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Abstract— In this paper we introduce the concepts
of linear grills and linear ideals in topological
vector spaces. We prove that the closure operators
obtained from them are both Linear Cech closure
operators under certain conditions. Also we
introduce two new operators based on linear grills
and linear ideals.
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I. INTRODUCTION

Closure spaces were introduced by E. Cech [1]
and then studied by many authors like Jeeranunt
Khampaladee [8] , Chawalit Boonpok [2], David
Niel Roth [4] etc. Cech closure spaces is a
generalisation of the concept of topological spaces.
The first to introduce the concept of grill topological
spaces was Choquet [3] in 1947. Ideals in
topological spaces have been considered since 1930.
D. S. Jankovic and T. R. Hamlett [6] defined a
topology obtained as an associated structure on a
topological space (X, t) induced by an ideal on X. B.
Roy and M. N. Mukherjee[13] defined a topology
obtained as an associated structure on a topological
space (X,t) induced by a grill on X. Later, A.
Kandil et. al.[7] proved that the topological space
induced by an ideal and the topological space which
is induced by a grill are equivalent. Also A. A.
Nasef and A. A. Azzam [12] defined and studied
new operators @* and ¥* with grill. We Tresa M. C.
and Susha D. [15] introduced the concept of Linear
Cech closure spaces and studied its fundamental
properties. In this paper, we study the notion of
linear grills and linear ideals and also we introduced
two new operators on topological vector spaces.

In Section Il we quote the necessary preliminaries
about Linear Cech closure spaces, grills, ideals,
topologies derived from grills and ideals etc. Section
Il deals with the concept of linear grills and the
topology derived from a linear grill. In Section IV
we proved the linearity of the closure operator
obtained from a linear ideal. Section V contains the
proof of the equivalence of the topologies obtained
from linear grills and linear ideals. In Section VI we
introduced some new operators based on linear grills
and linear ideals.

Il. PRELIMINARIES

Definition 2.1[3] A collection G of nonempty

subsets of a set X is called a grill if
1. AegGandAcSB =Beg
2. AUB€EG=A€GorB e g.

Let G be a grill on a topological space (X,T).
Consider the operator @;: (X) — g (X) given by
o, (A)={xeX:UNA egVvU et(x)}, where
t(x) ={U€et|xeU},VA € p(X). Then the map
Ys: o(X) - o(X) given by Ws(A) = A U dg(A) is
a Kuratowski closure operator and hence induces a
topology t; = {G S X: ¥;(X — G) = X — G}, strictly
finer than .

Definition 2.2 Let (X, t,G) be a grill topological
space. A subset A of a grill topological space
(X,1,G) is 15 — closed [13] (resp. T; — dense in
itself  [11], 5 — perfect), if W;(A)=A or
equivalently if ®;(A) S A (resp. A € d;(A), A =
Dg(A)).

Definition 2.3 [9] A nonempty collection I of
subsets of a nonempty set X is said to be an ideal on
Xif

1. AelandBSA =>Bel

2. A€elandBe I=>AUB €1.

Given a topological space (X,t) with an ideal
I on X, a set operator (.)*: $(X) - o(X) called a
local function of a subset A with respect totand I is
defined as A*(Lt)={x €eX|[UNA ¢LLVU €
t(x)}, where t(x) ={Uet|xeU},VA € pX).
Then the map cl*(A) = A UA*is a Kuratowski
closure operator and hence induces a topology
LD ={GEX:cI"X—-G)=X—-G)} , strictly
finer than t.

Definition 2.4 Let(X,t,1) be an ideal topological
space. A subset A of an ideal topological space
(X, T,1) is t* —closed [6] (resp.t* —dense in itself [5],
T — perfect), if A* € A (resp.A € A", A = AY)

Definition 2.5. [1] A function c:p(X) - $(X) is
called a Cech closure operator for X if
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3. C(AUB)=c(A)uc(B),VYAB cX. Then
(X, ) is called Cech closure space simply
closure space. If in addition

4. c(c(A)) =c(A),vAc X, then the space
(X,c) is called a Kuratowiski (topological)
space.

If further

5. for any family of subsets of X, {A;}(er),
c(Ui Aj) = Ui c(A)), the space is called a
total closure space.

Definition 2.6. [1] A subsetA of a closure space
(X, c) will be closed if c(A) = A and open if its
complement is closed, i.e. if c(X — A) = X — A

Definition 2.7. [1] If (X, c)is a closure space, we
denote the associated topology on X by t. i.e.
t = {A%c(A) = A}

Theorem 2.1. Let (X,c) be a closure space and
cl be the closure operator of the associated
topology. Then cl < ci.e. c(A) S cl(A), VA C
X.

Definition 2.8. [14] A map f: (X,c) = (Y,c)is
said to be a ¢ — ¢’ morphism or just a morphism
if f(c(A) € ¢ (f(a)).

Result: [1]

1. A mapping f of a closure space
(X, c)onto another one(Y,c") isac—c’
morphism at a pointx € X, if and only
if the inverse image, f=1(V) of each
neighbourhood V of f(X) is a
neighbourhood of x.

2. If fis ac—c’ morphism of a space
(X,c) into a space( Y,c), then the
inverse image of each open subset of Y
is an open subset of X.

3. If f:(X,c) - (Y,c) is a morphism,
then f: (X,t) = (Y,t") is continuous.

Definition 2.9. [14] A homeomorphism is a
bijective mapping f such that both fand f~* are
morphisms.

Definition 2.10. [10] A subset A of a
topological space (X, t) is called semi- open set
if A € cl(int A), where A € X and the family of
all semi-open sets of (X,t) is denoted by
SO(X, 1).

Definition 2.11. [15] Let V be a vector space
and che a closure operator on V such that

1. c(A)+c(B)<Sc(A+B)

2. Ac(A) S c(MA). Then c is called a
linear Cech closure operator and (V, c)
is called a linear Cech closure
space(LCCS).
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Proposition 2.1. [15] Let V be a vector space and
c be a closure operator on V. Then (V,c) is a linear
Cech closure space if and only if +: (VX V,c x ¢) =
(V,c)and A~ (V,c) = (V,c), VA € K are morphisms.

Proposition 2.2. [15] Let (V, c) be a LCCS. Then
the map T,: (V,c) - (V,c) given by T,(x) =a+x
and M,:(V,c) » (V,c) given by M, (x) =2Ax are
homeomorphisms.

_ Proposition 2.3. The topology obtained from a
LCCS is a linear topology.

Result: If (X, c)is T; and finitely generated, it is
the discrete closure space.

Proposition 2.4. Every LCCS is T,and hence
Hausdorff.

Proof: Let 0 be the identity element and x be any
other element of the vector space.

Then c({0}) + c({x}) € c({0 + x}) = c{x}.

This shows that c{0} = {0}.
Then c{x} + c{—x} € c{x + (—x)} = c{0} = {0}.

If y(#x) €V, y+(—x) #0.

Hence y(# x) € c{x} and c{x} = {x}.

We have seen in the literature that every T, linear
topological space is Hausdorff.

I1l. LINEAR GRILLS

Definition 3.1. A grill G on a linear topological
space (V, ) is called a linear grill if
1. ABEG=>A+Beg
2. AeG= M)A € g,V scalars A

Proposition 3.1. If A and B are any two sets in a
topological vector space with a linear grill in it then
for the corresponding function @¢, dg(A) +
®;(B) € (A + B). Also Adg(A) S D (AA).

Proof: Letx € ®;(A) andy € g (B).

Then for every U € t(x),ANn U € G and for every
Vetw(y),BNVeG.

Since U € 1(x),V € t(y) 3U,, V, € t(0)such that
U=x+UjandV=y+V,

Then U, +V;, € t(0) and

U+V=x+Uj+y+Vy=x+y+Us+V,

=>U+V e t(x+y).

Let W € t(x + y). Then 3 W, € t(0) such that

W =x+y+ W, Since addition is continuous
and 0+0=0,3U;andV; € 1(0) such that
Wy, =U; +V; . Thus corresponding to any two
neighbourhoods U and V of x and y respectively, Ja
neighbourhood of x + y and vice versa.

NowANnUegGandBNnVeEG

= (AnU)+ (BnV)Eeg,since G is closed under
addition and

AN+ BNV)SA+B)NU+V)
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= (A+B) n (U+V) € g, by the property of a grill.

Now we have to show that A®(A) € P (AA).

Let x € ®(A). Then Ax € AD(A).

x€EPA)>vUeTx),AnUEQG.

We have to show that v V € t(Ax),AA NV € G, so
that Ax € ®(AA). Let V € t(Ax).

= V =X+ V' for some V' € 1(0).

Since A-0=0 and scalar multiplication is
continuous in a topological vector space, 3V, € t(0)
such that V' = AV,

So V=&x+AV, =Ax+Vy) =AW
W e t(x). NowvW e t(x),ANWEG =

MNV=XMAnNAW=AMANW)EG, by the
second property of G.

where

Proposition 3.2. If G is a linear grill in a linear
topological space (X,T), consisting of t; — perfect
sets or t; — dense sets, then the closure operator
W;(A) =AU D (A), where ;(A) ={xeX:UN

A€eg, vUet(x)}isa Linear Cech closure operator.

Proof:A € G is eithertg; —perfect set or t; — dense
set, hence AU @;(A) = dg(A) .
Ws(A) + W, (B) = (A U d>g(A)) + (BU @4 (B))
= ®;(A) + dg(B)
c &;(A+B)
C(A+B)UD;(A+B)
=W;(A+B).
Now AW, (A) = A(A U ®4(A))
=Ad;(A)
C ®;(2A)
C AAU D (AA).
Thus Wgis a Linear Cech closure operator.

Proposition 3.3. If G is a grill (not necessarily linear)
in a linear topological space (X,T) consisting of
T —perfect sets or T; — closed sets, then the closure
operator, Ws(A) =AU ®g(A) , where Pg(A) =
{(xeX:UNA€EG, VUET(x)} is a Linear Cech
closure operator.

Proof: A € G is either T; —perfect set or t; — closed
set, hence AU @;(A) = A.

Wy (A) + Wg(B) = (AU @A) + (B U D4(B)
=A+B

SC(A+B)UP;(A+B)
Now AW;(A) =1 (AU B¢(A))

=\ A

S AA U D (AA).
Thus Wgis a Linear Cech closure operator.

Note: Let A be a fixed subset of X, then the grill
Ga={BSX:BNA“#+ 0} is not a linear grill,
because B N A€ # @ and C N A® # @ neednot always
imply (B+ C) n A® = 0.

IV. LINEAR IDEALS

Definition 4.1. An ideal 1 on a linear topological
space is a linear ideal if
1. A+Bel=A€elorBel
2. MMel=A€l

Proposition 4.1. If A and B are any two sets in a
linear topological space with a linear ideal, then for
the corresponding local function A"+ B*C
(A + B)*. Also AA* € (AA)".
Proof:
Letx € A*andy € B*.
ThenvU e t(x), AnU ¢1
And VWV e t(y), BNV ¢l
Therefore (ANU)+ (BNV) ¢ L.
i.e.A+B)nU+V) ¢l
SinceUetx),Vet(ly) @ U+Vetx+y),
wegetx+y € (A+B)"-
Thus A"+ B* < (A + B)".
Now let x € A%, then Ax € AA*
AndvUet(x), AnU¢&IL
Let V € T(Ax). Then V = AW for some W € 1(x).
S>MNV=2A NAW =AANW).

Since

AnNWeglLYWetx),MANW)=2ANV &1
= Ax € (AA)"i.e.AA” € (AA)™.

Proposition 4.2. If I is a linear ideal in a linear
topological space (X, t), consisting of (.)* —perfect
sets or (.)* — dense sets in itself, then the closure
operator cl*(A) = AUA*, where A*(I,t)={x€
X:UNA¢1,vUE€T(x)}, is a Linear Cech closure
operator.
Proof:
A €lis either (.)* —perfect sets or (.)* — dense in
itself and hence A < A*.
cl*(A) + cI'(B) = (AU A") + (BUBY)
=A"+B*
c (A+B)*
c(A+B)U(A+B)
= cI*(A+ B)
Also Acl*(A) = A(AUA") = 2A*
C QA S AAU QA = cl*(QA)
Showing that cl*is a Linear Cech closure operator.

Proposition 4.3. If I is an ideal (not necessarily
linear) in a linear topological space (X, t), consisting
of (.)* —perfect sets or (.)* — closed sets, then the
closure operator cl*(A) = AU A", where A*(I,T) =
{(xeX:UNA¢ILvUet(x)}, is a Linear Cech
closure operator.
Proof: A €1 is either (.)* —perfect sets or (.)* —
closed and hence A* <€ A.
cl*(A)+ cI"(B) = (AUA) + (BUBY)
=A+B
c(A+B)U(A+B)*
= cI*(A+B)
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Also Acl*(A) = A(AUA*) =2A
CAAU (AA)" =cI"(AA), showing that cl”is a
Linear Cech closure operator.

V. EQUIVALENCE OF TOPOLOGIES OBTAINED
FROM LINEAR IDEALS AND LINEAR GRILLS

Proposition 5.1. LetV be a vector space and let
G < (V). Then gis a linear grill on V if and only if
1(G) ={A e p(V)|A¢gGlisalinearideal on V.

Proof: A. Kandil et.al.[7] proved that G is a grill if
and only if I(G) is an ideal.

We have to prove the linearity conditions.

Let Gbe a linear grill. Then A, B e G=> A+ BE€
GandA€ G = M €.

LetA,B¢1(G).ThenABEG=A+B €4G.

= A+ B¢ I1(0).

AlsoA¢I(G)=>AeG=>MeG=> A ¢ 1)

Hence 1(G)is a linear ideal.

Now assume that I(G)is a linear ideal.

Let A,B € G. Then A B ¢ 1(G).
>A+Be¢Il(G)>A+BEeg.
AlscAeg =2A¢I1(G) =N ¢1(G) =N EG.

Hence G is a linear grill.

Proposition 5.2. Let V be a vector space and
I € (V). Thenlis a linear ideal on V if and only if
G ={AepV)|A¢I}isalinear grill on V.

V1. NEwW OPERATORS USING LINEAR IDEALS AND
LINEAR GRILLS

Definition 6.1. [12] Let (X,t) be a topological
space and G be a grill on X. A mapping ®%: po(X) -
$(X), denoted @ for A € p(X) (simply ®°(A)), is
called the operator associated with G and T which is
defined by @®3(A)={x€eX:U,NnAegGVU, €
SOX, 1)}, VA € pX).

Definition 6.2. Let (X, T) be a topological space
and I be an ideal on X. A mapping **:$X) -
#(X), denoted As* for A€ p(X), is called the
operator associated with I and T which is defined by
A ={xeXU,nNA¢LVU, eSOX 1D},VAE
#X).

Definition 6.3. [12] Let (X,t,G) be a grill
topological space. An operator W¢: o(X) —» o(X) is
defined as WZ(A) = {x € X:3 U, € SO(X, T) such
that U—A¢ G}, for any A € X and W3(A) =X —
O°(X—A) or WS(A) = AU ®S(A).

Definition 6.4. Let (X, T, )be an ideal topological
space. An operator clj*: (X) — (X) is defined as
cli*(A) = AU A, VA € pX).

Theorem 6.1. [12] The operator W* satisfies
Kuratowski’s closure axioms.

Theorem 6.2. The operator clj* satisfies
Kuratowski’s closure axioms.

Definition 6.5. [12] A grill on a space X which
carries a topology t generates a unique topology on
X depends on W*and ¢* operators symbolized by t;
and defined by t5 = {U € X: W*(X - U) = X - U)}
forA cX.

Definition 6.6. An ideal on a space X which
carries a topology t generates a unique topology on
X depends on cli*symbolized by 1 and defined by
T={UCX: c*"X-U)=X-U)}, forAcX.

Definition 6.7. Let (X,t,§) be a grill topological
space. Then corresponding to the topology t¢, a set
A€p(X) is said to be t; -closed set,[resp.
T —dense set in itself or 7z —perfect set] if ¢z (A) <
Afresp.A © ¢z (A) or A = ¢z (A)]

Similarly let (X, T, I) be an ideal topological space.
Then corresponding to the topology tj, a set
A€ pX) is said to be tj -closed set,[resp. T} —
dense set in itself or T} — perfectset] if A" C A
[resp.A € A% or A = A%*].

Lemma 6.1. If A and B are semi-open sets in a
Linear topological space, then A + B is also a semi-
open set.

Proof: Since A and B are semi-open sets, A €
cl(int(A)) and B < cl(int(B)).

= A+ B c cl(int(A)) + cl(int(B))

For a linear topological closure operator,

cl(A) + cl (B) S cl(A + B).

Hence

A+ B c cl(int(A) + int(B)) < cl(int(A + B)),

again by the property of linear topological interior
operator.

Thus A + B is a semi-open set.

Proposition 6.1. If G is a linear grill in a
topological vector space (X,T) , then ®S(A) +
®°(B) € ®5(A + B),VA,B € p(X).

Proof: Let x € ®5(A) andy € ®°(B).

= U, NAEG VU, €SO(X1)

And U, NB € G, VU, € SO(X, 1)

= (U, nA) + (U, nB) € G,VU,, U, € SO(X, 1)

=> Uy +U)NA+B)EG, since (UyNA)+
(U,NB) € (U, +U,) N (A+B).

Let U,,, € SO(X, D).

Then Uy, € cl(int(Uy,,)).

int(Uy,,) is an open set containing x +y.

By the property of topological vector spaces,3
two open sets Vi and V, containing
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xandy respectively such that
int(Uyyy) S Uygyy-
=V, +V,)n(A+B)cU,,, Nn(A+B)
Since G is a grill, it follows that U,,, N (A+
B)belongs to G.
Hence x+y € ®(A + B)
= ®5(A) + @°(B) € ®(A + B),VA,B € p(X).

V,+V,

Proposition 6.2. (1) If G is a linear grill in a
topological vector space (X,t), then W is a linear
Cech closure operator if G has only T; —dense set in
itself or t; —perfect set.

(2) IfGisagrill in a topological vector space
(X, T), then Ws is a linear Cech closure operator if G
has only Tz —closed sets or T —perfect sets.

Proof: (1) A. A. Nasef and A. A. Azzam [12]
has proved that W*is a Kuratowski closure operator.

We want to prove the linearity conditions,
Ws(A) + ¥*(B) S WS(A + B).

Ws(A) = AU $°(A) = ¢°(A), since A € d°(A)
W (A) +W5(B) = (AU ¢ (A) + (BU $°(B))
= ¢°(A) + $°(B)
c $S(A+B)
C(A+B)Ud’(A+B)
= Ys(A + B).
Similarily AWs(A) € WS(AA) and hence WS is a
Linear Cech closure operator.
(2) If A< Xis 1z —closed, AU $°(A) = A and the
proof follows accordingly.

Proposition 6.3. If | is a linear ideal in a topological
vector space (X,t), then the function AS*(I,t) =
xeX|UynA¢l VU, € SOX, 1)} satisfies
A"+ BS* C (A + B)"".

Proof: Let x € A** and y € B**.

=>U,NnA¢LVvU, € SOX 1) and

U, NB ¢ I,vU, € SO(X, 1)

= (Uy nA) + (U, NB) € I,vU,, U, € SO(X,1)

=> Uy +Uy)NA+B) €1

Let Uy, € SO(X, 7). Then U, < cl(int(U,, ).
int(Uy,) is an open set containing x +y.

By the property of topological vector spaces, there
exists two open sets V, and V, containing x and y
respectively such that

Ve +V, S int(Uyy,) S U,y
=>(V,+V,)n(A+B)cU,,, n(A+B).

Hence by the property of ideal,

if Ugpy N (A4 B) €1, then

(Ve +V,)N(A+B) €L

So Uyyy N(A+B) ¢l=>x+y€ (A+B)™.

Thus As* + B* < (A + B)*".

Proposition 6.4. (1) If T'is a linear ideal in a
topological vector space (X, t), then cl**is a linear
Cech closure operator if I has only t§ —dense set in
itself or t; —perfect sets.
(2) If 1'is an ideal in a topological vector space (X, 1),
then cl**is a linear Cech closure operator if I has
only t; —closed sets or 1} —perfect sets.

Proof: Proof is analogous to that of propositions
6.2 using proposition 6.3.

VII. CONCLUSIONS

The topology obtained from a Linear Cech
closure operator is a T, topology, hence it is
Hausdorff.

The topology derived from a grill is finer than the
original topology. Hence the topology we obtained
from the Linear Cech closure operator derived from
linear grills or linear ideals possesses a significant
role in the theory of topological vector spaces.
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