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Abstract: In this paper a relationship between concurrent and P-concurrent vector fields in a Finsler space has
been established. The present work studies the properties of concurrent vector fields [7] in Definition 1.2.
Moreover, paper explains a vector field which we shall call P-concurrent vector field in a Finsler space. It
generalizes the concept of concurrent vector field.
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1. Introduction :

Let 7™ be an n-dimensional Finsler space with metric function L(x, y), metric tensor
gy (%, y) angular metric tensor h; and torsion tensor cyk.The h-and v-covariant derivatives of a vector

field X; are defined as Rund [8] :

a) X, |;=0,X;, —-NjA X, — X, F/,
b) X, | ;=40,X, — X,C},
where NJr = o;.) aj and Aj respectively denote partial differentiation with respect to x7 and yJ,

such that an index o means contraction by y.

Concurrent vector fields in a Finsler space were first of all defined and studied by Tachibana [9]
followed by Matsumoto [4] and others in the following form:

Definition 1.1: A vector field X' is said to be concurrent in a Finsler space F" if it satisfies:

(i) X" is independent of yi,
(i) Xicyk =0,
(iii) X', ==0s%-

In this paper we generalize the concept of concurrent vector field and give the alternative
definition as follows:

Definition 1.2: A vector field X' is said to be p-concurrent in a Finsler space F" ifit satisfies :

(i) X'is independent of yi,
(ii) X'Ay =ahy,
(iii) x|, ==t

where [ is an arbitrary nonzero scalar function of x and y, Ayk = chk and A; =LC;
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The purpose of the present work is to study properties of concurrent vector fields [7] in Definition
1.2. Furthermore, we have defined and studied a vector field which we shall call P-concurrent vector field in a
Finsler space. It is to be noted that P-concurrent vector field shall be different from concurrent vector field. In
addition to this we have established a relationship between concurrent and P-concurrent vector fields in a Finsler
space.

2. Some properties of concurrent vector fields:

We know that in a two dimensional Finsler space, Ayk is expressed as [8]

(2.1) Ay =LC C, C, Cy"

Let X' be a vector in FZ, whose magnitude is X and which makes an angle 6 with the

direction of unit vector [* , then it can be expressed as
(2.2) X'=X(l' cos@+m' sin ),

which gives XiCi = XC sin @ - Now using Definition 1.2, equations (2.1) and (2.2), on simplification

we get 7.XC* sin @ = « - Hence we have:

Theorem 2.1: In a two dimensional Finsler space, the concurrent vector field 3¢ given by (2.2) in general
satisfies 7. xC* sin @ = « -

Incase @ = z / 2, ¢« = LC*> . Hence we have :

Corollary : In a two dimensional Finsler space, if the vector >¢? is parallel to ¢, the parameter
a=LC®°.

In a three dimensional Finsler space Ayk is expressed as [6]
23) Ay =L[C,,ymm,m, —C ,,(mmn, +mm.n;, +mmn;)

+ C 3 (mn,n, + mn.n, +mnn;)+Coonnn |

Let X be avector field in F>, which is represented by
(2.4) X'=(l' cos@ +m' cos¢g+n'cosy),

where cos 6, cos ¢ and cos y are direction cosines of this vector. Applying Definition 1.2, together with
equations (2.3) and (2.4), we get

(2.5) L(C;) +Ci3))cosgpg=2c"

Hence we have :

Theorem 2.2: In a three dimensional Finsler space, the concurrent vector field X! given by (2.4), satisfies
(2.5).
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If we choose X'm, =1, equation c0s’0+cos’¢, +cos”y =1, leads to
cos® 0 + cos” w = O, which on simplification gives
(2.6) cos(@+yw) cos(@ —yw)=—1-
Hence we have:
Theorem 2.3: In a three dimensional Finsler space, if the concurrent vector field X' isin the direction of unit
vector M, the vectors with direction consines cos (6+y) and cos (6-v) shall be orthogonal.

If the given Finsler space is P-reducible [6], it satisfies for Ay . =Py
7]

lo
2.7) Py =(n+ 1)1 (A ohy + A, ohy +A; ohug )
which by virtue of Definition 1.2, we have

(2.8) XiAi‘O:(n—l)a‘O'

Hence we have :

Theorem 2.4: In a P-reducible Finsler space of n-dimensions, concurrent vector field X' satisfies equation
(2.8).

Remark: In a three dimensional Finsler space, on substituting for X' from (2.4) and,
A'\ o= L(C‘Omi + Cn;h,, ), We obtain L(C ,cos¢p+Chycosy)=20a,

2

In a three dimensional P-reducible Finsler space of R-K type ng is expressed as [6].

(2.9) By = L[C3)0{3mym;my. +(myn;n, + mymn; + mnn;)}

+ C 5 ho{(mm;n,, + m;my.n;, + mymn; ) +3nn;n }f,
which for a concurrent vector field gives

(2.10) L{cos¢C ), +cosy Cizh } =20,

Hence we have :

Theorem 2.5: A concurrent vector field in a three dimensional P-reducible Finsler space of R-K type satisfies
(2.10).

It is known that in a three dimensional P-reducible Finsler space of R-K type [6], the curvature
tensor ngh is symmetric in k and h if and only if C(3) C(3)‘ o = 0. Excluding C(S) =0, which

implies that the given space is a Riemannian space, we consider the case of C(3)‘ 0= O, for which equation

(2.10) gives I, cos l//c(3}h0 = 2a‘0. Hence we have :
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Theorem 2.6: If the hv-curvature tensor of a P-reducible Finsler space F3 of R-K type is symmetric in last

two indices, F3 will admit a concurrent vector field if and only if the parameter is given by

L cos y C3)h, = 2ay,.
It is known that a C2-like Finsler space [5] satisfies following condition
-2

which on comparing with Definition 1.2 and covariant differentiation leads to C\O (C2 —1)a=0.

Hence we have :

Theorem 2.7: A C2-like Finsler space F3 admitting a concurrent vector field satisfies C\O =0.

A Finsler space Fn(n > 4) is called S3-like, if there exists a scalar S such that v-curvature
tensor is written in the form

(2.12) L7 Sy =S(hy hy, —hy, b )

This for a concurrent vector field X can be written as

(2.13) I? Syg =S a2 X" X (AgcAgn — A Acin )
Which leads to

(2.14) a? =(C,C, —CI,Cl,) X" X

Hence we have:

Theorem 2.8: In a S3-like Finsler space F" admitting a concurrent vector fieIXm, coefficient O is
expressed as in (2.14).

From equation . S, —— st of Definition 1.2, we can obtain

|7 = J

(2.15) Xk — X klj :X’Krijk =0,
which gives
(2.16) X m K e + XKy, = O

From equation (2.15) and (2.16) we obtain

X" XKy =0

(2.17) X i = Kt

rjk|m myjk >

Hence we have :
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Theorem 2.9: 1f X" is a concurrent vector field in a Finsler space F" , the curvature tensor Krljk satisfies
equation (2.17).

i

If we assume that the curvature tensor K rik

is recurrent, it satisfies [8]

(2.18) = lmK;k

i
rjk|m

From equations (2.15), (2.16) and (2.18) we obtain K;jk = 0, which should not happen because of the

definition of recurrency. Hence we have :

Theorem 2.10: If X" is a concurrent vector field in a Finsler space F" , the curvature tensor K;Jk cannot

be recurrent.

3. P-concurrent vector fields in a Finsler space:

Definition 3.1: a vector field X " in a Finsler space F" witha non-vanishing tensor Pyk will be defined as

a P-concurrent vector field if it satisfies

i) X" isindependent of ',
(3.1) i) X'Py =0
iii) Xi‘j _ _5;-_

Now we shall consider the existence of a P-concurrent vector field in a Finsler space of two and
three dimensions.

Two dimensional Finsler Space F?: Assuming X" is a P-concurrent vector field in F2, we take

gk

—0O-

In a two dimensional Finsler space we have (Matsumoto [5]) Py =P Cgye therefore from

(3.2) we obain either XiCyk — O Oor P=0, which in turn gives Pijk = (. Thus we have:
Theorem 3.1: In a two dimensional non-Riemannian Finsler space, a P-concurrent vector field does not exist.
Three dimensional Finsler space F?: In a three dimensional Finsler space any vector can be expressed as
(33) X' =0l + pm' +yn’.
Differentiating Ci , covariantly, by the use of Cartan's covariant derivative and mi‘j = nihj

[6], we get by virtue of (3.3), ,BC‘O +y7Ch, =0 . Further if we differentiate equation (3.3) and

simplifying we get ﬂ‘o = yh, and Vo = —f h,. Hence we have :
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Theorem 3.2: In a non-Riemannian Finsler space of three dimensions admitting a P-concurrent vector field

X! , the sum of the squares of the parameters [ andy is covariantly constant.

. . . 3 . . .
In a three dimensional Finsler space F7 |, the torsion tensor ng is expressed by Rastogi and

Kawaguchi [6] as follows :

3.4) Py, = L[(C, ;0 +3C,2,ho )mm;m,
— {C(2)‘0 — (C(I) — 2C(3))ho}(mimjnk +mmyn,; + mkminj)
+ (C(S)‘O — 3C{2)ho )(minjnk +m;n,n; + mknl—nj)

+ (C(Q)‘O -+ 3C(3)ho)ninjnk]

Multiplying equation (3.4) by X! , We get on simplification

(35) IB(C(I)\O +C(3)‘O)+7(C(1) +C{3))h0
and

(3.6) Yo (C(z)\o + C(s)\o) :/8\0 (Cr1) +Cs)) ho-

Hence we have :

Theorem 3.3: In a three dimensional Finsler space admitting a P-concurrent vector field, the covariant
derivatives of the parameters [ [1 [y and coefficients C( 1) C( 3) are related by (3.6).

P-reducible Finsler space: If the given Finsler space is P-reducible it satisfies
(3.7) Py = (rn + 1)71(Ak\0h1;j + Ajoht e + Aoty )

From equation (3.1) and (3.7), one can write

(3.8) X (Agohy + Ayl + Aok, ) = O
which on multiplication by ng gives XIAi‘O = (0. Thisinturn by virtue of [6]

(39) Ci‘O = (C(l}‘O +C(3)‘O)mi +C(1) +C(3))h0ni)

and (3.3) will give (3.5). Hence we have :

Theorem 3.4: A P-concurrent vector field in a three dimensional P-reducible Finsler space satisfies (3.5).
P-reducible Finsler space of R-K type: From equation (2.10) for a P-concurrent vector field, X ' gives
(3.10) BCz0 +7Crzho = 0.

Hence we have :

Theorem 3.5: A P-concurrent vector field in a P-reducible Finsler space of R-K type satisfies (3.10).
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Similar to Theorem 2.6, with the help of equations (2.10) and (3.10), we can write :

Theorem 3.6: If hv-curvature tensor of a P-reducible Finsler space F3 is symmetric in last two indices, F3
will admit a P-concurrent vector field if and only if either ¥ = O or ho =0.

4. Curvature properties of P-concurrent vector fields in F": Using Ricci-identity [8]
(4.1) Xikm — Xme = X"Ri 1, — X, R,

with the help of Definition (2.1), we can obtain

(4.2) X"(R},, K —CL RL )=0:

Applying Cartan's covariant derivative and using the Definition 3.1 of P-concurrent vector field,
we can obtain

Hence we have :

Theorem 4.1: A Finsler space F" admitting a P-concurrent vector field satisfies equations (4.2) and (4.3).
Similarly for a P-concurrent vector field we obtain from the Ricci-identity [8]

(4.4)

X — X7 ™|k = X"Bl, — X | 0BG, — X[ nCitpn’

45 : : ,
(45) X (s — ChrBon ) = O

Applying Cartan's covariant derivative on (4.5) and using Definition 3.1 we get

(4.6) X" (G} ito — ChrPlonio) = O

Am|k|O

I i
By on substituting the value of Chm\k\O' we get

(4.7 X (CrnRrko = CrnRiko = CinRieo = CrnBimio = Churi pRE0 ) + Pim =0

i
hmlp
Hence we have :

Theorem 4.2: A Finsler space F" admitting a P-concurrent vector field satisfies equations (4.5), (4.6) and
4.7).

If we differentiate T-tensor obtained by Matsumoto [5] and Kawaguchi [1]
(4.8) Thge = LChy|i + I.Cye +1L,Chpe + 1;Crye + 1,,Chy
with respect to Cartan's covariant derivative and contracting it, we get

(4.9)

Thge = LChz| 10 + 1nPye + LiPrje + 1, Pagc + LBy’
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Multiplyin equation (4.9) by Xh and using Definition 3.1 we get after simplification

(4.10) ,and

Xh{Thyk\o _L(Phgj‘k_chij\k)_lh Pyk}:O

(411) Xixgh {Thyk\o _L(Phi]"k —Chy‘k)}=0

Hence we have:

Theorem 4.3: A Finsler space I " admitting a P-concurrent vector field satisfies equations (4.10) and (4.11).

If we assume that a concurrent vector field is also P-concurrent vector field, by the use of
Definition 3 and Definition 3.1, we get either a‘o =0 or hjk = 0. Hence we have the following:

Theorem 4.4: In a non-Riemannian Finsler space F" the necessary condition for a vector field to be both
concurrent as well as P-concurrent is that the scalar 05‘0 vanishes.

The v-curvature tensor in a Finsler space F"is given as [5]
(4.12) St =Cp){C™nr Bl }] =0

where means interchange of indices j and k and subtraction. Taking Cartan's covariant derivative of (4.12) with
respect of and multiplying the resulting equation by and and using Definition 3.1, we get

(4.13) Xh[Sriij\o - c(j,k) {C s Pimj H =0
Further taking Cartan's covariant derivative of Ricci-identity[5]

(4.14) >t

il = Xkl = XS
with respect to xt , then with the help of Definition 3.1, we can write :
(4.15) thiiyk\o =Cjk) {th;iy"k\o + X" Cpy

Hence we have:

Theorem 4.5: The v-curvature tensor of a Finsler space F" admitting a P-concurrent vector field satisfies
equations (4.13) and (4.15).

In an n-dimensional Finsler space F™ the hv-curvature tensor is given by [5]
(4.16) By = Crij{ Apnsi + Ay P }
and

(4.17) pyw1 _pyhk — _Sym\o'
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Using equations (4.13), (4.16) and (4.17) together with the Definition 3.1 of P-concurrent vector
field, we obtain

h
(4.18) X C(j,k){Phyk\o =Gk Pmy'\o} =0
Hence we have :

Theorem 4.6: The hv-curvature tensor of an n-dimensional Finsler space F" admitting a P-concurrent vector
field satisfies (4.18).

5. Some Special Cases :

C2-like Finsler spaces: If we assume that X" is a P-concurrent vector field in a C2-like Finsler space,
equation (2.11) after differentiation and by Definition 3.1, we get :

Theorem 5.1: The necessary condition or a C2-like Finsler space F™ to admit a P-concurrent vector field is

that it satisfies chi 0= 0.

It is known that in a C2-like Finsler space the v-curvature tensor is zero, therefore by virtue of
(4.17), we can observe that ngh is symmetric in k and h. Now using the Definition 3.1 of P-concurrent

vector field in equation (4.16), we can write
(5.1) Xl(czkrp_];i _cihrPJ;c):O) Xi(cikr _];‘L‘O _cihrP;c\o):O'

J

Hence we have :

Theorem 5.2: The necessary condition for a C2-like Finsler space F"™ to admit a P-concurrent vector field is
that it satisfies (5.1).

P2-like Finsler spaces: It is known that in a P2-like Finsler space F™ there exists a covariant vector field Pl

such that ngh is given by [2]
(5:2) P)y'kh = P)icjkh - F’chkh

and satisfies either ngh =0 or Sykh =0.

From equation (5.2) we can write P, =P, Cy- If we assume that X * is a P-concurrent

vector field by virtue of Definition 3.1, we get

(5:3) X'Cy P, =0
As XiCyk # 0, we musthave P, = O, which following [2], gives P, = O. Hence we have :

Theorem 5.3: In a P2-like Finsler space F", admitting a P-concurrent vector field X', hv-curvature tensor
vanishes.
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If we assume that in a P2-like Finsler space X" isa concurrent vector field, applying Definition 3

We can write i , which gives
P, X" Aye = xoh i 9

(54) P, X'A; = (n— 1),

Hence we have:

Theorem 5.4: In a P2-like Finsler space Fn, admitting a concurrent vector field X! , vanishing of Po is
the sufficient condition for the vector field to be P-concurrent.

S3-like Finsler spaces: Using definition of v-curvature tensor in a Finsler space Matsumoto [5], together with
equation (2.12) and Definition 3.1, we obtain

(5.5) X' X" [(n—2)Sohy, + Ay, Al ] =0

Hence we have :

Theorem 5.5: A P-concurrent vector field X * in a S3-like Finsler space F''", satisfies equation (5.5).
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