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1. Introduction 

 In the present paper, we consider a topological space 

equipped with a grill, a brilliant notion that has been 

initiated by Choquet [1]. A grill G on a topological 

space X is a collection of subsets of X satisfying 

following conditions: (1) G , (2) AG and 

 BBA G , and (3) A G and BG A

 B G. G ({P(X){and are trivial 

examples of grills. Some useful grills are (i) G∞, the 

grill of all infinite subsets of X, (ii) Gco, the grill of all 

uncountable subsets of X, (iii) Gp , a particular point 

grill on X. 

A topological space (X, τ ) with a grill G on X will be 

denoted by ( X, τ, G ). Roy and Mukherjee [6, 7] 

defined a topology obtained as an associated structure 

on a topological space (X, τ ) induced by a grill on X. 

According to them, for AP(X), ΦG (A, τ) or ΦG (A) 

or simply Φ(A) is the set { xX : AUG, for 

every open neighborhood U of x}. For a grill space 

(X, τ, G ), the B = {U  A : U   τ and A  G } is a 

base for the topology τG , finer than τ. 

 The concept of compactness modulo an ideal was 

introduced by Newcomb [4]. In 2006, Gupta and 

Noiri [2] investigated C-compactness modulo an 

ideal. Recently, Pachόn [5] defined two new forms of 

strong compactness in terms of ideals. Using his idea, 

we introduce ρG – compactness and σG – 

compactness in terms of grills. 

A subset A of a space ( X, τ ) is said to be g– closed 

[3] if cl(A)U whenever AU and U  τ. It is 

clear that every closed set is g– closed, but the 

converse is not true. 

If ( X, τ, G ) is a grill space, ( Y, β ) a topological 

space and f : X  Y  a function, then f (G ) = { f (G) : 

GG } is a grill on Y. 

Let ( X, τ ) be a topological space and A X  then 

cl(A) and int(A) will, respectively, denote the closure 

and interior of A in ( X, τ ). 

2. ρG – Compact Spaces 

We recall that a subset A of a grill space (X, τ, G) is 

said to be G – compact [7] if for every cover 

{ V }   of A by elements of τ, there exists finite 

0 , such that    VA
0

  G. The grill 

space (X, τ, G) is said to be G – compact if X is G – 

compact. 

It is clear that (X, τ) is compact if and only if (X, τ, G 

({) is G ({ – compact. If  

( X, τ ) is compact then ( X, τ, G ) is G – compact. 

 

Definition 2.1: For a grill space (X, τ, G) and 

XA , A is said to be ρG – compact if for every 

family { V }   of open subsets of X, if 

   VA   G then there exists finite 0 , 

such that    VA
0

  G. The grill space ( X, τ, 

G ) is said to be ρG – compact if X is ρG – compact. 

It is obvious that (X, τ) is ρG – compact if and only if 

( X, τ, G ({) is ρG ({– compact and that if  (X, 

τ, G) is ρG – compact then (X, τ, G) is  G – compact. 

The converse is not true.  

Example 2.2: Let X = [0,+∞), τ = { X } {(r, +∞) 

: r  0} and  G = G ∞ then : 

i) ( X, τ, G ) is G – compact, because if  {

V }   is an open cover of X, then 
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there exists 0  with V 0 = X and 

hence X V 0   G. 

ii) ( X, τ, G ) is not ρG – compact, because  

X  ),(0  rr  = {0}   G, but if n 

is a positive integer and 0< r1 < r2 < 

…< rn, then X

  ),(),( 11 rXri

n

i  G. 

Definition 2.3: A subset A of a grill space (X, τ, G) is 

said to be Gg– closed if for every Uτ, if A  U G 

then cl(A)U. 

It is easy to check if A is Gg– closed then A is g– 

closed. The converse is not true. 

Example 2.4:1) Let  X = R, the set of real numbers, τ 

= { R } {(r, +∞) : r R}, G ={ B : B  R Q } 

and if A=Q, then  

(a) A is g– closed because if Uτ and A is a 

subset of  U then U = R and cl(A) = cl(Q) = 

R  U. 

(b) A is not Gg – closed since A (0,+ ∞) G 

and cl(A) = R  (0,+∞). 

 2) X = {0,1,2}, τ = { {0}, {1}, {0,1}, X 

}, G ={ {2}, {0,2}, {1,2}, X} and A={2}, then A is Gg 

– closed because if Uτ and  AU G  then we 

have AU, and so U = X and cl(A)U. 

Theorem 2.5: For a grill space ( X, τ, G ) and a base 

B for τ, ( X, τ, G ) is ρG – compact  if and only if all 

family { V }   of open sets in B, if 

   VX    G then there exists finite 0

, such that     VX
0

    G . 

 

Proof : Necessary part is easy to prove. For 

sufficiency, let { V }   be a family of non-empty 

open subsets of X such that    VX     G. For 

all   there exists a family {Wαβ : β  } of 

elements in B such that  
WV  .  Given 

that    
WX    G and ( X, τ, G ) is ρG 

– compact, there exists 
nn

WWW  ,...,,11 22
such 

that     
i1 i

WX n

i   G. But     
i1 VX n

i

  
i1 i

WX n

i 

 

and so     
i1 VX n

i  G. 

  

Theorem 2.6: For a grill space  ( X, τ, G ), the 

following are equivalent:    

(a) ( X, τ, G ) is ρG – compact. 

(b) ( X, τG, G ) is ρG – compact. 

(c) For any family { F }   of closed subsets 

of X, if   F  G then there exists 

finite 0 , such that    F
0

  G 

. 

Proof : (a)  (c) This is easy to prove. 

(b) (a) Obvious, since τG   is finer than  τ. 

 (a) (b) We know that the B = {U  A : U   τ and 

A   G } is a base for the topology τG . Let    { V }

  be a family of non-empty open subsets in B such 

that     VX    G. For each   there 

exists W  τ and A  G such that V = 

 AW  . Since     WX    G then there 

exists finite 0 , such that     WX
0

    

G. Now    VX
0

   )  (
0  WX 

  )(
0  A  G  and so    VX

0
    G. 

Therefore ( X, τG, G ) is ρG – compact. 

Theorem 2.7: Let ( X, τ, G ) be  ρG – compact and 

XA be Gg– closed set. Then A is ρG –  

compact. 

 

Proof : Let { V }   be a family of  open subsets in 

A such that    VA    G. Since A 

is  

Gg– closed, cl(A)   V   then X = (X  cl(A))

 V  and  so X  [(X  cl(A))

 V ] 

G. Given that X is ρG – compact, there exists 

finite 0 , such that 

   VX
0

    G or  
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X  [(X  cl(A))  V
0

 ] G. But X  [ (X  

cl(A))  V
0

 ] = cl(A)   V
0

  

and since       

 VA
0

    cl(A)   V
0

  G, we have 

 VA
0

   G   A is ρG – 

compact. 

  

Theorem 2.8: For ρG – compact subsets A and B of a 

grill space ( X, τ, G ), A B is ρG – 

compact. 

 

Proof: Let { V }   be a family of open subsets 

such that    )(  VBA   G. Since

 VBAVA    )(  and
 

 VBAVB    )( , therefore  

    VA  G and     VB   G, and 

hence there exist, both finite 1 and 2 , 

with    
1  VA   G and    

2  VB   G. 

This implies that    
21  VA   G and   

   
21  VB   G , and so  

   )(
21  VBA   G. 

 

Theorem 2.9: Let ( X, τ, G ) be a grill space and 

.XA  Suppose that for all U   τ, if UA G  

then  there  exist  XB   such that  B is ρG – 

compact, BA   and  UB G . Then A is ρG – 

compact. 

Proof: Let { V }   be a family of  open subsets of 

X such that    VA   G. There 

exists   

XB  such that  B is ρG – compact, BA  and 

   VB   G. There exists finite 

0 ,   

such that    VB
0

    G. Since 

   VA
0

    VB
0

    we 

have    VA
0

   G. 

 

Theorem 2.10: Let ( X, τ, G ) be a grill space and 

XBA  , )(cl AB  and A be Gg– closed, 

then A is ρG – compact if and only if B is ρG – 

compact. 

Proof :  First  let { V }   be a family of  open 

subsets of  X  such that     VB   G. Then  

    VA   G, and given that  A is ρG – 

compact  there exists finite 0 , such that   

   
0  VA   G. Since A is Gg– closed, cl(A)

 V
0

   and so    VA
0

  )cl(   G. This 

implies     VB
0

   G  .  

     Conversely, let { V }   be a family of open 

subsets of  X  such that     VA   G. Given 

that A is Gg– closed, cl(A)  V =  G.This 

implies    VB   G . Since B is ρG – 

compact, there exists finite 0 , such that  

   VB
0

    G. Hence    VA
0

    G. 

 

Theorem 2.11: Let ( X, τ, G ) be a grill space  such 

that ( X, τ) is Hausdorff. If A is ρG – compact subset 

of  X, then A is closed in ( X, τG ). 

Proof : Let A be ρG – compact  subset of  Hausdorff  

grill space ( X, τ, G ). Let x  A. Then for each yA, 

there exist neighborhoods  Uy  and  Vy  of x and y 

respectively such that  Uy Vy  = . Note that  x 
cl(Vy). Now { Vy  : y  A} is a τ-open cover of A 

which is    VA
0

    G . Now x  cl(Vy ) for  

each y implies  x  )cl()(cl
00 y yyy VV   

Let  U = )cl(
0y yVX  

  
 

and  J = )cl(
0y yVA    )(

0y yVA  

G1(say), with G1   G. Then U – J   τG (x) and    

(U – J) A =   x  Φ(A). Hence Φ(A)  A, so 

A is closed in ( X, τG ). 

 

Theorem 2.12: Let  ( X, τ, G ) be a ρG – compact 

space such that ( X, τ) is Hausdorff.  If F and G are 

disjoint Gg– closed subsets of  X, then there exist 

disjoint open subsets  U and V of X, such that    F – U 

 G  and G – V   G. 

Proof : The  result  is  clear if  F = or  if  G =  . 

Suppose that F   and G   y Theorem 2.3, 
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we have F and G are ρG – compact spaces of X. We 

choose g  ,G arbitrary but fixed. 

For all Ff   there exist disjoint fU  τ and 

fV  τ such that f   Uf  and g   Vf . Given that  

  fFf UF   G, there exist Fg F, finite with 

  fFf UF
g

  G . Let Tg = fFf U
g  and Wg = 

fFf V
g . It is clear that Tg Wg = . Now since 

gGg WG   =  G  and G is  ρG – compact, 

there exist G0G, finite such that gGg WG
0  

 G . Let U = gGg T
0  and  V = gGg W

0 , we 

note that  F – U =  )(
0 gGg TF G  and G – V  

 G . Moreover U and V are disjoint, because if  u

VU   then there exists 01 Gg  with 
1gWu

and since 
1gTu , we have 

11 gg WT , 

contradiction. 
 

Theorem 2.13: If  ( X, τ, G ) is ρG – compact,  f : ( X, 

τ ) ( Y, β ) is a continuous function and if H = { 

  )(: 1 BfYB  G} then : 

(a)  H  is a grill on Y. 

(b)  ( Y, β, H ) is ρG – compact. 

Proof : (a) Suppose that YBA   and  A   H . 

Since   (B)f(A)f 11
 G then  (B)f 1

 G  

and so BH . Now if A  H  and B  H  then 

 (A)f 1
G  and  (B)f 1

G  and then  

  (B)f(A) fB) (Af - 111
G. This 

implies BA G. 

(b) Let { V }   be a family of open 

subsets of Y such that    VY   H  

since  

 



 ))( 11

 V(YfVfX  G . ( 

X, τ, G ) is ρG – compact, hence there exists finite 

0 , with  

 )
0

1

 V(Yf 

 

 )(1

0  VfX   G. Thus    VY
0



H. 

 

Theorem 2.14: For a ρG – compact space ( X, τ, G ) 

and  f : ( X, τ ) ( Y, β ) a bijective continuous 

function, one has ( Y, β, f (G)) is ρG – compact . 

Proof :  Let { V }   be a family of  open subsets 

of  Y such that fVY    (G). There exists 

G  G with fVY    (G). Then G = 

 



 )() 11

 VfX(f(G)f   G. Given that  

( X, τ, G ) is ρG – compact, there exists finite 

0 , with  

 )
0

1

 V(Yf 

 

 )(1

0  VfX  G. 

If f : XY is an injective function and H  is a grill 

on Y, then the set 
1f (H ) ={ (1f  J ): J  H } is a 

grill on X. 

Theorem 2.15: Let ( Y, β, H  ) be ρG – compact,  f : ( 

X, τ ) ( Y, β )  a continuous function, then  ( X, τ, 

(1f H ) ) is ρ (1f H ) – compact . 

Proof :  Let { V }   be a family of  open subsets 

of X  such that     VX  (1f H ). There 

exists  J  H  with    VX  (1f  J ). Then 

(f VY    (1f  J ) ) = J  H , and given 

that   ( Y, β, H ) is ρG – compact then  there exists 

finite 0 , with 

 f (   )() 
00  VfYVX  H , this 

implies that     
0  VX  (1f H ). 

 

3. σG – Compact Spaces 

 

Definition 3.1: Let ( X, τ, G ) be a grill space and 

,XA  A is said to be σG – compact if for every 

family  { V }   of open subsets of  X, if 

   VA   G then there exists, finite 0  

such that   VA
0

 . The grill space ( X, τ, G ) 

is said to be σG – compact if X is σG – compact. 

     We note that if ( X, τ, G ) is a grill space and ( X, 

τG, G ) is σG – compact, then  ( X, τ, G ) is σG – 

compact. Also ( X, τ, G ) is  σG – compact if and only 

if for any family }{F of closed subsets of X, if 
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  F  G  then there exists, finite 0  

such that   F
0

 . 

     It is clear that  ( X, τ ) is compact if and only if  ( 

X, τ, G ({) is σG ({– compact, and that if ( X, τ, 

G ) is σG – compact then ( X, τ, G ) is ρG – compact, 

and  ( X, τ ) is compact. 

 

Example 3.2: (1) Let X = Z
+
, τ = { XA : X  A 

is finite }  and G ={ AXA :  is infinite}. 

Then 

(a) ( X, τ, G ) is ρG – compact, because if 

iiF }{ is a family of closed subsets of X 

with  ii F  G, then there exists 0i  

such that XFi 
0

.Thus 
0i

F  G. 

(b) ( X, τ, G ) is not σG – compact,  because if Fn 

= {1, 2, …,n} then Fn is a closed subset of X 

and 

 }1{1 nn F  G, but if 

Znnn r,...,, 21  then  kn

r

k F1 . 



heorem 3.3: Let ( X, τ, G ) be a grill space and B a 

base for τ, then ( X, τ, G ) is  σG – compact if and only 

if for every family  { V }   of open sets in B, if 

   VX   G then there exists, finite 0  

such that .
0  VX   

 

Proof : Necessary part is easy to proof. 

Conversely, let }{V be a family of non-empty 

open subsets of X such that    VX   G . For 

all  there exists a family }:{   W of 

elements in B such that . WV   

Given that    
WX  G and ( X, τ, G 

) is  σG – compact, there exist 

rr
WWWW  ,...,,,

332211
such that 

.1 ii
WX r

i 
 

But 

XVWX
iii

r

i

r

i    11   and so    

.1 i
VX r

i         

 

Now we investigate the behavior of subspaces of a 

σG – compact space. 

 

Theorem 3.4: Let ( X, τ, G ) be σG – compact and 

XA  be Gg– closed, then A is σG – compact. 

      

Proof : Let }{V be a family of open subsets of  

X such that    VA   G .Since A is Gg–

closed, .)(cl  VA   Then 

)())(cl(  VAXX    and so 

)]())(cl[(  VAXX   =   G. Given 

that X is σG – compact, there exists finite 0 , 

such that  ).())(cl(
0  VAXX   Then

)]())(cl[(
0  VAXAA   =

.][
00  VVA   

 
 

Theorem 3.5: For A and B σG – compact subsets of a 

grill space ( X, τ, G ), BA  is σG–compact.                                                                                                                                               

Proof : This proof is similar to that of Theorem 2.8. 

heorem 3.6: Let ( X, τ, G ) be a grill space and 

.XA  Suppose that for all Uτ, if UA G, 

then there exist XB  such that B is σG – compact, 

BA  and UB G . Then A is σG – compact. 

Proof : Let }{V be a family of open subsets of  

X such that    VA   G . There exist 

XB  such that B is σG – compact, BA  and 

   VB   G . Hence there exist, finite 

0  , such that  VB
0

  and so 

 VA
0

 . 

heorem 3.7: For a grill space  ( X, τ, G ) and 

XBA  and )(cl AB  :  

   (1)   If A is g– closed and  σG – compact, then B is 

σG – compact.     

   (2)   If A is Gg– closed and B is σG – compact, then 

A is σG – compact. 

Proof : (1) Let }{V be a family of open subsets 

of  X such that    VB   G. Then 

   VA   G, and given that A is σG – 
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compact, so there exist, finite 0 , such that  

.
0  VA    Since A is g-closed, 

,)(cl
0  VA    and this implies 

.
0  VB  

 

 (2) Let }{V be a family of open subsets of X 

such that    VA   G . Given that A is Gg-

closed,    VA )(cl    G, and this implies 

   VB   G. Since B is σG – compact, 

therefore there exist, finite 0 , such that  

.
0  VB    Hence .

0  VA  
 

heorem 3.8: Let ( X, τ, G ) be a grill space such that 

(X, τ) is Hausdorff. If A is a σG – compact subset of  

X, then A is closed in  ( X, τG ). 

Proof :  This is an easy consequence of Theorem 

2.11. 

Theorem 3.9: If ( X, τ, G ) is  σG – compact,  f : ( X, τ 

)  (Y, β ) is a continuous surjective function and if 

H =   )(:{ 1 BfYB G} then ( Y, β, H ) is  σH – 

compact. 

Proof : In Theorem 2.13, we prove that H  is a grill 

on Y. Let }{V be a family of open subsets of  Y  

such that    VY   G . Since 

 



 )()( 11

 VYfVfX   G  

and ( X, τ, G ) is  σG – compact, therefore there exist, 

finite 0 , such that ).(1

0  VfX 

  

Given that f is surjective  so we have .
0  VY   

Theorem 3.10: For a σG – compact space ( X, τ, G ) 

and  f : ( X, τ )  (Y, β ) a continuous bijective 

function, we have ( Y, β, f (G)) is σf (G)– compact. 

Proof : Let }{V be a family of open subsets of  Y  

such that    VY   f (G). There exist G G  

with    VY   f (G). Then ))((1 GffG   

and  

 )(1

 VfX   G. Given that     ( X, τ, G 

) is  σG – compact, therefore there exist, finite 

0 , such that ).(1

0  VfX 

  Since f 

is bijective, .
0  VY   

Theorem 3.11: Let  f : ( X, τ )  (Y, β ) be a 

bijective and open function and ( Y, β, H )  σH – 

compact space, then ( X, τ, (1f H ) ) is  σ (1f H ) 

– compact. 

Proof : Let }{V be a family of open subsets of  

X such that    VX  (1f H ) . There exist 

H H  with    VX  (1f H ). Then 

 

 HHffVfY ))(()( 1

  H. Given 

that ( Y, β, H ) is  σH – compact, therefore there exist, 

finite 0 , such that ).(
0  VfY   This 

implies that .
0  VX  
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