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Abstract. Let G(V,E) be a graph with vertex set V
and edge set E . Let f be a labeling defined in G.
Define the sum of neighbourhood of vertex v by
s(v) = Xuenw) f (W), where N (v) denotes the open
neighbourhood of vertex v € V. A labelingf is a
proper lucky labeling if f(w) # f(v) and s(u) #
s(v) for all (u,v) € E(G). The proper lucky
number of G, denoted by 7, (G) is the least positive
integer k such that G has a proper lucky labeling
with {1,2, ...,k} as the set of labels. In this paper
we determine proper lucky number of Hexagonal
mesh and Honeycomb network.
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Hexagonal mesh and Honeycomb network.

1. Introduction

For the basic definitions of graph theory refer
Douglas B.West [9] and Harary [13]. A graph
labeling is an assignment of integers to the vertices
or edges, or both, subject to certain conditions [11].
Rosa, in the year 1967 introduced the concept of
labeling, by Graham and Sloane in 1980. The
concept of labeling has much importance in graph
theory as it is being used in various fields such as
communication  networks,  coding  theory,
astronomy etc.

Graph coloring is one of the most studied subjects
in graph theory. It is an assignment of labels called
colors to the elements of a graph, subject to certain
constraints. Karonski, Luczak and Thomason [8]
initiated the study of proper labeling. The problem
of proper labeling offers numerous variants and
established great significance at recent times.
Graph coloring is used in various research areas of
computer science such as networking, image
segmentation, clustering, image capturing and data
mining.

The lucky labeling of graphs were studied by A.
Ahai et al [2] and S. Akbari et al [3]. Suppose the
vertices of a graph G were labeled arbitrarily by
positive integers and let s(v) denote the sum of
labels over all neighbours of vertex v. A labeling is

lucky if the function s is a proper coloringof G. The
least positive integer k for which a graph G has a
lucky labeling from the set {1,2, ..., k} is the lucky
number ofG, denoted by n(G). Kins et al [8]
obtained the lower bound of proper lucky number
for any connected graph G using clique number w.
The chromatic number of complete graph K,is
x(K,)) = n. In this paper, we determine the proper
lucky number of Hexagonal mesh and Honeycomb
network.

Definition 1.1[8]:Let G(V,E) be a graph with
vertex set VV and edge set E . Let f be a labeling
defined in G. Define the sum of neighbourhood of
vertex v by s(v) =X eny f(W), where N(v)
denotes the open neighbourhood of vertex of v €
V. A labeling f is a proper lucky labeling if
f(w) # f(v) and s(u) #s() for all (u,v)e€
E(G). The proper lucky number of G, denoted by
n,(G) is the least positive integer k such that G
has a proper lucky labeling with {1,2, ..., k} as the
set of labels.

Result 1.2 [8]: For any connected graph G, the
chromatic number is less than or equal to proper
lucky number i.e. y < 7,,.

For any connected graph G, let n, be its proper

lucky number and w be its clique number, then
W =1,

2.Proper Lucky Number of Hexagonal Mesh

The triangular tessellation is used to
define a hexagonal mesh and this is widely studied.
A hexagonal mesh of dimension n, denoted by
HX, ithas 3n®?—3n+1 vertices and 9n? —
15n 4+ 6 edges. There are six vertices of degree
three which we call as corner vertices. There is
exactly onevertex v at distance n — 1from each of
thecorner vertices. This vertex is called the centre
of HX,.

For n dimensional of the hexagonal meshHX,,,
there are 2n-1 vertical lines. In this paper we name
vertical lines as X lines as follows. The middle
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vertices of the hexagonal mesh as X, and call as
the spine of the hexagonal mesh. Left of X, we call
as Xq, X5, ... X,,_1 lines and the right side as X_;,
X_5,..X_,+1 lines as shown in Fig 1. We label
the wvertices on X, from top to bottom as
V1 1,V12, V1 2n—1, the vertices on X; from top to
bottom as v, 1,5, ..., V22,2, and so on , finally
the vertices on X,_; from top to bottom as
Vp1rVnos o VUny.  Similarly, we name X_jas

V_11,V_12,V_12n-1,-.- and X .4 as
Vi1 Vent1,2r o Vg1 The diameter of
HX,is 2n — 2.
X
X1 Xa
X2 X

Fig 1. Hexagonal mesh of dim n=3 and its X
lines

Theorem 2.1: Let G be a hexagonal mesh HX,,.
Then the proper lucky number of G isn, (G)= 3.

Proof.Let G be a hexagonal mesh HX,, of
dimension n.

Define a mapping f:V(G) — {1,2,3}, Vv; €V as
follows.

Case 1:For n = 0 mod(3)

f(v3l'_2’ 3}'_2) = 1 i= 1,2,...%, ] =
12(2?”) —i-1).
f(v3l'_1, 3j_1) = 1 i= 1,2,...%, ] =

12,..(%) -t

flos, ) =1 i=12..% j=12,.(%)-
i.

f(v3i_2’ 3j—1) = 3 i= 1,2,...%, ] =
12(2?") —i-1).

fvsicg, 3) =3 i= 1:2:---2: j=
12,..(%) -t
2n

f(UBi, 3j)=3- i=1,2,...§,j=1,2,_“(?)_
i

f(vaig 5)=2. i= 1,2,...%, j=
2n .

12,..(2) -

f(v3ie, 3j—2) =2. i= 1,2,---;—1, j=

1,2, (2?") —(@i-1).

f(v3i, 3]'_1)22. l=1,2,§,]=

1,2, (2?") —i.

V 3i-1,3j-2

V3i,3-2

V31351 V 3i-1,3j-1

V3i-1,3

V3i-1,3j-2

Fig 2. A general proper labeling of vertices in
Hexagonal Mesh HX,,

From the above mapping we obtained values for
the each neighbourhood of v;; .

Case 2: Forn = 1mod (3)

n+1

f(”3i—2, 31'—2) =1. i= 1’2""[T ,j=
12,.. (2”“) —@i-1).

3

f(vsiza, 31'—1) =1 i= 1,2,...[2], j=
12,.. (%) -t

f(v3i, 3j)=1- i=1,2,...l§],j:

1,2, .. (2"3“) —(i+1).
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f(vsiz, 3-1) =3, i=12,..[ j=
12,.. (%) -t

foss, 5)=3. i=12..]%], j=
12,..(22) -t

flvs, 52)=3. i=12..]%], j=

1,2, .. (2”3“) —i

fss ) =2 i=12..["2 j=
12,.. (%) -t

fsin, 52) =2 i=12..[%], j=
12,.. (%) -t

flos, 5) =2 i=12..]%, j=

1,2, .. (2”3“) —i

TAS
VAV
/X/

A
10 4;55% 10
S
SRERERER:

T T

/N
\/
[N/
WA

\

Fig 3. Proper Lucky labeling of Hexagonal Mesh HXx

and its sum of neighbourhood

Case 3: For n = 2mod(3)

ISSN: 2231-5373

f(v3i—2, 3j—2) =1 i=12, [;—l], j=

12,..(%Y) - - .

f(USi—l, 3j—1) =1 i=12 E], j=
1,2, ...(2"‘1) —(i-1).

3

f(USi, 3,'):1- i=1,2,...l§],j=
12,.. (22 -t
f(v3i—2, 3j—1) =3 i=12,.. EJ, j=

12, .. [’5’]

f(v3i—1, 3]') =3. i=12,.. E] -1, j=
12, .. [’5’] ~1.

f(vs, 3j—2) =3. i=12.. EJ -1, j=
12,.. [4]:

f(v3i—2, 3j) =2. i=12,.. E], j=
12,..(24) - G- D.

3

f(vaicy, 3j2) =2 i=12,.. E] j=
12,..(2) - - .

3

f(vs, 3j—1) =2. i=12 EJ] =

12,..(20) -0

Similarly, the symmetrical part of the graph
X_;,i=12,..n+ 1islabeled as X; lines.

Claim: To prove that f(u) # f(v).

Subcase (i): If v; €V is not a boundary vertex
then it is adjacent to the vertices vy _q, vy 41,

Vic1j,Vi—1j+1, Vit1j-1, Vitrj-

Let f(v;) =1, then its adjacent vertices receives
the map 2 or 3 under f alternatively.

i.e. f(vi—lj) =2, f(vi—1j+1) =3, f(vij+1) =2,

f(vi+1j) =3, f(”i+1j—1) =2, f(vij—l) =3.
Clearly the adjacent vertices of v; which are
adjacent to each other does not receive the same
map under f. Similarly if f(v;) =2 or 3 then
its adjacent vertices receives the map 1 and 3 or 1
and 2 under f alternatively as discussed above.
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Subcase (ii): If v;; € V is a boundary vertex then it
is adjacent to the vertices v;_y;, V;_q1j41, Vij410F

Vi—1j, Vi-1j+1 Vij+1 -

Let f(v;) = 1, then its adjacent vertices receives
the map 2 or 3 under f alternatively.

i.e. f(vi—lj) =2, f(vi—1j+1) =3, f(vij+1) =2,
f(vi+1j) =3 or f(vi—lj) =2, f(vi—lj) =2.
Clearly the adjacent vertices of wv; which are
adjacent to each other does not receive the same
map under f. Similarly if f(v;)=2 or 3 then
its adjacent vertices receives the map 1and 3 or 1
and 2 under f alternatively as discussed above.

Clearly f(u) # f(v), for all (u,v) € E(G). Hence
the given labeling is a proper labeling.

Next we claim that the given mapping is a lucky
labeling. That is, to prove s(u) # s(v)

for all (u,v) € E(G).

We obtain s(v;;), the inner sum of labels over all
neighbours of vertex v;; .

Consider any vertex of HX,. Let v(5; 3;, be the
vertex with SiX adjacent vertices
say

V@i, 3j-1) V@i-1, 3j) V@i-1, 3j-2) V(3i, 3j-2)

Vzi-2, 3j)and V(3;—2, 3j-1)-
Fig 4.Sum of neighbourhood of v(3;  3;)

Fig 4.Sum of neighbourhood of v(3;  3;)

“Vai1,35-2

V3i,3j-2

Fig 4. Sum of neighbourhood of v3; 3y

Hence its sum of neighbourhood are
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s(vs; 3j) = f(vs; 3j—1) + f(v3ia, 3j)
+ f(vs3iq, 3j—2) + f(vs, 3j—2)
+f(173i—2, 3j) +f(‘73i—2, 3j—1)

= 24342434243
=15

Here we are taking vs;_,, 3;) the adjacent vertices
Of (U3l~, 3]' )

V3i-2,3j-2

Fig 5. Sum of neighbourhood of v(3;_5 3j)

s(v3is, 3j) = f(vsis, 3]'—1) + f(vs; 3j)
+ f(vs;, 3]'—2) + f(v3i-, 3j—2)
+f(v3i—1, 3j) + f(”3i—1, 3j—1)

= 3+1+3+1+3+1

7 V3 31

V3i,3j-1

Fig 6. Sum of neighbourhood of v(3; 3;_)

Similarly, we can show that s(vs; 3;_,) =9,

5(”31‘—2, 3j—1) =9,

5(”31, 3j—1) =12, 5(”31’—1, 3j) =9,
5(”31‘—1, 3j—2) =12
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From the above cases we see that s(u) # s(v) for
alluv € E(G).

Similarly, we can prove other cases.
Thereforen, <3.

Since the clique number of HX,, is 3, and by the
theorem 1.2 7, = 3. Therefore 7, (G) = 3.

3. Proper Lucky Number of Honeycomb
Networks

A high level honeycomb network can be
constructed from a low level one. A unit
honeycomb network is a hexagon, denoted by
HC(1). Honeycomb network of size 2 denoted
HC(2), can be obtained by adding six hexagons
around the boundary edges of HC(1). Inductively,
honeycomb network HC(n) can be obtained from
HC(n — 1) by adding a layer of hexagons around
the boundary edges of HC(n — 1). Alternatively, the
size d of HC(n) is determined as the number of
hexagons between the center and boundary of
HC(n) (inclusive) and the number of vertices and
edges of HC(n) are 6n? and 9n? — 3n respectively.
We use the level numbering scheme proposed by
the Sharieh et al.[14] for the honeycomb networks.
Each node in HC(n) is identified by a v;;, where
idenotes the line number in which the node exists,
and j denotes the location of the node in the line. A
node with the address 1,1 is the first node that
exists at line number 1. The node 1,2 refers to the
second node that exists at line number 1, and so on.
See Fig 7.

Viz1 Vizz Vizg

Fig 7. Honeycomb network with addressing HC(3)

Theorem 3.1: Let G be a honeycomb HC(n).
Then the proper lucky number of G isn, (G)= 2.

Proof. Let G be a honeycomb graph HC (n) of
dimension n.

Define a mapping f:V(G) — {1,2}, Vv; €V as
follows

1, iisodd
f(vif) - {2, iiseven

Subcase (i): If v; €V is not a boundary vertex
then it is adjacent to the even line vertices v;_y;_4,
Vi_1j, Vis1; ,» UPto 2n lines and it is adjacent to
the odd line vertices v;_y;, Vi1, Viy1j41 , UPtO
2n — 1. Below the line 2n, v;; is adjacent to even
line vertices v;_y;, Vi_1j41, Viy1; UPto 4n-2 and
it is adjacent to the odd line vertices v;_y;,
Vit1j-1, Vig1j UPtO2n —1.

Let f(v;) =1, then its adjacent vertices receives
the map 2 under f alternatively.

Clearly the adjacent vertices of v; which are
adjacent to each other does not receive the same
map under f. Similarly if f(v;) =2 then its
adjacent vertices receives the map 1 under
f alternatively.

Subcase (ii): If v; € V is a boundary vertex then
the first line of HC(n) is adjacent to the vertices
Viy1j, Vig1j+1 and the n'* line is adjacent to the
vertices  v;_y;, Vi_1;41 - The left side of the
boundary is adjacent to the vertices v;_;;, Vi
and the right side of v;; is adjacent to even line
vertices v;_y;_4, Vi41; and the odd line
vertices v;_y;, Vi41541 UPto 2n lines and below
the 2n lines v;; is adjacent to even line vertices
Vi_1j+1, Vit1; and the odd line vertices

Vi—1j» Vit1j-1-

Let f(v;) =1, then its adjacent vertices receives
the map 2 under f alternatively.

Clearly the adjacent vertices of wv;; which are
adjacent to each other does not receive the same
map underf. Similarly if f(v;)=2 then its
adjacent vertices receives the map 1 under
f alternatively as discussed above. See Fig 8.
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Fig 8. Proper Lucky labeling of Honeycomb HC(3) and
its sum of neighbourhood

Proof is similar to theorem 2.1.
Conclusion:

In this paper, we obtained the proper lucky number

for Hexagonal mesh and Honeycomb network.
Futher, we investigate the problems in various
interconnection networks such as butterfly, benes,
torus etc.
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