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Abstract: In the present paper, we introduce and
study new types of compactness with respect to a
grill, namely pG - compactness and oG -
compactness. Several of its properties are
investigated and effects of various kinds of functions
on them are studied.
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1. Introduction

In the present paper, we consider a topological space

equipped with a grill, a brilliant notion that has been
initiated by Choquet [1]. A grill ¢ on a topological
space X is a collection of subsets of X satisfying
following conditions: (1) ¢¢ ¢ , (2) A ¢ and
AcB=Beg,and 3) Aggand B¢ ¢ =A
UB ¢¢ ¢ {o})=PX)-{¢}and ¢are trivial
examples of grills. Some useful grills are (i) G, the
grill of all infinite subsets of X, (ii) G, the grill of all
uncountable subsets of X, (iii) G, , a particular point
grill on X.

A topological space (X, T ) with a grill g on X will be
denoted by ( X, 1, ¢ ). Roy and Mukherjee [6, 7]
defined a topology obtained as an associated structure
on a topological space (X, t) induced by a grill on X.
According to them, for Ae P(X), @G (A, 1) or DG (A)
or simply ®(A) is the set { xeX : AnUeg, for
every open neighborhood U of x}. For a grill space
X,t,G), the 3={U-A:U e tand A¢ G}isa
base for the topology tG, finer than t.

The concept of compactness modulo an ideal was
introduced by Newcomb [4]. In 2006, Gupta and
Noiri [2] investigated C-compactness modulo an
ideal. Recently, Pachon [5] defined two new forms of
strong compactness in terms of ideals. Using his idea,
we introduce pG - compactness and oG -
compactness in terms of grills.

A subset A of a space ( X, t) is said to be g— closed
[3] if cl(A)cU whenever ACU and Ue 1. It is
clear that every closed set is g-— closed, but the
converse is not true.

If (X, 7, g)isagrill space, (Y, p) a topological
space and f: X—> Y a function, then f (¢g) = {f(G) :
Gegltisagrillony.

Let ( X, t) be a topological space and AC X then

cl(A) and int(A) will, respectively, denote the closure
and interior of Ain ( X, 7).

2. pG —Compact Spaces

We recall that a subset A of a grill space (X, 1, G) is
said to be g —compact [7] if for every cover

{V, }aca Of A by elements of , there exists finite
Ay, < A, such that A—U,_, V, & ¢ The grill

space (X, 1, @) is said to be ¢ — compact if X is G -
compact.
It is clear that (X, t) is compact if and only if (X, 1, ¢

({91) is G ({¢}) —compact. If
(X, t)is compact then ( X, T, G) is G —compact.

aelg

Definition 2.1: For a grill space (X, t, ¢) and
Ac X, Ais said to be pg — compact if for every
family {V_ 3},ca Of open subsets of X, if
A-U,.V, & gthen there exists finite A, C A,
such that A—U .,
G ) is said to be pg —compact if X is pG —compact.

V_ & g The grill space ( X, 1,

It is obvious that (X, 1) is pG —compact if and only if

(X, 1. G ({0})) is pg ({0})- compact and that if (X,
1, §) is pG —compact then (X, t, G) is G — compact.
The converse is not true.

Example 2.2: Let X = [0,+®), 1= { ¢, X } U {(1, +0)
:r 20}and G=¢g.then:

i) (X, 7, G)is G —compact, because if {
Va}ae,\ is an open cover of X, then
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there exists Ay, = A with V a,=Xand

hence X—V A, € G.

if) (X, 1, G) isnot pG —compact, because
X=U,.o (r+o0) = {0} ¢ g butifn
is a positive integer and 0<r; <r, <
.. <1y, then X
_U?:l(ri +0) =X —(I,+x) € G.

Definition 2.3: A subset A of a grill space (X, 1, G) is
said to be gg—closed if for every Uet,ifA-U ¢ ¢G
then cl(A) C U.

It is easy to check if A is gg—closed then A is g—
closed. The converse is not true.

Example 2.4:1) Let X =R, the set of real numbers, t
:{¢9R}u{(r:+oo) or ER}1 g:{B . Bg R_Q}
and if A=Q, then

(@) Aisg-closed becauseif Uetand Ais a
subset of U then U =R and cl(A) =cl(Q) =
RcC U.

(b) Aisnot gg —closed since A— (0,+ x) ¢ G
and cl(A) =R & (0,+o0).

2) X={0,1,2}, v={ ¢, {0}, {1}, {0,1}, X
} g={{2} {0,2}, {1,2}, X} and A={2}, then A is Gg
—closed because if Uetand A—U ¢ G then we
have AC U, and so U = X and cl(A) C U.

Theorem 2.5: For a grill space ( X, t, ¢') and a base
@fort, (X, 1, G)is pG—compact if and only if all

family {V, } qen Of Opensetsin &, if
X —U,\ V, & gthen there exists finitt A, € A

,suchthat X -U__, V & g.

ael,

Proof : Necessary part is easy to prove. For
sufficiency, let {V,, } 4ea be a family of non-empty

open subsets of X such that X —U__, V,, € ¢.For

ael

all o € A there exists a family {W,z: pe A } of
elements in @such that V, =U ;. W, Given

that X —U,cp Upen W,  Gand (X, 1, G)is pg

that X —UL,W, , & g.But X -UL,V, <
X-ULW,, andso X -UL,V, ¢ 6

Theorem 2.6: For a grill space (X, 1, G), the
following are equivalent:

(@ (X 1, G)is pG—compact.
(b) (X, 1¢ G)is pG—compact.
(c) Forany family { F, } ,ca of closed subsets

of X, if (., F, & gthen there exists

ael

finitt Ag = A, suchthat (1,., F, ¢ ¢

Proof : (a) < (c) This is easy to prove.
(b)=> (a) Obvious, since t¢ is finer than .

(a) = (b) We know that the 3={U —A:U € tand
A & G} is a base for the topology TG . Let {V, }
«en be afamily of non-empty open subsets in & such
that X —-U,,V, & G For each €A there

existt: W, e © and A, ¢ G such that V
W, —A,. sSince X-U,,W, & g then there
ael Wa &
g‘ Now X _Uaer Va < (X _UaeAO Wa)
VUUpn,A)E G andso X-U,, V, € ¢
Therefore ( X, g, G ) is pG —compact.

exists finitt A, < A, such that X —U

Theorem 2.7: Let (X, 1, G) be pG—compact and
Ac X be gg—closed set. Then Ais pG —
compact.

Proof : Let {V, } nea be afamily of open subsets in

A such that A—J
is
Gg-closed, cl(A) = U,_,V, then X =(X-cl(A))

ulU,.,\V, and so X —[(X-cl(A))

V, & g.Since A

ael

UUaeAVa]
= ¢ ¢& G. Given that X is pG — compact, there exists
finite A, A, such that

X _LJozeA0 Va & gor
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X —[(X - cI(A))uUaeAOVa]g G But X —[ (X -

cl(A) WU, Vo1 =cl®) U, V
and since

A-U,n, Ve < clA) U, V, & G we have
A-U,a V., €6 = Ais pg -

compact.

Theorem 2.8: For pG —compact subsets A and B of a
grill space (X, 1, G), AUBispG -
compact.

Proof: Let {V_},en be a family of open subsets
such that (AuB)-U,,V, G. Since
A-U,.,V, c(AuUB) —UaeAVa and
B-U,.,V, c(AuB)-U,.,V,,
A-U,,V, ¢¢g and B-U,, V, & ¢ and
hence there exist, both finite A, — Aand A, C A,
with A-U,,V, € gand B-U, .V, ¢ G
This implies that A—U,, 4V, & ¢ and

therefore

ael ael,

B UaeA1uA2 a é g ’ and SO
(AU B) UaeAlqu a & g

Theorem 2.9: Let ( X, 7, G) be a grill space and
Ac X. Suppose that forall U € 1,if A—U ¢ ¢
then there exist B < X suchthat Bispg-—

compact, Ac B and B—U ¢ ¢.ThenAispg-
compact.

Proof: Let {V,, } 4ca be a family of open subsets of

X such that A—U,_,V, & ¢ There

exists
B < X such that B is pg — compact, Ac B and

B-U,.\V, € G There exists finite
Ay A,

such that B—U,., V, & G. Since
A-U,,, V., cB-U
have A—U,., V, €6

aeA

we

aeAO

Theorem 2.10: Let ( X, 1, G) be a grill space and
AcBc X ,Bccl(A) and A be gg—closed,

then A is pG —compact if and only if B is pG —
compact.

Proof : First let {V},ca be afamily of open
subsets of X suchthat B—U,_,V, & G. Then
A-U,.\V, ¢ g andgiventhat Ais pgG -

ael

compact there exists finitt A, = A, such that
A-U, V. £ G Since A s gg—closed, cl(A) =
Uven, V., andso cl(A)-U,., V, & g This
implies B—U,_, V, ¢ .

Conversely, let {V, } 4ca be a family of open
subsets of X suchthat A—U
that A is gg—closed, cl(A)—U
implies B —U
compact, there exists finitt A, = A, such that

B—Ugen, Vo & G Hence A=U,, V, €¢

aelg

V, ¢ g Given
V,=¢¢ GThis

ael

ael

V, & g.SinceBispG—

aelN

Theorem 2.11: Let ( X, 1, G) be a grill space such
that ( X, ) is Hausdorff. If A is pG —compact subset
of X, then Ais closed in ( X, t¢).

Proof : Let A be pg — compact subset of Hausdorff
grill space (X, 1, G). Letx & A. Then for each y € A,
there exist neighborhoods U, and V, of x and y
respectively such that U,MV, = ¢. Note that x ¢&
cl(vy). Now { V, : ye A} is a t-open cover of A
which is A=U,, V, & . Nowx ¢ cl(vy) for
each y implies x ¢ U, cl(V,)=cl(U,., V,)
Let U= X —cl(U,., V,)

and J = A—CI(UyeAOVy) c A—(UyeAOVy)
= Gy(say), with G; ¢ ¢G. Then U —J € 14 (x) and

U-I)NMA=¢ = X ¢ O(A). Hence ®(A)C A, so
Aisclosed in ( X, t¢).

Theorem 2.12: Let ( X, 1, G) be a pG —compact
space such that ( X, t) is Hausdorff. If F and G are
disjoint gg—closed subsets of X, then there exist
disjoint open subsets U and V of X, such that F-U
g€ GandG-V & G

Proof : The result is clearif F=¢ or if G= ¢.
Suppose that F # ¢and G # ¢. By Theorem 2.3,
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we have F and G are pG — compact spaces of X. We
choose g€ G, arbitrary but fixed.

For all f €F there exist disjoint U;e 1 and
Vi € tsuch that f € Us and g € V;. Given that
F-U;U; & g there exist Fy —F, finite with
F-U;r U2 g LetTy= Ui Uy and Wy =
Mier, Vi - Itis clear that T, MW, = ¢. Now since
G-U,cW, =¢2 ¢ and G is pg — compact,
there exist Go= G, finite such that G —U ¢ W,
g g.LetU=[q Tyand V=U;qc W,, we

note that F-U= U, (F-T,)¢ g and G-V

¢ G . Moreover U and V are disjoint, because if u
€U NV then there exists g, € Gywith ueW,

and since ueT, —we have T, NW, #¢,
contradiction.

Theorem 2.13: If (X, 1, G)is pG—compact, : (X,
1)—>(Y, B ) is a continuous function and if #'={
BcY: f*(B)e g}then:

(@ g#isagrillony.
(b) (Y, B, #)is pG-compact.
Proof : (a) Supposethat Ac B Y and A € 7.
since T (A)c f*(B) e gthen f (B) e g
andsoBe . Nowif A¢ 7 and B ¢ # then
f (A ¢ g and f(B) g and then
f (AUB) = f(A)uU f (B) ¢g. This
implies AUB ¢g.

(b) Let {V_ } oen be a family of open

subsets of Y suchthat Y —U,_,V, & #
since

X _UaeA f_l(\/a) = f_l(Y _UaeAVa) Eg (
X, 1, G) is pG —compact, hence there exists finite
Ay < A, with (Y —UaeAOVa) =

X =U, e, f*(V,)e g Thus Y —U, VY, €
H.

ael

Theorem 2.14: For a pG —compact space ( X, 1, G)
and f: (X,t)—>(Y,B) abijective continuous
function, one has (Y, B, f (g)) is pG —compact .

Proof : Let{V, } sca be a family of open subsets

of Ysuchthat Y —U,__,V, € T (g). There exists

ael

G egwithY —U,_,\V, =T (g). ThenG =

f (f(G)) = X —=U,, T *(V,) & G Given that
(X, 1, G) is pG —compact, there exists finite
Ay = A with £75Y-U,., V,)=

X _UaEAO f_l(\/a) & g

acl

If f: X—>Y is an injective function and 7 is a grill
onY, thentheset f (o) ={ f (J):J en}isa
grill on X.

Theorem 2.15: Let (Y, B, # ) be pG —compact, f: (
X,1)—>(Y,p) acontinuous function, then (X, 1,

f (9r))isp T (#) —compact .

Proof : Let {V,_ } ea be afamily of open subsets
of X suchthat X —U,_,V, & f (). There
exists J e with X —UJ__ V. = f7( J). Then

acA " a
Y -U,aV, =f( f*(3))=J e, and given
that (Y, B, #) is pGg —compact then there exists
finite Ay = A, with
f(X _Uaer Va) =Y _UaEAO f (\/a) EH, this

impliesthat X —U__, V& f ().

ael,
3. 6G —Compact Spaces

Definition 3.1: Let ( X, 7, G ) be a grill space and
Ac X, Ais said to be 6G — compact if for every

family {V_ },ca of open subsets of X, if
A-U,.V, & gthen there exists, finite A, € A
suchthat AcU,.,,

is said to be G —compact if X is 6 G —compact.

We note that if ( X, T, G) is a grill space and ( X,
TG, G ) is oG — compact, then ( X, 1, G) is 6G -
compact. Also ( X, 1, G ) is oG —compact if and only
if for any family {F,},_, of closed subsets of X, if

V. The grill space ( X, 1, G)
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N,a F, € G then there exists, finite Ay C A
such that [ F, =06

It is clear that ( X, t) is compact if and only if (
X, 1, G({0})) is oG ({0})-compact, and that if ( X, ,
G) is oG —compact then ( X, t, G) is pG — compact,
and (X, 1) is compact.

ael

Example 3.2: (1) Let X=Z" 1={ AC X:X-A
is finite }U {¢}, and ¢ ={ A< X : A is infinite}.
Then

@ (X, t, g)is pGg — compact, because if

{F.},.. is a family of closed subsets of X
with (;_, F & g then there exists i, € A
suchthat F = X .Thus F_¢ .

(b) (X, 1, G)isnot oG -compact, because if F,
= {1, 2, ...,n} then F, is a closed subset of X

and wF={0e¢ ¢ but if
NNy, €Z7 then My Fy # 0.

Theorem 3.3: Let ( X, T, G) be a grill space and B a
base for t, then ( X, 7, G) is oG —compact if and only

if for every family {V_},ca of open sets in 4, if
X-U,..\V, ¢ gthen there exists, finite A, < A
such that X =UJ

aeAO a’

Proof : Necessary part is easy to proof.
Conversely, let {V_},_, be a family of non-empty

open subsets of X such that X —U__,V, & g. For
all « € A there exists a family {W, ﬂ 1 f e }of

elements in such that V, =U

ael

ﬁe/\
Giventhat X =U,., U ., W, ;2 gand (X1, G
) s 6G - compact, there  exist
W, W, 5 W, 45 ..... W, , such that
X=U_W,_,. But

X = Ur_1W CUr_lV c X and S0
X :UE:l a

Now we investigate the behavior of subspaces of a
oG —compact space.

Theorem 3.4: Let ( X, t, G ) be 6G — compact and
Ac X be gg-closed, then A is 6 G — compact.

Proof : Let {V_},_, be a family of open subsets of
X such that A-U,.,V, & ¢ .Since A is gg-
closed,cl(A) cU,_,V,, Then
X =(X—-cl(A)) U(UaeAVa) and s0
(X —cl(A) U U, V)= 42 G Given
that X is oG — compact, there exists finitt A, < A,
such that X = (X —cl(A)) U (U,.,, V., ) Then
A= ARTX ~cl(A) U (U, ., V,)l=
[AnU Va]gUaEAOVa.

ael,

Theorem 3.5: For A and B ¢ G — compact subsets of a
grill space (X, 1, ), AU B is 6G-compact.

Proof : This proof is similar to that of Theorem 2.8.

Theorem 3.6: Let ( X, T, G ) be a grill space and
Ac X. Suppose that for all Uer, if A—U ¢g,
then there exist B < X such that B is G — compact,
Ac B and B—U ¢ ¢g. Then A is 6G —compact.

Proof : Let {V_},_, be a family of open subsets of

Xsuchthat A—U,__,V, & G. There exist

ael

B < X such that B is 6G —compact, A< B and
B—-U,.\V, & G. Hence there exist, finite

Ay < A ,suchthat B U
AcU

V, and so

acly

aelg a .

Theorem 3.7: For a grill space (X, t, ¢) and
AcBc Xand Bccl(A) :

(1) IfAisg-closed and oG -compact, then B is
oG —compact.

(2) IfAis gg—closed and B is 6 G —compact, then
A is 6 G —compact.

Proof : (1) Let {V_},_, be a family of open subsets

of Xsuchthat B—U,_,V, & G Then

ael

A-U,.\V, & g and giventhat Ais oG -
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compact, so there exist, finitt A, = A, such that
AcU,.,,
cl(A) cU
BcU

V,. Since A is g-closed,

V,, and this implies

ael,

aeAO

(2) Let {V,},_, be a family of open subsets of X
such that A—U__,
closed, cl(A) —U
B-U,.\V, € g Since B is 6G - compact,

V, & g.Giventhat Ais gg-
V, = ¢¢ g and this implies

ael

therefore there exist, finite A, = A, such that

BcU,.,V,. Hence AcU

ael, ae/\

Theorem 3.8: Let ( X, 7, G) be a grill space such that
(X, 7) is Hausdorff. If A is a G —compact subset of
X, then Alis closed in (X, tg).

Proof : This is an easy consequence of Theorem
2.11.

Theorem 3.9: If (X, 1, G)is oG -compact, f: (X, t
)—> (Y, B) is a continuous surjective function and if

s={BcY:f(B)g&g}then(Y,p,)is o -
compact.

Proof : In Theorem 2.13, we prove that 7 is a grill
onY. Let {V,},_, be a family of open subsets of Y
such that Y —U__,
X =Ugen f_l(va) = £y -U,aaV) e g
and ( X, 7, ) is oG —compact, therefore there exist,
finitt Ay = A, suchthat X =U,, f(\V,).

V, & ¢.Since

Given that f is surjective so we have Y = Uaer
Theorem 3.10: For a 6G —compact space ( X, t, G)
and f:(X,t)—> (Y, p) acontinuous bijective
function, we have (Y, B, f (§)) is of (G)—compact.

Proof : Let {V_},_, be a family of open subsets of Y

suchthat Y —U
with Y —U

V, & f(g). Thereexist G e g

ael

ael

V, # f(G). Then G = f *(f(G))

and X —U,__, f (V) ¢ ¢ Giventhat (X, 1, ¢
) is oG —compact, therefore there exist, finite
Ay < A, suchthat X :Uaer f (V). Since f

is bijective, Y =

aeA

ae/\o

Theorem 3.11: Let f: (X, t1)—> (Y,B)bea
bijective and open function and (Y, B, #) cH -
compact space, then (X, 7, T (7))is o f (1)
—compact.

Proof : Let {V_},_, be a family of open subsets of

Xsuchthat X —U,_,V, & f (). There exist

H e with X —U,_,V, = f *(H). Then

Y-U,_, f(v,)=f(f*(H))=H & 7 Given
that (Y, B, #) is oH —compact, therefore there exist,
finitt Ag = A, suchthat Y =U,., f(V,). This

implies that X =UJ

ae/\o
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