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Abstract

In the present paper we have studied quasi conformally flat 3dimensional
quasi-Sasakian manifold and 3-dimensional quasi-sasakian manifold with C.S=0and
3-dimensional irrotational Quasi-sasakian . we also have studied that a pseudo
projective ¢ recurrent 3 dimensional quasi sasakian manifold is 7 -Einstein if
a+b#0 .

Mathematics Subject Classification[2010]: 53C15,53C05,53C25,

Keywords:Quasi-Sasakian manifold , Quasi conformal Curvature, Eigen values,
Irrotational.

1 Preliminaries

Let M be an almost contact metric manifold of dimension (2n+1) with an almost con-
tact metric structure (¢,£,n,g)[1] where ¢,£,n are tensor fields of type (1,1),(1,0),(0,1)
respectively and g is a Riemannian metric on M such that

¢ = —I+n®&n(E) = 1,65 = 0,n06 = 0,n(X) = g(X, ),
9(¢X, 9Y) = g(X,Y)=n(X)n(Y)
VvV X,Ye x(M) , where x(M) is the Lie algebra of the vector fields of the manifold

M.
Let ® be the second fundamental 2-form of M defined by

(1)

O(X,Y) = g(X,9Y) (2)

Then ®(X,£)=0.
An almost contact metric manifold M of dimension 3 is Quasi-Sasakian if and only
if[11]

Vx§=—0oX (3)
for a certain function # on M such that £6=0,V being the operator of covariant
differentiation with respect to the Levi-Civita connection of M. As a consequence of
(3),we have [11]

(Vx@)Y = B(g(X,Y)E—n(Y)X) (4)
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Because of (4) and (3),we find

Vx(Vyv€) = (XY — F{g(X,Y)E —n(Y)X} — BoVxY (5)
which implies that
R(X,Y)¢ = —(XB)oY + (YB)oX + 3*{n(Y)X — n(X)Y} (6)

Thus we get from(6)

7
where R(X,Y,Z,W)=g(R(X,Y)Z,W)
Putting X=¢ in (7)and using (1) we obtain

R(&,Y,Z.€) = {g(Y. Z) = n(Y)n(Z)} + 9(6Y, Z)§B (8)
Interchanging Y and Z of (8) yields
R(§,2,Y,6) = B{g(Y. Z) = n(Y)n(Z)} + g(6Z,Y )& (9)

Since R(&,Y,Z,§)=R(Z,£,£,Y)=R({,2,Y,§),from (8)and (9) we have

{ g(0Y,2)-g(¢ Z,Y)} £ 5=0
Therefore , we can easily verify that {8 = 0.
In a 3-dimensional Riemannian manifold, we always have

R(X,Y)Z = g(Y, 2)QX—g(X, Z)QY+S(Y, Z) X —S(X, Z)Y—g[g(Y, 2)X—g(X, Z)Y]

(10)
where Q is the Ricci operator that is g(QX,Y)=S(X,Y), S being the Ricci tensor
and r is the scalar curvature of the manifold.

Throughout this chapter we consider 3 as a constant.Let M be a 3-dimensional
quasi-Sasakian manifold .Since 3 is constant the Ricci tensor S of M is given by[11]

S(X,Y) = (G=F)g(X,Y) + (38~ D)n(X)n(Y) (1)

From(11),we get

QX = (5—)X + (355 n(X)¢ (12)
S(X,€) = 26°n(X), Q¢ = 2% (13)
As a consequence of (10),(13) becomes
R(X,Y)§ = B*(n(Y)X —n(X)Y) (14)
Also from(11),
S(9X, 0Y) = S(X,Y) 28 n(X)n(Y) (15)
and
(Vxn)Y =g(Vx&,Y) = =89(¢X,Y) (16)
R(&, X)¢ = B*(n(X)E-X) (17)
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2 Quasi Conformally flat 3-dimensional Quasi Sasakian
manifold

The quasi-Conformal curvature tensor in a 3-dimensional quasi-Sasakian manifold
is given by[7]
C(X,Y)Z =aR(X,Y)Z —b[S(X,Z)Y — S(Y,2)X + g(X, Z)QY — g(Y, Z)QX]
r.a
(18)
where X, Y€ x(M) and a,b are constants and r is the scalar curvature of the mani-
fold M.

Let a 3-dimensional quasi Sasakain manifold be quasi Conformally flat. Then

from (18) ,[7],

'R(X,Y, Z,W) :é[S(X 2) g Y, W) =S, Z)g(X, W)+ SY,W)g(X,Z) - S(X,W)qg(Y, Z)]

s}

n 37"&(‘2‘ +20)[g(Y, 2)g(X, W) — g(X, Z)g(Y,W)].
(19)

where 'R(X,Y,Z,W)=g(R(X,Y)Z,W).
Putting Z=¢

g(R(X,Y)E, W) 2[5( §g(Y, W) =S, £)g(X, W)+ 5(Y, W)g(X,£) = S(X,W)g(Y, )]

+ o (5 +20)[g(Y, (X, W) = g(X, )g(¥, W)].

’
3a
using (1) and (13) we have

g(R(X,Y)E, W) = 9[252 (X)g(Y, W) = 28°n(Y)g(X, W) + S(Y, W)n(X) — S(X, W)n(Y)]
+ ;a@ + 2)[n(Y)g(X, W) = n(X)g(Y, W)].
(21)
Taking X=¢ in above and using (1) and (13) we get

GR(E VI W) =2 [29(Y, W) — 2n(Y )W) + S(Y, 1) — 26n(W (Y )]
+ 55+ W)Y (W) — gV, W),
(22)
Using (17) we find

S(Y, W)—{——ﬂ2 26%+ ( +20)}g(Y, W) +{5 52+462 3 —(5+20) (Y )n(W).

(23)

2

Thus we can state
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Theorem 2.1. A quasi Conformally flat 3-dimensional quasi-Sasakain manifold
18 - Einstein,provided r is constant.

3 Quasi Sasakian manifold satisfying C.S=0

Let C.S=0.Then ) )
S(CX,Y)Z, W)+ S(Z,C(X,Y)YW)=0 (24)

Putting X=W=¢in (24) we have
S(C(6,Y)Z,€) + 8(Z,C(§,Y)§) =0 (25)
Putting X=¢ in (18) we get

C(&Y)Z =aR(£,Y)Z + b{S(Y. Z)¢ — S(§, 2)Y + g(Y, 2)Q¢ — g(&, Z)QY'}

- 55+ WY, 2)¢ - 96, 2)Y).
(26)
Using (12) and (13) we get
C(6.Y)Z ={ap® = (5 + W Hg(Y. 2)§ —n(2)Y'} + b{S(Y. 2)¢
(27)

— (B + (DY +28°9(Y. 2) + (5 = 387m(Z)n(Y )¢},

S(C(6.Y)2,6) ={af — (5 + W)Ho(Y. 2)S(E.) = n(Z)S(Y, )} +b{S(Y, 2)S(£.€)
— (B + P(D)SYV.€) +259(Y. 2)S(6,6) + (5 = 37m(Z)n(Y)S (€. )}
(28)
S(C(E.Y)2,€) ={af” — (5 + 22)H{g(Y. 2):26° = 0(Z).26°(Y)} + b{S (V. 2).25°
— (B + Hn(2)28(Y) +28°9(Y. 2).268° + (5 = 38)m(Z)n (Y ).26%).
(29)
S(C(&,Y)Z,€) =20M{2b8" + af” — (5 + 2)}g(Y. 2)
+28°0{(5 - 362) — (8 + )} = {ad” = (5 + 20} (¥ )n(2)
+23%bS(Y, Z).

(30)
Taking Z=¢ in (27)we get
O Y)E ={af — 55 + ) Ha(Y. )6 —n(&)Y} +b{S(V. )¢ -
— (84 S(OY +28°9(Y. ¢ + (5 = 38 Im(On(Y)E}.
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C(&. )¢ ={aB® = 2(5 + 2D Hn(Y)¢ = Y} + b{28"n(Y )¢ -
— (B4 Y +28(V)E + (5 - 38m(Y)E).
O Y)E = {af = (5 +20) + (5 + )Hn(V)E - V) (33)
Thus
S(C(EY)E 2) = {aB” = 5(5 +26) + (8 + D)Hn(V)S(6, 2) - S(V. 2)}  (34)

S(C(EY)E 2) = {af’® ~ —( +2b) + b(5* + )}{?7( )-20°n(Z) = S(Y. Z)} (35)
Using (35)and(30)in (24) we get

{a62—( —3%)— ( +2b)}S(Y Z) = 23°{2b*+a3*— ( +2b)}g(Y Z)HbﬁQ( 33°m(Y )n(Z)
(36)

Thus we can state

Theorem 3.1. A 3-dimensional quasi Sasakian manifold with C'.S=0 is n-Einstein

manifold, provided r # G(iir(cll;rlf;)

4 Irrotational three dimensional Quasi Sasakian
manifold

The quasi-Conformal curvature tensor in a 3-dimensional quasi-Sasakian manifold
is given by/[7]

C(X,Y)Z :aR(X Y)Z —blS(X,2)Y — S(Y,2)X + g(X, Z2)QY — g(Y, Z2)QX]

or
(37)
where X,Y€ x(M) and a,b are constants and r is the scalar curvature of the manifold
M.
The rotation (curl) of quasi-Conformal curvature tensor Con a Riemannian manifold

is given by [6]

RotC = (VyC)(X,Y, Z) + (VxC)(Y,U,Z) + (VyC)(U, X, Z) — (VzC)(X,Y,U)
(38)
By virtue of second Bianchi identity, we have

(VuCO) (X, Y)Z + (VxO)NY,U)Z + (VyC) (U, X)Z =0 (39)
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and (38) reduces to ) )
curlC = —(V2C)(X,Y)U (40)

The quasi Conformal curvature tensor is said to be irrotational if curl C=0. i.e,
(V,C) (X, YU =0 (41)
From (41), we have
VC(X,Y)U = C(VzX,Y)U + C(X,VzY)U + C(X,Y)V U (42)
Putting U=£, we have
V20X, Y)E=C(VzX,Y)E+ C(X, VY )+ C(X,Y)VE (43)

Putting Z=¢ in (37), we have

C(X,Y)¢ =aR(X,Y)E = b[S(X, Y — S(Y,)X + g(X,£)QY — g(Y,£)QX]
— 25+ 2V, OX — (X, &)Y
(44)

Using (12), (13) and (14), we have
C(X,Y)E =af* (V)X = n(X)Y} = b{26%0(X)Y —26%0(Y)X +n(X)QY —n(Y)QX}
= 5 (G +2D))X —n(X)Y},
(45)
C(X,Y)¢ =[aB” = £ (5 +20){n(¥)X = ()Y} + 208 {n(Y)X —n(X)Y} = b{(5 = B)n(X)Y

+(36% = SIX (V) = (5 = Bm(Y)X = (352 = D)n(X)m(Y)e}.

2 (a6
C(X,Y)E = (a+)(8° = H{n(Y)X —n(X)Y} = d{n(Y)X —n(X)Y}
where d=(a + b)(5° — )
Using (3)from(43) we get,
V2d{(Y)X — (X)Y} = dn(Y)V2X = n(V2X)Y) -

+d{n(VzY)X = n(X)VY} + C(X,Y)(=B6Z).
AV (V) = (VY )}X = d{Vn(X) —n(VzX)}Y = C(X,Y)(-B6Z).  (48)
(V)Y }IX — d{(Vm)X}Y = C(X,Y)(-p67).
or,d{—Pg(6Z,Y)}X + d{Bg(¢Z, X)}Y = C(X,Y)(=B6Z).
Taking Z=¢Z
dX{—Bg(¢*Z,Y)} + dY{Bg(¢*Z, X)} = C(X,Y)(—B¢*2).
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dX{=B9(=Z +n(2)&,Y)} + dY{B9(~Z +1(Z)¢, X)} = C(X,Y)(=B(~Z + U(Z))f))-

) ) (49
dg(Y, Z)X —dn(Y)n(Z2)X —dg(Z, X)Y +dn(Z)n(X)Y = C(X,Y)Z - C(X, Y)n((Z)§
50

Thus we can state

Theorem 4.1. If the quasi-Conformal curvature tensor in a 3-dimensional quasi
Sasakian manifold with constant curvature be irrotational then the quasi Conformal
curvature tensor satisfies (51).

Corollary 4.2. A 3-dimensional quasi-Sasakian manifold with irrotational quasi
Conformal curvature tensor will be quasi conformally flat if either a=-b or r=63>
and vice-versa.

5 Pseudo projective ¢- recurrent curvature tensor
in a 3-dimensional Quasi Sasakian manifold

The pseudo-projective curvature tensor in a 3-dimensional quasi Sasakian manifold
[5] is given by

P(X,Y)Z = aR(X,Y)Z+b[S(Y, Z)X — S(X, Z)Y] - g(ngb) 9(Y, Z)X —g(X, Z)Y]
(52)

where a,b are non zero constants.
A 3-dimensional quasi Sasakian manifold is said to be Pseudo projective
¢ recurrent if there exist a non zero 1-form A such that [25]

¢*(Vw)P(X,Y)Z) = AW)P(X,Y)Z (53)
for X,Y,Z,Wex (M) and 1-form A is defined by
9(X, p) = A(X) (54)

p being the vector field associated to 1-form A.
Let a 3-dimensional quasi Sasakian manifold be pseudo projective ¢-recurrent. Then
from (53), using (1), we have

(VwDP)(X,Y)Z — n((VwP)(X,Y)Z)é = —A(W)P(X,Y)Z (55)
Taking inner product with respect to U, we have
9(VwP)(X,Y)Z,U) = n((VwP)(X,Y)Z)n(U) = —A(W)g(P(X,Y)Z,U) (56)
Putting X=U=¢,and using(1), we get

—9(VwP)(&Y)Z,&) +n((VwP(§,Y)Z)n(&) = AW)g(P(€,Y)Z,§)  (57)
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AW)n(P(&Y)Z) =0 (58)
N(P(&,Y)Z) = 0,asA(W) # 0 (59)

From (52) we have
P(&.Y)Z = aR(&.Y)Z+[S(Y. 2)6=5(¢, 2)Y ) =5 (5+D)[o(Y. 2)E—g(& 2)Y] (60)

Using (12),(13),we have

P(E,Y)Z =a{26°(Y. 2)6 — (5 = P(Z)Y — (35 = SIn(Y n(Z)E + S(V. 2)¢
—28(Z)Y ~ Slg(Y. 2) = n(Z)Y]} + V(Y. 2)€ - 26°(2)Y ]

2
r,a
- 5(5 +20)[9(Y, Z)§ — n(2)Y].

(61)

Using (61) in (59) and we get,

2r 2r
(a+0)S(Y, Z) = {5 (a+) =2a5°}g(V, 2)+{20%(2a+b) = = (a+)n(Y)n(Z) (62)
S(Y,2) =Cg(Y,Z) + Dn(Y)n(Z) (63)
provided a+b # 0, where C:W and D:2(2a+b)ii_bz3l(a+b) )

Thus we can say

Theorem 5.1. A Pseudo projective ¢- recurrent 8 dimensional quasi Sasakian
manifold with constant scalar curvature is n-FEinstein if a+b0.
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