (a)  is defined by
(alg =1,
(@), =ala +1) wc....(a+n—-1)neN
Definition: 3.4

A two parameters function of Mittag -Leffler type is
defined by the series expansion

zr

Eep(z) =Ereo (o, p>0)

riar+)

An error function is defined by
erfe(x) = = [, e " at.
Theorem: 3.1 [16]

Let f &g are continuous fuzzy valued
functions.Suppose that ¢; &c- are constants.

Llle,@f(x)) @ (e.0g(x V] = (e, @ LIF )] @ (6.2 Lglx)])

Lemma: 3.2 [16]

Let f be continuous fuzzy valued function on [0,52)
and A €R then
LIAGS (x)] = AGLLF (x)]

Derivative theorem: 3.2
Suppose that f € C¥[0,e2) N LF[0,00). Then

L[l fiml=fLirml & 0 )0 @)
if £ is (®:(i) — B ) differentiable, and

L[ (DL )= -0 ) & - (sBLife)])

if £ is (*L(ii) — 8 ) differentiable. (5)
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4. FUZZY FRACTIONAL DIFFERENTIAL

EQUATIONS UNDER RIEMANN LIOUVILLE H-

DIFFERENTIABILITY:

Letf € C*[a,b]n L¥ [a.5] and consider the fuzzy
fractional differential equation of order 0 < <1 with the

initial condition and x € (a. bJ.
{RLDf_jr Wx) = fley(],
08 ) ) = (B, 5 e
Solutions:

Here we use fuzzy Laplace transform and its inverse to
derive the solution .By taking Laplace transform on
both sides, we get

LI(FEDEy )] = L feyG]L ()
Based on the Riemann Liouville H- differentiability,
we have the following cases:

Case (i) Let us consider y(x) isa (**(i) — 8 )
differentiable function then the equation (7) is
extended based on the its lower and upper functions as
follows

s81 [yt )] = LDy (0:7) = 1 [F ()i

sE1L50e: 0] = (D75 )0 ) = 1 Fay (i)
0=r=1 (@8

Where

fle y(x):v) = min {f(x.u)/u € [z(x: )V (x r]]}

Foey():7) = max { f(xu) fu € [yl ). T )]}

To solve the linear system (8), we assume that
H,(p:r), k,(p:7) are the solutions

{[E{x: r]] =H,(p:r)
Ly r)] =k (pir)

By using inverse Laplace transform y(x:+) & ¥(x:r)
are computed as follows,

ylir) =17 [ H (pir) ]

ylor) =17 ky(pi ) ] 9)
Case (i)

Let us consider ¥ (x) isa (®:(ii}) — § ) differentiable
function then the equation (7) can be written as follows

—(*LDET )0 = (=5 Bl y (D) = 1 (xy ()]
~(*07 5 )(0r) = (AL F(m ) = 1 Fley@)in)]
0= r=1 (10)
Where
f{x.y{x] 7)) = min {f(x, u)/u € [_j_{.r r), ¥(x: r]]}

Foey():7) = max { f(xu) fu € [yl ). T )]}

To solve the linear system (10), we assume that
H.(p:r), k-(p:7) are the solutions

1y )] = Hyoi )
()] = ko (pir)

By using inverse Laplace transform y{x; ) & ylx:r)

are computed as follows,
yleir) = 7 Hy(pir) ]

ylor) = 17 ko (i vy ]

Example: 1

1)

Let us consider the following fuzzy fractional differential
equation

(GLDEy ) = 20y(x) +sinx, 0<pB x<1
(057 y)0) = iy ) e B
12)
Solution:

Case (i): Suppose A B* = (0,+02) , then applying
Laplace transform on both sides

LI(PEDE y) ()] = L[ A0y(x) + sinx], 13)

L[(PEDE y ) ()] = L[ A@y(x)] + L[sinx],

Using(** (i) — 8 ) differentiability, we get

{ s81[ yGe: )] — DIy y(0ry = 11| yGim)] £
sPILF G ] — (BEDET'F (07 = AlLFem)] +

2+l
1

4l

(14)
= F - yG:n] = E0 )0 + o
(f - D) 1IF] = EEF)om + 5
ytnlaltpon Got e
{[T{I. r]]:{RLDf__LJ—?]{U:r) (=7 =1 |3:+J.|L|3'T—-1I
(15)
Applying inverse transform on both sides,
G =Dy ) 0 I ] +
_ 1
! J-[|.3:+J.| |.3'?—..1|]
Tl = Ty 0 1 ] +
_ 1
L J-[|.3:+J.| |3'?—.1|]
(16)

E{x: r]:{RLzDIS—Ll :]G__rl?—]. ES 3{.1.1'3)

+ 1) (x = F-V Ey o(A(x — £)F) sint dt

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 220




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 48 Number 4 August 2017

Flor) =(2y, T yoxf L By p(axF)

Rearrange the terms split series

+ I e = BV By s (A(x — 0)F) sint dt (17 Xz h}'.ﬂ?fﬂ?ﬂfﬁ{ 5 ) = [ﬁ}'?’“’ﬂ?m( 7 )]
= 1,2, 0x ]+_ 1.-.ix
Case (ii) Suppose A€ R~ = (—22, 0} , then ET gven * = 2F gren s <
using(*t(ii}) — # ) differentiability the solution will *3 [ﬁf?mﬂ?m 9 ]
obtain similar to equation (17). +._1._ P,,.W.(L': "x) ot +
For the special case, let us consider =0.5, A=1and ? + ";i + J;—F: + I— J.::'“' + % +

(FLDEy )0:r) = [1 4+ 7.3 — ] in case (i)
yCen)=[1 4 7.3 — r]Ox % E11(a7)

+f:{x - t]"%' Eiifx— t]%) sint dt

Florlz[1+ 7.3 -] Ox~z E';;{_r%)

+ f:{x - t]"%' Eii(x— t]%)s:'nt dt (18)
Now consider 1* term in equation (18)

e
|x

F B = | S e

L - L
= —4glxT2 %3
= erfc (-x7%)
=+ e¥erfc (-vx)
WX

2" term in equation (18)

1y 1
[x =9 2 Eialx— t)3) sint dt
= [N - ) P g, EEE sint dt
k-1
= [ ¥ f :'_,’ sint dt
1
= [ = sint dt + Jj o @ it dt +
|:
J’;'%'Eis.nr dt + [y - B0 e dt +
3
[y == “'slnt dt + [, = 2 int dt 4 -
-(*)

*3  hypergeom . 5 .
- 1, -
! { eren ( n+: )+
+3

in
= I‘

n=0 {40 +30

n=0(4n 4201

(18)=> E{‘r: rI=[1+r] $+ e*erfc (-'-.-"}) +

- ™3  hypergeom , .5
ﬂ=D|:i’!+__ { P { -n-l-:..x]} +
- A2 - pin A3
n=0{4n+20 n=0{4n+3

Flr) =[3 7] $+ e*erfc (-vx) +

. I
_ 273 .I']J.‘pg'rggﬂm 1 L
ﬂ=D|:i’!+__ { P { -n-l-:..x]} +
- A2 - pin A3
n=0{4n+20 n=0{4n+3

5. CONCLUSION:

In this paper, solving FFDEs of order 0< & <lusing
fuzzy Laplace transforms under Riemann Liouville —-H
differentiability was discussed. As an example, we
solved a problem involving sine term.
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