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Abstract-The Cartesian product G = G; X G, of
any two graphs G; and G, has been studied widely
in graph theory ever since the operation has been
introduced. G = G; X G, gives insight to the
structural property of G, if G; and G, are known.
The neighbourhood polynomial plays a vital role in
describing the neighbourhood characteristics of the
vertices of a graph.

In this study neighbourhood polynomial of the
Cartesian product of certain classes of graphs are
calculated and tried to characterize the nature of
neighbourhood polynomial.
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I. INTRODUCTION

1.1 Cartesian product- Cartesian product of any
two graphs G; and G, of order m and
n, respectively is defined as G = G; X G,. The
vertex set Vof G is V; xV,, where V=
{fu, uy, ..uydand  V, ={vy,vy,...1,} are the
vertex sets of G; and G, respectively. Any two
vertices (ui,vj) and (u,v;) are adjacent in G if
either w; =u;, and v; adjacent to v, in G, or
v; = v; and u; adjacent to u;, in Gy [2].

1.2 Neighbourhood complex and polynomial- A
complex on a finite set X is a collection C of
subsets of X, closed under certain predefined
restriction. Each set in C is called the face of the
complex. In the neighbourhood complex NV (G) of a
graph G, X =V(G), and faces are subsets of
vertices that have a common neighbour. In [1) the
neighbourhood polynomial of a graph G, is defined
as

neighg(x) = ZuE]V‘(G)xlul-

For example consider C, with vertices {a, b, c, d}.
The neighbourhood complex N(C,) of C, is
{¢,{a}, {b},{c},{d}, {a, c},{b,d}}. Since the empty
set trivially has a common neighbour, each of the

single vertices has a neighbour, the sets
{a,c},{b,d} has two common neighbours (one is
sufficient), but no three vertices have a common
neighbour.  The associated  neighbourhood
polynomial of C, is neighe, (x) = 1+ 4x + 2x?,
Similarly, the neighbourhood polynomials of
certain standard graphs are as follows:

* K, - neighg (x) =1 +x)" —x".
e P, -neighp (x) =1+nx+ (n—2)x>

. 1+nx+nx’n+4
e G, -neigheg,(x) = {1 +nx+2x%n =4

Here the neighbourhood polynomial for the graphs
planar grids, ladder graphs, torus grids, prisms,
which are formed by the Cartesian product of two
graphs are calculated. Also tried to give one
characteristic property of the neighbourhood
polynomial of the graph G, where G = G; X G,.

Il. MAIN RESULTS

Theorem 2.1 The neighbourhood polynomial of
planar grid is

1+ mnx + [4mn — 4(m +n) + 2]x% +

[4mn — 6(m + n) + 8]x3 + (m — 2)(n — 2)x*.

Proof: The planar grid is obtained by the Cartesian
product of B,, and B,. Consider

G = P4 X P3.
Vi V, Vs Y
*r—o— o —0
Uy U, U,
r——o
Py
P3
a=(vpu)  b=(v,up  c=(Val)  d=(v, u,
e=(v,[Uy f=(v, Uy g=(v4[u,) he(v, Uy
=il E(Vo U k=(Vau) 1=(V Uy
G= P4 X P3

Fig.1
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The empty set trivially has a common neighbour.
Each of the 12[= (4 x 3) = (m x n)] vertices has
a neighbour.

The following 12[=(m —1)2(n—1) =3 X2 X
2two element subsets 4,¢, @/, ¢f, b9 &g ¢/,
{r.i} {ej} {95}, {f K}, {h Kk}, {g,1} have two
common neighbours and the 10[= ((m — 2)n +
n—2m=2x3+1x4 two element subsets @ ¢, 44d
{a,i}, {b,j}, {e, g}, {c.k}, {f,h}, {d, 1}, {0k},

{j, 1} have one common neighbour.

Also the 14[=2[(m—-2)(n—1)+ (m —1)(n —

=2[(2x2)+(3x1)] three element subsets @ /¢
{b.g.d}, {e,b, g}, {f.c,h}, {e.j, g}, {f, k R},
.1k} U913 {a. f,i34b,g.j} {c,h Kk},
{b,e,j}, {c.f k}, {d,g,1}, have got a single
common neighbour and there are 2[=
m—2n—2=2x1 four element subsets 4,¢,4,/and
{c, f, h, k} having a single common neighbour.

Thus the neighbourhood polynomial of G = P, X
Py is 1+ 12x + 22x2 + 14x3 + 2x*. In general
forany mand n, if G = B,, X B,,

neighg(x) = 1+ mnx + [4mn — 4(m + n) +
2x2+4mn—6m+n+8x3+m—2(n—2)x4.

Theorem 2.2 The neighbourhood polynomial of
ladder graph L,, is

neigh, (x) =1+ 2mx + 22m — 3)x* + 2(n —
2)x3.

Proof: We have,

neighp «p, (x) = 1+ mnx + [4mn —
dm+n+2x2+4mn—6m+n+8x3+
(m—2)(n —2)x*.

Ladder graph L, = B, X K,. When n is replaced
by 2 in the above equality (since P, =~ K,), we get

neighp i, (x) =1+ 2mx
+ [8m — 4(m + 2) + 2]x?
+ [8m — 6(m + 2) + 8]x3 +
(m—-2)(2-2)x*
=142mx+22m-3)x%+
2(m — 2)x3.

Thus we have, neigh, (x) =1+ 2mx +
2(2m —3)x% + 2(n — 2)x3.

Theorem 2.3 The neighbourhood polynomial of
torus grid is
1+ mn(x + 4x? + 4x3 + x*),m,n # 4.

Proof: The torus grid C,, X C,, consists of mn
vertices and each of these mn vertices are of degree
4. Also the neighbourhood complex N (G) of a
graph G, consists of empty set , each of the mn
single vertices has a neighbour, 4mn[=
2m—1n—1+(m—2n+n—2m+2m+2n+2m—1+2
(n—1) + 2], two element subsets having at least
one common neighbour, 4mn[=2(m —2)(n —
1+m—1n—24+2n—2+4+m—2+22m—2+2+22n—2
+2+8]/, three element subsets having one common
neighbour, and finally, mn subsets of four
elements have one common neighbour. Also no
vertices of five or more elements have any common
neighbour.

Hence the neighbourhood polynomial of C,, x C,
is

neighe wc, (x) = 1+ mn(x + 4x* + 4x> +
x*),m,n # 4.

Example 1
Consider G = C;5 X Cs.
Uy u, Uy u, Us
[ 4 4 4 @
Ps
Wy
W, Ws
Cs
Vi=(Uy, W) V,=(U,,Wy) V5=(U3,W;) V,=(Us, W) Vs=(Us,Wy)
Vio=(Ufw,)  |Ve=(uylw,) Ve=(Us{W5) V=(ugdws,) | ve=(udw,)
Vi =(U,Wa)  Vie= Up,W3)  Vig=(Us, W) Via=(Ug,Wq)  Vi5=(Us,W3)
G=P5 X C3
Fig. 2

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 206




International Journal of Mathematics Trends and Technology (IIMTT) — Volume 49 Number 3 September 2017

The neighbourhood complex N (G) of graph G
with vertex labelings as given in the figure (figure
2) is,

N(G) = {¢, {a}, {b}, {c}, {d}, {e}, {f}, {9},
{h}, {3, U3, (K}, {13, {m}, {n}, {0}, {a, 1},
{b,h}, {c,g}, {d.f} {e g} {d.h}, {ci}, {b.,j},
0.8, {im}, {hn}, {g,0}, {f,n}, {gm}, (R 1,
{i,k}, {a,c},{b,d}, {c,e}, {hj}, {g,i}, {f R},
{k,m}, {Ln}, {m,0},{a,k}, {b,1}, {c,m}, {d,n},
{e,0}, {a,j}, (b1}, {c,h}, {d, g}, {e,f} KD
{i. 0}, {hm}, {g,n}, {f, 0} {a,d}, {j, g}, {k,n},
{be}, {f,i}{lo}, {a, 1}, {bm}, {c,n}, {d, 0},
{e.n}, {d,m}, {c, 1}, {b,k}, {a 0}, {e,k}, {a f},
{k.f} {ej}, .o} {aci}, {b,dh}, {ceg}
{b,h,j}, {c,g.1}, {d,f,h}, {hj, 1}, {g,im},
{f,h,n}, {i,k,m},{h,,n}, {g,m, 0}, {a, ik}
{b,n, 1}, {c.g,m}, {d,f,n}, {e,g,0}, {d,h,n},
{c,im}, {b,j, B} {a [, 13, {f Lk}, {e ).k},
{a,j,0}, {e,9.)}, {g.),0}, {a.f,0}, {e,f K},
{a,i,1}, {c,i,1},{b,h,m}, {d,h,m}, {c,g,n},
{e.g.n}, {b,j,k}, {d,f,0}, {b,i,k}, {b,i,m},
{c.h,1}, {c,h,n},{d, g,m}, {d,g,0}{a,j 1}
{e.f,n}, {a,f,k}, {e,j, 0}, {a,c,1}, {b,d,m},
{c,e,n}, {b,k,m}, {c,,n}, {d,m,0}, {b,e,j},
{b,e k}, {a,d,f}, {a,d, o}, {f kn} {ekn}
{j,,o},{a, 1,0}, {b,e,j k}, {a,cil}, {b,d, hm}
{c.e,g,n}, {a,d,f,0}, {e,g,j,0}, {d,f, h,n},
{c.9.im}, {bhj, 1}, {a f ik}, {a),l 0}
{b,i,k,m}, {c,h,1,n}, {d,g,m, o}, {e f,kn}}.

No five or more vertices have a common
neighbour.

Hence the neighbourhood polynomial of G = C5 X
Cs is,

neighg(x) = 1+ 15x + 60x% + 60x3 + 15x*.

Corollary 2.4 The neighbourhood polynomial of
torus grid is
neighc xc, =

{1 + 4mx + 14mx? + 16mx3 + 4mx%,n =4
14+ 16x +48x%2 + 64x3 +16xt, m=n=4"

Proof: Consider two cases separately.

Casel: If n =4, in the neighbourhood complex
N(G) of graph G, where G = C,, x C,, of the
4mn, subsets of two elements having at least one
common neighbour of C,, X C,,the 2m two
element subsets are same as those of m(n — 2),two
element subsets. Thus discarding these repeated

2m entries, the number of faces with two elements
is (4mn — 2m) = 16m — 2m(sincen = 4) =
14m.

The number of three element and four element
subsets having at least one common neighbour
remains the same with C,,, x C,, for any m and n.

Hence the neighbourhood polynomial of C,, x C, is

neighe, xc,(x) = 1+ 4mx + 14mx? + 16mx> +

4mx?.

Case 22 When m=n=4 in C,XxC, on
considering the number of faces with two elements,
m(n — 2) entries coincide with 2m entries and
n(m — 2)entries with 2n entries. Therefore the
cardinality of faces with two elements are (4mn —
Zm—2n=4m2—2m—2m
=48 (sincem =n = 4)

Cardinality of all other faces do remains same as
that of general C,, x C,,.

Thus the neighbourhood polynomial of C, X C, is

neighc,xc,(x) = 1+ 16x + 48x* + 64x> +
16x*.

Theorem 2.5 The neighbourhood polynomial of
prism G = B, X C,,, is,

neigh(x) = 1+ mnx + 4m(n — Dx? +
2m2n —3)x3 + m(n — 2)x*, m = 4
Proof: Consider G = B, x C,,,. From the definition
of Cartesian product and the neighbourhood
complex of a graph, we have the empty set trivially
has a common neighbour and each of the mn
vertices has at least one neighbour. The number of
two element subsets having at least one common

neighbour is

dmn—-D[=2n—-Dm -1 +mMn —-2) +
n(m —2)+2n+ 2(n —2) + 2], for m = 4 Also
the three element and four element subsets having
common neighbour are (4mn — 6) and m(n — 2)
respectively, on both cases of m = 4 and m = 4.

Hence,
neighg(x) = 1 + mnx + 4m(n — 1)x?

+2m(2n — 3)x3
+mn—2)x*t,m=+4

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 207




International Journal of Mathematics Trends and Technology (IIMTT) — Volume 49 Number 3 September 2017

Example 2
Consider G = Ps X Cs, (Fig. 3)
The neighbourhood complex V' (G) of graph G is,

N(G) =, {vi}, (v}, {vs} {va}, {vs} {we},
{vs}, {vs}, {wo}, {viod, (v}, {vi2} {vis}
{via} vish {v1,ve}, {va,vs}, {vs,v7}, {4, v6},
{vs, v7}, {va, vg}, {v3, v}, {v2,v10}, {v10, V123,
{vo, vis}, {vg, via}, {v7,vis} {ve, vial,
{v7,v13}, {vg,vi2}, {vo, 11}, {v1,v10},
{v2,vo}, {vs,vs}, {v4, v7} {vs, v6}, {vio,v11}
{vo, v12},

(s, vi3}, (w7, v1a},, (o1, v3} vy, v4} {v3, s}, {v10, Vg,

{vo, v7}, {vs,v6}, (vi1,v13}, V12, V1l
{viz, v15}, {v1,v12}, (v, 13}, {3,014},
v, vis} {vs, v}, {va, vis} {vs,v12} {v2,v11}
{vi,v11}, {vo, vz}, {vs,v13} {va,via} {vs,vi5},
{v1,v3,v0}, {vy, 4,08}, {v3, 5,073}, {v2,v5,v10},
{vs, v7,v0}, {v4, v, 8}, {5, V10, V123,
{v7,v9,v13}, {ve, vg, v14} {vg, V11, v13},
{vg, v12,v14}, {v7,v13,v15}, {v1,v9, 011},
{ vy, v, 012}, {v3,v7, 13}, {vs, V6, v14},
{vs, v7, 15}, {v4, v, v14}, {3,v0,v13},
{v2, v10, 12}, V1, V10, V123 {v2, V0, V113,
{v2,v9,v13}, {v3, v, v12}, {v3,v8,v14},
{va, v7,v13}, {va, v7, 015}, {vs, v, v14},
{va, v10, 11} {v1,v9, V123, {v3, 09,0123,
{vy, v, v13}, {vs, v, v13}, {v3,v7,v14}
{vs, v7,v14}, {v4,v6,v15},

{va, vi1, 13} {vs, viz, v1s}, (v, 013, 115},
{v1,v3,v12}, (v, v4, 113}, {v3,05, 014},
{v1,v3,v9, 12}, {v2, 04, V8,133, {3, V5, 17, 14},
{v4, v6, V8, v14}, {v3,v9,v7,v13}, {v2, V8, V10, v12},
{v2,v9, 11, v13}, {v3,v8, V12, v14},

{v4, v7,v13,v153}-

Wy

Ps

Cs

ViE(UaW)  Vo=(U W) Vs W) Ve (UaWa) Vs=(Us,W1)

Vio=(Us W) |Ve=(Unw;) | Ve=(us ;) Vi=(Uaws) | Ve=(ugws)

Vi=(U,Ws) Vi (UaWa) - Vig=(Us,Wa) V1= (U Wa) - V1s=(Us,Wa)

G=P5X Cy

Fig. 3

In this G = B, x C,,,, where n = 5,m = 3, each of
the 15[=n xm(5 x 3)] single vertices has a
neighbour.

B8[=2m-1Dn-D+mn—-2) +
nm—2+2n+2n—2+2=4mn—1J,  subsets  of
vertices with two elements has got at least one
common neighbour. Also
R[=2m-2)n-1D+2m-1Dn-2) +
22n—2+2+ 2n—2=4mn—6m) and

9[= m(n — 2)], subsets of vertices with three and
four elements respectively.

Thus the neighbourhood polynomial of G = P5 %
Cs is,

neighg (x) = 1 + 15x + 48x? + 42x3 + 9x*.

Corollary 2.6 The neighbourhood polynomial of
P, X C,, is

1+ mnx + [4m(n — 1) — 2n]x? + 2m(2n -
3x3+mn—2x4,m=4.

Proof: It has been calculated that there are

2m—-1D(m-1D+mn-2)+n(m—-2)+
2n+2n—-2)+2=4m(n—-1) two element
subsets of vertices in the neighbourhood complex
of B, xXC(C,. When m = 4,0of the above two
element subsets of vertices n(m — 2) vertices
coincide with 2n vertices. Hence in effect, the
number of two element subsets of vertices is
4m(n — 1) — 2n. The number of three and four
element subsets of vertices remains the same on
both B, x C,, and B, X C,.

Hence the result follows.

Theorem 2.7 Let G = G, X G,, where G; and G,are
any two graphs of order m and n respectively.
Then deg(neigh(; (x)) = A(G;y) + A(G,).

Proof:Let (ug, Uy, ... Uy,) € V(Gy), and
(v1, Vg, ... 1) € V(G3)

If G =Gy %XG,, G has mn vertices and from the
definition of Cartesian product it follows that the
degree of each vertex wy = (u;,v;) €V(G) is
dwy) = d(w;) + d(v;). Hence there exists at
least one vertex wy = (w,v;) €V(G), with
maximum degree in G.
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Since, d(w,) = d(u,) + d(v)),
the sum is maximum only if

d(w) = A(Gy) and d(v;) = A(G,).
Thatis, d(w,) = A(G;) + A(G).

In the neighbourhood complex N (G) of graph G,
the vertices are vertices of graph and the faces are
subsets of vertices having a common neighbour.
Consider a vertex w,, of G with degree d(w;,). The
d(wy) vertices adjacent to wy,, forms complexes
with one element, two elements, three elements,...
d(wy) elements (since they have at least w;, as a
common neighbour) and no (d(w) + 1), vertices
can have w;, as a common neighbour. Thus there
exists a face with maximum cardinality with
respect to a vertex having the maximum degree,
and that cardinality is equal to the degree of that
vertex.

Also the neighbourhood polynomial of G is defined
as neighg (x) = Tuen ) x™!. Hence the degree of
neigh; is the maximum cardinality of the face in
neighbourhood complex. Thus, if wyis a vertex

with maximum degree in G with d(w,) =

A(Gy) + A(G,), then,

deg(neigh; (x)) = A(Gy) + A(Gy).

Example 3

Consider the figure 4.

Uy Uy
vy Va V3
o0

G,
Wig=(Ug V1)
uz
Gy

wi3=(Uy V)

Wi5=(Ug V)

Wg=(Ug V2)

Wo=(Uy V3)

The neighbourhood complex V' (G) of graph G is,
N(G) = {¢, {w1}, {wz}, {ws}, {ws}, {ws}, {we),
{wr}, {wg}, {wo}, {wio}, {wir}, Wi}, {wo,wal,
{wa, wr}, {wy, wr}, {wy, ws}, {wy, ws}, {w;,wsg},
{ws, ws}, {ws,wg}, {ws,we}, {wy, we}, {wy, wo},
{we, wol, {wy, wr}, {wy, wy}, {ws, wyrl},
{ws,wio}, {wy, wio}, {wa, wg}, {wy, wii},

{wa, we}, {wa, we}, {wa, wii}, {we, wgl,

{we, wir}, {wg, wii}, {ws, wol, {ws, wi,},

{ws, wol, {ws, wiz}, {wo, wiz}, {wy,wy},

{wo, w225}, {wy, wol, {ws, we}, {wig, w2},
{wo, wy, wr}, {wy, ws, ws}, {wy, ws, wg},
{wi, ws, wg}, {ws, ws, wg}, {wy, wg, wo},
(w1, ws, wr}, {wy, ws, wig}, {wy, wy,wyel,
{ws, w7, wig}, {wy, we, wy}, {wy, wy, we},
{wo, wy, wiq}, {wy, we, wg}, {wy, we, wii},
{wo, wg, wi1}, {wy, we, wg}, {wa, wg, wiy},
{wy, wg, w11}, {we, wg, wi1}, {ws, ws, wo},
{ws, ws, wi23, {ws, wo,wis}, {ws, wo, wys},
{wi, wy, wgl, {wy, ws, wr}, {wy, ws, wol,
{ws, w7, wo}, {wy, wy, wo}, {ws, we, wg},

{ws, wig, wiz}, {wy, w3, ws, wg}, {wy, ws, wy, wyp},
{wa, wy, we, wg}, {wy, wy, we, w1},
{wa, we, wg, w13, {wy, we, wg, Wi},
{wa, wy, wg, i1}, {ws, ws, wo, wyy 3,
{wa, ws, w7, wo}, {wy, wy, we, wg, wys}}.

The only five element complex
{w,, wy, we, wg,wy1}, has the common neighbour
ws, and from the figure we have d(ws) = 5.

Also the neighbourhood polynomial of G is,
neighg(x) = 1+ 12x + 35x% + 31x3 + 9x* +
x%and deg(neigh;(x)) = 5.
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