International Journal of Mathematics Trends and Technology (IJMTT) - Volume 49 Number 2 September 2017

SOME DEFINITIONS and INTERPRETATIONS on
FUZZY SOFT GAME

Sreelekshmi Warrier

ABSTRACT. Deli and Ca(g)man introduce soft games and fuzzy soft games,whichl
can apply to problems contain vagueness and uncertainty.In this paper,we
present some definitions related to fuzzy soft game.Then we have extended
some existing theories about Nash equilibrium under the fuzzy soft context.

1. INTRODUCTION

One of the most appropriate theory for dealing with uncertainty is the theory
of fuzzy set which was developed by Zedeh in 1965. Later in 1999 ,Molodstov
introduced a new mathematical theory, which is free from inadequacy of parameters
known as soft set theory for modelling vagueness and uncertainty in decision making
problems [1].It has many applications in study of Smoothness of functions, Game
theory, Operations Research etc.[2].Roy and Maji presented the concept of fuzzy
soft set (fs-sets) by embedding the ideas of fuzzy set theoryl[4].

In 1944 John Von Neuman, was introduced Game theory for modelling and
designing automated decision making process[13].It is a mathematical study of
strategic decision making.Qian and Abrham introduced strategic games using fuzzy
set[12]. In both classical and fuzzy games,the pay off are real valued functions but
in fuzzy soft games they are set valued functions[10]. The notions of soft games
and fuzzy soft games given by Ca(g)man and Deli in[7,10].Solution of the fuzzy
soft game are obtained by using operations of fuzzy set and soft set that make this
game very convenient and easily applicable in real life situations[10].In this paper
we presented some definition and theorems about Nash equilibrium using fuzzy soft
set approach.

2. Preliminaries

We present the basic definitions of soft set, fuzzy soft set theories and fuzzy
soft game theory in this section.

Key words and phrases. Fuzzy Set,Soft Set,Fuzzy Soft Set,Game Theory,
Nash Equilibrium,Soft Game, Fuzzy Soft Game.
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DEFINITION 2.1. [2] Let U be an initial universe set and E be a set of
parameters. Let P(U) denotes the power set of U andA C E.A soft set Fy over U
is a set defined by a function f4 representing a mapping F4 from E toP(U) such
that fa= 0 if ¢ A. Here f, is called approximate function of the soft set Flq. A
soft set over Ucan be denoted by the set of ordered pairs

(2.1) Fa={(z,fa(z));z € E, fa(x) € P(U)}

DEFINITION 2.2. [8] A choice behaviour of a player is called an action. The
the set of available actions of players can be represented by X x Y, where X and
Y be the set of strategies of two players .

DEFINITION 2.3. [8] Consider a set strategies X and Y be of Player 1 and 2
respectively, U be a set alternatives and fg; be a soft pay off function from X x Y
to P(U) for playerk(k = 1,2). Then for each player k, a two person soft game
(tps-game) is defined by a soft set over U as

(2.2) Sk =A{((z,y), far(z,9)) = (x,y) € (X xY)}

That is the tps-game can be played as follows: at certain time Player 1select strategy
x; € X, simultaneously Player 2 chooses a strategy y; € Y, so each player gets the
soft pay off values be for(zi,y;).

DEFINITION 2.4. [11] Let U be a set alternatives ,X and Y be a set strategies
of Player 1 and 2 respectively.
Then fuzzy soft pay off function 7%y : (X x Y) — F(U)). Then a two person
fuzzy soft game (tpfs-game) denoted as T'% - and defined by

(2.3) Dy = {((@,9), 7%y (2,9)) : (2,y) € (X x Y)}
This can be played as follows: If Player 1 chooses strategy z; € X,and Player 2
chooses a strategy y; € Y ,then each player receives the fuzzy soft pay off value is
Vexy (i, 95)-

DEFINITION 2.5. [11] Let T'% . be a tp fs-game with its fuzzy soft payoff
function fyé%xy for k =1, 2. If the following properties hold
a)Vx sy (@5, y%) C vy (@, y*) for each z € X.

b) Y%,y (2%, y*) C v% .y (2%, y) for each y € Y.
then ,(z*,y*) € (X xY) is called a fuzzy soft Nash equilibrium of a tp fs-game.

3. Fuzzy Soft Nash Equilibrium

Here we introduced some theorems and definitions on Nash equilibrium based
on fuzzy soft concept.

THEOREM 3.1. Every two player, two action fuzzy soft game has at least one
fuzzy soft Nash equilibrium.

PROOF. Let Player 1 and 2,having the set of strategies X and Y respectively,
U be a set of alternatives and 7%y : X x Y — F(U) be a fuzzy soft pay off
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function for playerk(k = 1,2).Then consider,a two person fuzzy soft game

Iy = {((,9), 7%y (2,9)) : (z,y) € (X x Y)} for each player k.

We have to prove that T'% - has at least one fuzzy soft Nash equilibrium.

Here we are using reductio ad absurdum method. Assume that I'%. - has no
fuzzy soft Nash equilibrium, then v,y (z*,y*) C Y&y (z,y*) for each z € X
Yooy (2%, 4%) C v% .y (2%, y) for each y € Y Consider a two person fuzzy soft game
for player k =1,2

Two person fuzzy soft game for player k
Fl)((xY - Y1 . y2
X1 ’Yi(xY(leyl) 7¥XY(X17Y2)
X2 | Yxxy(X2,¥1) | 7xxv(X2,¥2)

If ’y}(xY(xlva) 2 ’7}(><Y(x2’y2) and ’Yg(xY(xhy?) 2 ’yg(xY(x%y?) then (xlva) is
fuzzy soft Nash equilibrium.
if’Y}(xY(xl,Zh) 2 7}(xy(3727y1) aﬂdﬁ(xy(ﬂﬁhyl) 2 7%(xY($27y1) then (x1,y1) is
fuzzy soft Nash equilibrium.
Yy (T2, 01) 2 Yy (@1,91) andyx .y (T2,91) 2 Yy (€1, 1) then (za,y1) is
fuzzy soft Nash equilibrium.

Yk xy (@2,92) 2 Yy (@2, 41) andyx v (@2,92) 2 Yy (T2, y1) then (22,y2) is
fuzzy soft Nash equilibrium.

But our assumption ,there is no fuzzy soft Nash equilibrium. If either

'Y}(Xy(fl, y2) - ’yé(xY(va y2) and ng(xY(xlv yQ) C VE(XY(va y2)

Yoy (#1,51) © Yooy (T2, 91) andyx v (21, 91) C Y5y (22, 1)

Vxxy (@2,51) C Vxwy (#1,51) andy% oy (22,91) € Yy (21,1)

Vv (T2:92) C Yy (T2, 91) andy% oy (22, 92) C Vi v (2, 91)

which is not possible.Hence our assumption is wrong.

Therefore every two player, two action fuzzy soft game has at least one fuzzy soft
Nash equilibrium. O

EXAMPLE 3.1. Let U = {uy, ua, us, ug, us, ug, Uy, ug, g, U1g} be a set of
alternatives, P(U) be the power set of U, X = {x1,22} and Y = {y1, y2,y3} be set
of the strategies of player 1 and 2 respectively.

If player 1 constructs a two person fuzzy soft game as follows
Two person fuzzy soft game for player 1

1
Cvy Y1 Y2 Y3
T1 {O.G/U1,0.4/U4, {0.3/115,0.7/1,667 {0.7/U1,0.8/U3,
0.1/u7,0.5/ug} 0.1/u7} 0.9/ug}
xT9 {0.5/U170.6/UQ,0.7/U4,0.3/’U,7 {OS/Ug} {0.2/u170.4/u4,
0.8/”&&0.2/719,0.1/11,10} 06/u6}

And tpfs-game of player 2 is given as in following table.
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Two person fuzzy soft game for player 2

Fg(xY Y1 Y2 Y3
T {0.1/U1,0.2/U4, {0.3/U5,0.5/u6,0.6/u7} {0.7/U1,0.8/U3,
0.3/us,0.5/ug,0.6/uz} 0.9/ug}

i) {0.8/U1,0.6/UQ,0.4/U3,0.2/U4, {0.9/U3,0.1/U5} {0.2/’[1,270.4/U4,
O.5/’LL5, 0.7/U7, O.9/u8, O.?)/UJQ7 O.I/Ulo} 07/%7}

from the above tables
vkxy(xg,yl) D ’y}(xy(m,yl) for each x € X and

Yooy (T2, 1) 2 V3 «y (2, y) for each y € Y.
Then (z2,y1) € (X xY) is a fuzzy soft Nash equilibrium.

DEFINITION 3.1. The preference relation 2 in a fuzzy soft strategic game.
% v {75y, (2,y) € (X xY)} can be represented by a fuzzy soft pay off function.
Yy (X XY) = F(U),v% oy (2,9) %y (21, y*) whenever (z,y) C (2!, y').In
such case we denote fuzzy soft game
PI)C(XY = {($7y)77§(xY(x7y) : (mvy) € (X x Y)}

DEFINITION 3.2. T%  : {v% v, (2,y) € (X x Y)} is Strictly competitive if
for any(z,y) and (2!, y') € X x Y, we have (z,y) =1 (zb, y!) iff (2, 9%) 22 (z,y)

22
DEFINITION 3.3. Tyt {7k ey (2,9),2) : ((,9) € (X x )} is Strictly

competitive fuzzy soft strategic two person game.

The action * € X is the maximizing player of 1 if,

NyeyYixy (T Y) € Nyeyvi«y (7,9), Vo € X. Similarly action (y* € Y) is the

maximizing player of player 2, NzexV% «y (7, ¥*) € NuexVixy (2,9),Vy € Y.
THEOREM 3.2. T% v : {75 v (2,9),2) : (z,y) € (X x Y)} be Strictly

competitive fuzzy soft strategic two person game.

L. If (x*,y*) is a fuzzy soft Nash equilibrium of T'%. .y then x* is a mazi-minimizer

player for player 1 and y* is a maxi-minimizer for player 2.

2. If (z*,y*) is a Nash equilibrium of T%

then UIGX(ﬂyGY (7}(><Y(‘rv y))) = myGY(UxGX(’Y}(XY(xv y))) = ’Y}(XY(CC*v y*)

PROOF. Let FI)C(XY = {(xay)77§XY7>) : (xay) € (X X Y)} be a

~

strictly competitive fuzzy soft strategic two person game with fuzzy soft pay off
functiony% .y (x,y) .Let (z*,y*) is fuzzy soft Nash equilibrium of % .

Then ’Y}(XY(Z‘*vy*) 2 (myEY(,Y%(XY(x*7y) ) (myEY(’Y_%(xY(xay)) 2 UwEX(myEY(’Y}(XY(xay))I
That is

(3'1) 7%{><Y(x*7y*) 2 UwEX(myEYh/%(XY(Ivy)))'

Also 7}(><Y(x*’y*) c mer(V}(Xy(-T*7y) c Uw€X<my€Y(’y}(><Y(x,y)))

(3.2) Yixy (@5, 5%) € Uzex (Nyey (Vi xy (@, 1)))-

From equations (3.1, 3.2) we get v,y (2%, 4%) = Uzex (Nyey (Vi xy (%, )))
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Similarly we get vk .y (%, ¥*) = Nyey (Urex (Vi xy (2, ¥))) and (z*) is maxi-minimizerf]
for playerlof Strictly competitive fuzzy soft strategic two person game.Similarly we
prove that y* is maxi-minimizer for player 2. O

EXAMPLE 3.2. Let U = {uy, ua, us, uq, s, ug, Uy, ug, g, U1g} be set of alterna-
tives. P(U) be the power set of U, X = {x1, 22} and Y = {y1, y2,y3} be set of the
strategies of player 1 and 2 respectively. If player 1 constructs a two person fuzzy
soft game as follows

Two person fuzzy soft game for player 1

Txuy Y1 y2 ys

T {0.6/U1,0.2/U3,0.1/U7, {0.4/U1,0.3/U3, {0.5/U1,0.5/U3,0.3/U5,

05/UQ} O.G/U5,0.1/U7} 0.9/’&770.4/’119}

i) {0.8/’&170.6/11,3,0.7/“4,0.3/116, {OS/ul} {02/U1,04/’UJ4706/U6}
0.8/U7,0.2/U9, 0.1/U10}

And tpfs-game of player 2 is given as in following table.

Two person fuzzy soft game for player 2

F%{xy Y1 Y2 Y3

T {0.1/U1,0.2/UQ, {0.3/U3,0.5/u6, {0.7/U1,0.8/U3,0.9/UQ}
07/U8,09/u9} 06/u8}

To {0.9/’(14,0.6/’[@,0.3/U3,0.2/U4,0.5/U5, {O.9/u1,0.1/u8} {0.1/U1,0.1/U4,

0.7/U7,0.8/U8,0.3/’&9,0.1/U10} 07/u7}

from the above tables

Yoy (2, 1) 2 v oy (T, 11) for each z € X | 7%y (22,y1) 2 Y%y (22, y) for each
y €Y Then , (z2,y1) € (X X Y) is a fuzzy soft Nash equilibrium.

N1y (@1, 95) = {0.4/u1,0.2/uz, 0.1 /ur} N vy v (22, y5) = {0.2/ur}
Therefore M3_ 7% .y (21,9;) 2 NI_1 7%y (€, ;) That is 21 is the maxi-minimizer
for player 1.

N1 7%y (i, v1) = {0.1/u1,0.2/u2,0.7/us, 0.3/ug} N?_ 7%y (Ti,y2) = {0.1/us}
N1 xy (@i, y3) = {0.1/u1 } Therefore N7_1 vk .y (%, Y1) 2 M7_1Vx <y (21, y) That
is ¢ is the maxi-minimizer for player 2.

4. Conclusion

The fuzzy soft strategic games may be applied to many fields with applications
to solve problems in decision making,Computer science, etc.
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