International Journal of Mathematics Trends and Technology (IJMTT) — Volume 48 Number 5 August 2017

Some Algebraic Concepts on Discrete Fuzzy
Numbers

! Thangaraj Beaula, *Johnson.B
' PG and Research Department of Mathematics, TBML College, Porayar 609 307.
% DVC College of Education, Srimushnam 608703.
ABSTRACT
In this paper a new definition of fuzzy ring and field with binary operations on the set of discrete fuzzy

numbers are defined. Some properties related to these concepts are investigated.
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1 INTRODUCTION

Chang and Zadeh[7] introduced the concept of fuzzy number with the consideration of the properties of probability
functions.Since then a lot of mathematicians have been studying on fuzzy number, and have obtained many results [
6,8,10,12,21,23].

In 2001 Voxman [20] introduced the concept of discrete fuzzy numbers, the discrete fuzzy number can be used to
represent the pixel value in the centre point of a window [8] Also he gave out the canonical representation of
discrete fuzzy numbers.

In 1971,Rosenfeld[19] first introduced the concept of fuzzy subgroups, which was the first fuzzification of any
algebraic structure.Therefore the notion of different fuzzy algebraic strutures such as fuzzy ideals in rings and
semi-rings etc. have been seriously studied by many mathematicians.

In 1982 W.J.Liu[15] introduced the concept of fuzzy ring and fuzzy ideal. In 1985 Ren [18] studied the

notions of fuzzy ideal, in the case of Liu and Ren were actually a rational extension of Rosenfeld’s fuzzy group by
starting with an ordinary ring and then define a fuzzy sub-ring based on the ordinary operations of the given ring.
Based on the notion of fuzzy space which play the role of universal set in ordinary algebra and using fuzzy binary
operation K.A Dib[9] obtained a new formulation for fuzzy rings and fuzzy ideals. Since then many mathematicians
such as Aktays and Cya¢gman[5],Malik and Mordeson[16,17], Yuan and Lee[24] have studied about them and more
recently in S.Abdullah et al[1-4,13]

In this paper , the basic definitions and concepts related to the topic is discussed. Further a new definition of fuzzy
ring and field with binary operations on the set of discrete fuzzy numbers are defined. Some of its characteristic
properties are investigated.

2 PRELIMINARIES

Definition 2.1LetXbe auniverseofdiscourse,afuzzysetisdefinedas A = {(x, 4(x): X € X}
characterizedbyamembershipfunction#a(X):X—[0,1],where 45 (x)denotesthe degreeofmembershipofthe element x to
the set A.

Definition2.2Thea-cut, “Aofa setAisthe crispsubsetofAwithmembership gradesofatleastc.
Thatis, * A={X|up(x)>a}-

Definition 2.3 A fuzzy set on the real line R is a fuzzy number if it at leastpossess the following properties.
(i) Amustbe anormalfuzzyset,

(ii)TheaIphaIeveIsaA mustbe closed foreverya<[0,1].

0+
(iii) ThesupportofA,  Amustbe bounded.

Definition 2.4A fuzzy subset uof R with membership mapping u: R — [0,1] is called discrete fuzzy

ISSN: 2231-5373 http://www.ijmttjournal.org Page 321




International Journal of Mathematics Trends and Technology (IJMTT) — Volume 48 Number 5 August 2017

number (DFN) if its support is finite (ie) there are x4, x5, ...« ..., X, € R With x; < x5 <.. ... < x,
such that supp(u) = {x1,x3, ... eev e ... X, } , @nd there are natural numbers s, t withl < s <t <n
such that

(Du(x;) = 1 foranynaturalnumberiwiths <i <t
(iDux) < u(xj)foreachnaturalnumbersi, jwith 1 <i<j<s
(iihu(x;) = u(xj)foreachnaturalnumberi, jwitht<i<j<n

Definition2.5[16](Equal fuzzy sets)Two fuzzy sets U and V are said to be equal (denoted U = V )if and only if
Vxe X, py(X) = 14;(X)

Definition2.6(Euclidean distance)Let X = (X, X,, Xg,+evervuee. X,)and Y = (Yy, You Yareereeeerenns y,) are two
points in Euclidean n-space, then the distance from X to Y or from Y to X is given by

d(x,Y){i(xi —ysz

3.AMBIGUITY RANKS ON FUZZY GROUP OF DISCRETE FUZZY NUMBERS
Definition 3.1

For AcR denote max A =max { x : x €A}, andmin A =min {x : x € A},Let u be a discrete fuzzy number a fuzzy set

on Rwithits support [u]0 finite

Forany r € [0,1] and x, € [u]0 denoteii () = max[u]r, u (r) = min [u]rforr_<1
where[u]rz {x/ u(x) =r}
Let us define some sets as follows
Ou]reifr e [ /x < u )
(i) [u] s {x e [u’ /x> G(r)}

(i) [ U (), @ (7)) rg:{x e[u]/ um=sx<u (r)}

_u(r)+u(r)

(iv) av[u], 5

[U.]rsl (X) If Xe mrﬂ
@[] =1 @[rD00 i xe[u(r),a(r)]
[u]o () i xefu]

=—r<l

Definition3.2Let 0,V be two discrete fuzzynumber.then, U ~ V if and only if
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()  Foreveryx € [a] <1,y € [;] cenifd (x,u(r)) =d(y, v(r)) then [U7]_ () =[V'] ()
(@) d(ur),a(r) =d(r),v(n)then u[r)x)=[rD(y)
forx e[u(r),u(r)], y [v(r),v(r)]
iy Foreveryx €[u]ocy €[v]cifd(a(r) =d(y,v(r)ten [u] , ()=[v]., )
Definition 3.3Two discrete fuzzy number (i and V are said to be equal (denoted 0 = V)if and only if

for every X € X, [u]rgl (x)= [V]rﬂ (x)

Example 3.4Consider the discrete fuzzy number

U=(—,—,—,—,—,—) V=(—,— —,—,—,—)

4 5 6 7 8 9 1 2 3 4 5 6
By using definition 3.2,U [] V
1 1
0.9 0.9
0.8 //\\ 0.8 //\\
0.7 0.7 — \
0.6 / \ 0.6 / \
05 / \ | 05 7 \
02 / \ |04 —
03 |/ 0.3 1T/
03 1T/ 0.2
. 0.1
0.1 0 | | | | | |
0 T T T T T
4 5 6 7 8 9 1 2 3 4 5 6

Definition 3.5 (Fuzzy approximation)Let 0, V be two discrete fuzzy number then U = V if and only if av[u]r =av

V],
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Definition 3.6 (Fuzzy group) A fuzzy group is an ordered pair (é, *) where G is a set of discrete fuzzynumberand

* is a binary operation on G satisfying the following properties

(i) Forevery U,V,WeG , (0*V)*W= 0 (7*W)

(ii) Forevery U,V e G if GV then G*V L 0 (or) G*VV

(i)  Forevery 0 G thereexistse, € G;e, [] and G*e, =¢, *0 =0
(iv)  Forevery 0 G thereexists =€ G ;u~1 ) U and (% u~1= v~ *( =g,

Definition 3.7 A fuzzy group (é, *) is said to be abelian if G *V =V forall 0andVin G A fuzzy group is
said to be non-abelian if it is not abelian.

Definition 3.8(Fuzzy ring)A fuzzy ring is a triplet (é, *, o) where G is a set of the discrete fuzzy numbers* and o

are binary operations on G satisfying the following properties.

(i) Forevery U,V,WeG , (0*V)* W= (V*W)

(i)  Forevery 0,V eG if G0V then G+ 0 (or) G*V[ ¥

(iiiy  Forevery G G there exists€; € G;e,[JGand G*e, =g, *0 =0

(iv) Forevery U € G there exists u—1€ G ;u~t[] 0 and (i *u~1= 1 (=g,

(v) Forevery U,V € G, 0%V = V*(

(vi)  Foreveryl,¥,WeG , ((lo¥)oW= (o (VoW)

(vii)  ForeveryU,V e G if G0V then oV (0 (or) GoVV

(viiiy  ForeveryU,¥,WeG , 0o (V*W) = ((o7)* ({oW)and (VW) o0 = (Vo) * (Wo )
Definition 3.9 (Fuzzy commutative ring)A fuzzy ring (G, *, 0) is said to be commutative if oV =VoU for all

U,7inG

Definition3.10 (Fuzzy division ring)A fuzzy ring (é, *, o) is said tobe division if its non zero(non the neutral
elements related * binary operation)elements form a fuzzy group under o binary operation.

Definition3.11 (Fuzzy field)A fuzzy field is a fuzzy commutative division ring.

Definition3.12(Fuzzy approximation ambiguity rank) LetG bea fuzzy group then, ambiguity rank for U, V

defined with ar;,, = (|1 ¢+ Fiyg g+ Mo hoa oo Vizg o) S follows
g, = dlsupfd (U], (@).av[u], )/ @ e (01} supfd (v] ", (@).av[v])/ @ e (0.1}

huo = dlsup{d (U] _ (@).av[u] )/ a e (011}, sup{fd (V] _ (@).av[v].)/ @ € (0,1}
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Ir.; o = sup{d (ULr](x),vIr1(y)) / x e[u(r),u(r)],y €[v(r),v(r)] Isuchthat

d(u(r),u(r)) = d(v(r),v(r))

12uv Sup{[ ]<1 (X) [ ]r<1(y)/‘v’x E[ ]rilly E[V]ril;d(xi av[u]r):d(ylav[v]r)}
hoag = SUPLU], OO.[V]  (Y)vx €[u] iy €[v] i (x avu],) = d(y,av[V],)}

Definition 3.13(Ambiguity rank of fuzzy group)Let G bea fuzzy group then, ambiguity rank for G is defined

with G,y = (L6, 060 N Lo 1 Tpe) @ follows

l,,c =sup{l,y,,/0,V G}
s =Sup{ry,,/ 0,7 G}
Ir,. =sup{lr,, /0,7 G}

b6 =Sup{lyyg o /G,V cG}

e =Sup{r,;,/ U,V e G}
Lemma3.14

Let G be a fuzzy group with the ambiguity rank Ga,l Then, | <, <505, 1,50 T, = 0 Proof

By definition |« =sup{l,;, /U,V e G}
=M(say)>0

>
ﬁIllG—O

Similarly 1, I <, ,,1,5 =0

Lemma3.15
Let G be a fuzzy group with the ambiguity rank Garl

Then, (I Ir.)=(0,0,0)= (I Ir,.)=(0,0,0)

126G 1ZG 111G’ 1lG !

Proof

Suppose for the sake of contradiction that (I ) # (0,0) ,The following three modes can be

111G’ llG
investigated

(i) l,,c #0andr, =0

11G
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(i)  l,=0andr =0
(i) 1, #0andr, =0

Case(i)

If I11é # Othen there exists U,V inG

sup{d(u]" _ (@).av[u] )/ e e (010} # sup{d(v] " _ (@).av[v] )/ @ € (0]}

Without loss of generality ,we may assume that
sup{d((u]" _ (@).av[u] )/ e e (010}>sup{d((v.] " _ (@).av[v] )/ e € (011}

Define, x = sup{d (u ] " _ (@),av[u] )/ er € (0,11}

y=sup{d(v.]" _ (@).av[v] )/ @< (01}

From definition3.13, there exists S < support(ﬁ);|s| = X—Ys0, Vt €S there existst,

suchthat d(t,av[u] )=d(t,,av[v] ), [u]” _@®>0[v]" . (t)=0

r<i

Therefore,0<[ u ]r<1 < I1zé namely | _ . # O This is a contradiction.Similar to the above, the cases (ii),(iii) leads

126G

to |, #0and | # (0, 0) respectively, which are inconsistent..

12G! rlze',
Lemma3.16

Let (é ,*) be a fuzzy group with ambiguity rank G,,, = (0,0,0, 0, 0). Then

Suppose 0,7 eG with (I )=(0,0,0)

116 rllé ! Ir*é

Then
supfd((u]” _ (@).av[u] )/ @ e (01} = sup{d [ v.] " (@).av[v] )/ e € (0,1]}

sup{d(u]” _ (@).av[u] )/ acO1}=sup{d(v] " (@).av[v] )/ o e (011}
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soifxeu(r)/[u] ., () >0=Kxev(r)/[v] (x)>0}
Kxea(r)/[u] () >0H=Kxe(r)/[V] _ (x)>0}
Therefore, the prerequisite for U [] V

Also from (I ) =(0,0,0)

LT
For every X e U(r),y e V() :d (x,av[ul,) = d(y,av[v],)
=d[[u], )[v].,WI=0

=[], 0=V 4 ) (1)

And For every X € T(r), y € V(r);d (x, av[u],) =d (y,av[v],)
=d[[u]_ (x.[V] ., W]=0

SN I T R A ) P— (2)

And x € [u(r),a(r)], y e[v(r),v(n].

=d(u(r),a(r)) = d(v(r),v(r))

= (U[rDC) = (VDY) o (3)

Finallyfrom (l) : (2) : (3) and by definition 3.1 it follows that U [] V

(ii) According to the second condition of definition3.6 and case(i) it is obvious.

Lemma3.17Let {0,V be two discrete fuzzy number. ThenU =Vand U] V ifandonlyif U=V

Proof

Ifd=Vand 0[]V then by the definition (3.1) it follows that

() vxe [a] <1,y € [;] c<nifd(x,u(r)) =d(y, v(r)then 0] () =[V] V)

) d@ur),a(r))=d(r),v(r)then (u[r)(x)=(v[rD(y)

forx e [u(r),u(r], y e[v(r),v(r)]
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(i)  vxe[u]ic,y €[v],cnifd(x,T(r)) =d(y,V(r)then [u]  (x)=[v.]_ ¥)

This implies [u]rﬂ (x)= [v]rﬂ (y), vxe X,VyeY.
Conversely U = V by the definition (3.3) it is obvious.
Lemma3.18 Let (G, *) be a fuzzy group with ambiguity rank G,, = (0,0,0,0,0).

ThenV(,7eG;e, =6,

Proof

According to the lemma 3.16 and by definition3.5, we have €; LI €,
U+e, =e,*U=U

A”‘J‘{V*eV =g, *V=V

Then {av[u]r *avle,] =av[e,]*av[u], =av[u],

avlvl], xavle,] = av[e,]*av[v], =av[v],

The system (4) is a system at the crisp space, thus av[e,]=av[e,].................. (3)

Therefore from the case (5) and the definition (3.4) we have €; = €,

Finally, by lemma3.17 ,€; =€,

Theorem3.19Algebraic group is a special case of the fuzzy group with ambiguity rank G,., =(0,0,0,0,0).

Proof

Let (é,*) be a fuzzy group with ambiguity rank G,., =(0,0,0,0,0).

Then to show that

" V0,0, WeG , (%) *W=0*(T*W) .............. (6)

and

(ii) there existse € G ;e Gand G*e=e*U=0.............. (7)

According to the (4) and (5) conditions on fuzzy group,using lemma3.16 and lemma3.17we get the case (6).

Also the case (7)holds bylemma 3.18,with definition € = €; for each the arbitrary U G.

It should mentioned, the inverse condition G is obvious by (7).
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