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Abstract — the function 

 3,2,1,0: Vf  is named a Strong Roman 

dominating function on a graph G  whenever for 

each vertex u  with   0uf  there exists an 

adjacent vertex v  to u  such that   3vf . Also 

for each vertex u  with   1uf  there should be at 

least one adjacent vertex v  to u  weight 2 . The 

weight of an SRDF is denoted as  Vf  

and    



Vu

ufVf . Strong Roman 

domination number of a graph G  which we denoted 

by  GSR  is minimum weight of an SRDF on G . 

In this paper, we characterize all connected graphs 

of order n  with Strong Roman domination 

numbers 22 n , 32 n , 42 n  and 52 n . 

Also we present the properties of connected graph of 

order n  with Strong Roman domination 

number 62 n . 

 

Keywords — Strong Roman domination number, 

Strong Roman domination function. 

I. INTRODUCTION  

For all terminologies and notations related to graph 

theory which is not provided here, we follow [2, 3, 

7]. In this paper, G  is a graph with the set of 

vertices  GVV   and the set of 

edges  GEE  . The order and the size of a graph 

G  are denoted by nV   and nE  , respectively. 

The set of all vertices which are adjacent to a vertex 

v  is called open neighbourhood of vertex v  and 

denoted by  vN . The closed neighbourhood of the 

vertex v  is defined by      vvNvN  . The 

degree of a vertex  GVv   is defined 

as    vNv deg . The minimum degree and 

maximum degree of a graph are denoted by 

 G   and  G , respectively. The set of 

vertices  GVA   is a dominating set if every 

vertex v  not in A  is adjacent to at least one vertex 

in A . The minimum cardinality of any dominating 

set of G  is the domination number of G  and is 

denoted by  G . A dominating set A  in G  with 

 GA   is called a   setG  . A set A  of 

vertices in a graph G  is a total dominating set of G  

if every vertex of G  is adjacent to some vertex in A . 

The minimum cardinality of a total dominating set of 

G  is the total domination number of G  and is 

denoted by  Gt . A total dominating set of G  of 

cardinality  Gt  is called a   setGt  , see [4]. 

A set is independent (or stable) if no two vertices in 

it are adjacent. An independent dominating set of G  

is a set that is both dominating and independent 

in G . The independent domination number of G , 

denoted by  Gi , and is the minimum size of an 

independent dominating set. An independent 

dominating set of G  of size  Gi  is called 

an seti  , see [1]. The function 

   3,2,1,0: GVf  is named an SRDF on 

G  whenever for each vertex u  with weight 0  there 

exists an adjacent vertex v  such that   3vf . 

Also each vertex with weight 1  has at least an 

adjacent vertex of weight 2 .  Strong Roman 

domination number of graph G  that denoted by 

 GSR  is minimum weight of an SRDF on G . 

The concept of Strong Roman domination is 

introduced by K. Selvakumar et al. [5]. One of the 

interests in the discussion of domination and its 

parameters dependent, determine the graph that is 

the number of that parameter is Large. For example, 

M. A. Henning’s classification of all graphs with 

total domination number [4]. W. C. Shiu et al. 

characterize Triangle-free graphs with large 

independent domination number [1]. 

In this paper, we characterize all connected 

graph of order n  with  

   52,42,32,22,12  nnnnnG
SR



and also we show that if G  is a connected graph of 

order n  with   62  nGSR , then 

  32  G  add 86  n . Now, we use the 

following theorem to prove the rest of theorems. 
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Theorem 1[6]: For any cycle and path of 

order 3n , we have  

   

 
 

.
3mod01

3mod0












nifn

nifn

nCSRnPSR 

 

 

Theorem 2: Let G  be a connected graph of order n . 

Hence   12  nGSR  if and only if 2KG  . 

Proof: Assume that G  is a connected graph of 

order n . If   12  nGSR , then we show 

that 2KG  . For it is enough to show 

that   1 G .  

On the contrary suppose that   2 G  and v  is a 

vertex with degree  G . In this case, it is clearly 

the function  
3,2,1,0 VVVVf  , 

where  vNV 0 , 1V ,    vNGVV 2  

and  vV 3  is an SRDF on graph G . Therefore 

 

 

.122

312

3322







n

n

VVGSR

 

Since   2 G , we have  

 

.32

142

122







n

n

nGSR

 

Which is a contradiction.  

Therefore   1 G . Now, suppose that   1 G . 

Since G  is a connected graph, then either 1KG   

or 2KG  . If 1KG   then   122  nGSR , 

which is a contradiction.  

Therefore   1 G  implies 2KG  .  

Conversely, if 2KG  , 

then   123  nGSR . □ 

 

Theorem 3: There is no connected graph G  of 

order n  with   22  nGSR . 

Proof: Let G  be a connected graph of order n . 

If   1 G , then 1KG   and 

thus   222  nGSR . 

Now, suppose that   1 G . In this case, 2KG   

and thus   223  nGSR . 

Therefore, we can assume that   2 G . In this 

case, the function  
3,2,1,0 VVVVh  , 

where  vNV 0
, 1V ,    vNGVV 2  

and  vV 3
 is an SRDF on graph G . Hence  

   

 

.122

312

3322









n

n

VV

VhGSR

 

Since   2 G , we have  

 

.22

32

142

122









n

n

n

nGSR

 

Thus in any case there is no connected graph G  

with   22  nGSR . □ 

 

In the previous theorem we proved that 

there is no connected graph with 

  22  nGSR  but if 22 KG  , 

then   226  nGSR . 

In the next theorem we characterize all 

disconnected graphs with   .22  nGSR  

 

Theorem 4: Let G  be a disconnected graph. 

Therefore   22  nGSR  if and only if 

rKKG 22  such that 4 nr . 

Proof: First, we show that   1 G . On the 

contrary, suppose that   1 G , therefore 

  0 G  or   2 G .  

If   0 G , then since G  is a disconnected graph, 

nKG   for 2n . In this case,   nGSR 2  

which is a contradiction. Therefore   0 G . 

Now, suppose that   2 G  and 

   Gv deg  for a vertex  GVv  . Similar 

to the previous theorem, we consider the 

function  
3,2,1,0 VVVVh  , 

where  vNV 0 , 1V ,    vNGVV 2  

and  vV 3 . It is clearly h  is an SRDF on graph 

G  and   32  nGSR , which is a 

contradiction.  
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Therefore   1 G . Hence G  is a graph obtained 

from copies of 2K  and isolated vertices. Since G  

is a disconnected graph and   1 G , G  has at 

least three vertices. Assume that G  has m  induced 

sub-graphs 2K . For solving the problem it is enough 

to show that 2m . On the contrary, suppose 

that 2m . We consider following two cases: 

Case 1: 1m .  

In this case,
22 KKG  . Suppose 

that    yxKV ,2  , hence the 

function  
3,2,1,0 VVVVf  , 

where  yV 0 , 1V , 

   yxGVV ,2   and  xV 3  is 

an SRDF on graph G . Therefore 

 

 

,22

12

322

3322









n

n

n

VVGSR

 

            Which is a contradiction. 

Case 2: 2m . 

In this case, G  has at least three induced 

sub-graphs 2K . Suppose that  yx , , 

 vu ,  and  zw ,  are vertex sets of 

those three induced sub-graphs. We define 

the function  
3,2,1,0 VVVVg  , 

where  zvyV ,,0  , 1V , 

   wzvuyxGVV ,,,,,2   and 

 wuxV ,,3   is an SRDF on graph G . 

Therefore 

   

 

,32

32

962

3322











n

n

n

VV

VgGSR

 

            which is a contradiction.  

Hence 2m  and thus rKKG 22  

where 4 nr .  

The converse part is obvious. □ 

 

Theorem 5: Let G  be a connected graph of order n . 

Hence   32  nGSR  if and only 

if  
4,3,4,3 CCPPG  . 

Proof: First, we show that   2 G . On the 

contrary, suppose that   2 G  and the vertex 

 GVv   has maximum degree  G . We 

consider the function  
3,2,1,0 VVVVf  , 

where  vNV 0
, 1V ,    vNGVV 2  

and  vV 3  is an SRDF on graph G . It is 

obvious that f  is an SRDF on graph G . Therefore  

   

 

,32

142

122

312

3322













n

n

n

n

VV

VfGSR

 

which is a contradiction. Thus   2 G . 

If   1 G , then 2KG  . In this case, 

  323  nGSR  which is a contradiction. 

Then   1 G .  

If   0 G , then 1KG   and 

  322  nGSR . 

Thus   2 G . Hence G  is a path or a cycle. 

Based on Theorem 1 if  3mod0n , 

then   nGSR  . Therefore 

 

.3

32





n

nGSRn 
 

It follows that 3PG   or 3CG  . Now, suppose 

that  3mod0n . In this case,   1 nGSR , 

then   321  nGSRn  , where we 

conclude that 4n  and thus 4PG   or 4CG  .  

The converse part is obvious from Theorem 

1. □ 

 

Theorem 6: Let G  be a connected graph of order n . 

Then   42  nGSR  if and only 

if  5,5 CPG  . 

Proof: Suppose that G  be a connected graph of 

order n  with   42  nGSR . We consider the 

vertex  GVv   with maximum degree in G . In 
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this case, the function  
3,2,1,0 VVVVf  , 

where  vNV 0
, 1V ,    vNGVV 2  

and  vV 3
 is an SRDF on graph G . It is obvious 

that f  is an SRDF on graph G . Therefore 

 

 

 

.122

312

42









n

n

Vf

GSRn 

 

From which we can conclude that 

.2

,52

,25

,12242







 nn

 

Based on proof of previous theorem it is easy to 

show that   2 G . Thus G  is a path or a cycle. 

If  3mod0n , then based on Theorem 1 we 

have   nGSR  . Thus   42  nGSRn  , 

from which we get 4n  which is a contradiction 

with  3mod0n . 

Hence  3mod0n . In this case, based on 

Theorem 1, we have   1 nGSR . Then 

421  nn  and thus 5n . Therefore, G  is 

either a path 5P  or a cycle 5C .  

Conversely, we assume that 

 5,5 CPG   then based on Theorem 1 we 

have   426  nGSR . □ 

 

Let Ƒ be family of graphs shown in Figure 

1.                    

 

                                               

                                                                         

                                            

 

                                                  

 

 

 

 

 

 

 

 

                  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 1. Family of Ƒ. 

 

Theorem 7: Let G  be a connected graph of order n . 

Then   52  nGSR  if and only if G Ƒ. 

Proof: Suppose that G  is a connected graph 

with   52  nGSR . We consider the vertex 

 GVv   with degree  G . 

If   0 G , then 1KG   and thus 

  522  nGSR  which is a contradiction. 

Now, assume that   1 G . In this case, 2KG  . 

Therefore,   523  nGSR  which is a 

contradiction. 

Hence   2 G . If   2 G , then G is a cycle 

or a path. 

Also, if  3mod0n , then based on Theorem 1 

we have   nGSR  . Therefore, 

  52  nGSRn   and thus 5n  which is a 

contradiction since  3mod0n . 

Hence  3mod0n . In this case, based on 

Theorem 1 we have   1 nGSR  and thus 

521  nn  then 6n  which is a contradiction 

since  3mod0n . 

Therefore,   3 G . We define an SRDF function 

for graph G  as follows: 

Let  
3,2,1,0 VVVVf  , 
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where  vNV 0
, 1V ,    vNGVV 2  

and  vV 3
. Therefore 

 

 

 

.122

312

52









n

n

Vf

GSRn 

 

So, 12252  nn  which implies 

that  26 .  

Therefore,   3 G . Already we have,   3 G . 

Hence   3 G . Assume 

that    zyxvN ,, . 

If      vNGV , then the function 

    vvNh ,,,   is a   fuctionGSR   

and thus   523  nGSR . Now, suppose that 

there is no edge between x , y  and z  then 1FG  . 

If there is only one edge between x , y  and z  then 

2FG   and in case if there is two edges between x , 

y  and z  then, 3FG  . If there exists three edges 

between x , y  and z , then 4FG  .  

Now, suppose that      vNGV . We claim 

that the set    vNGV   has at most three 

elements. 

To prove this claim, let    vNGV   has at least 

four vertices. We 

consider     vNGVdcba ,,, . 

If there exists an edge between both vertices of 

   vNGV   like a  and b , then the function 

 
3,2,1,0 VVVVf  , where 

   bvNV 0 , 1V , 

      bavNGVV ,2   and 

 vaV ,3   is an SRDF on graph G . Therefore  

 

 

 

.22

632

3322

52











n

n

VV

Vf

GSRn 

 

Thus  G 25  and 

consequently   52  G . Therefore,   2 G  

which is a contradiction since   3 G . 

Hence there is no edge between the vertices 

in    vNGV  . In this case, since G is a 

connected graph, each vertex of    vNGV   is 

adjacent to at least one vertex of  vN . On the 

other hand, since    vNGV   has at least four 

elements and  vN  has three elements, there exists 

at least one vertex of  vN  adjacent to at least two 

vertices in    vNGV  . Without loss of 

generality, suppose that  vNx   has at least two 

neighbourhood vertices in    vNGV  . In this 

case, we define an SRDF function as follows: 

Define  
3,2,1,0 VVVVf  , 

where       xxNvNV  0 , 1V , 

      xNvNGVV 2  and 

 vxV ,3   is an SRDF on graph G . Therefore 

 

 

  
 

.22

632

62

3322

52













n

n

vNn

VV

Vf

GSRn 

 

Hence  2252 nn  from which we conclude 

that   2 G which is a contradiction, 

since   3 G . So,    vNGV   has at most 

three elements.  

Now, we consider the following cases: 

Case 1:    vNGV   has exactly one vertex.  

We assume that      avNGV  . Since 

G  is connected, a  is adjacent to at least one 

vertex of  vN . Without loss of generality, 

suppose that  aNx  . 

If a  is adjacent to just the vertex x , 

since   3 G , we get x  is adjacent to at 

most one of the vertices y  and z . Now, we 

consider the following sub-cases: 

Sub-case 1: y  is not adjacent to z . 

In this case, if x  is not adjacent to any of the 

vertices y  and z , then 5FG  .  

Now, suppose that x  is adjacent to one of the 

vertices y  or z . Therefore if y  and z  are not 

neighbourhoods. So 6FG  . 

Sub-case 2: y  is adjacent to z .  
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In this case, if x  is not adjacent to any of the 

vertices y  and z , then 7FG  . And, if x  is 

adjacent to exactly one vertex of the set 

of zy , , then
8FG  . 

Now, assume that a  is adjacent with exactly 

two vertices of the set zyx ,, . Without loss 

of generality, suppose that    yxaN , . 

We consider the following sub-cases: 

Sub-case 1: x  is not adjacent to y . 

In this case, if z  is adjacent to exactly one 

vertex x  or y , then
9FG  . On the other hand, 

if z  is adjacent to both vertices x  and y , 

then 10FG  . 

Sub-case 2: x  is adjacent to y . 

In this case, z  cannot be adjacent to one of the 

vertices x  and y . Otherwise, G  has a vertex of 

degree 4  which is a contradiction 

since   3 G . Therefore 8FG  . 

Now, suppose that a  is adjacent with all 

vertices x , y  and z . 

If x  is adjacent to the both vertices y  and z , 

then   4deg x  which is a contradiction 

since   3 G . Therefore, x  is adjacent to at 

most one of vertices y  and z . 

Same as before we can show that y  is adjacent 

to at most one of the vertices x  and z . 

Also, z  is adjacent to at most one of the 

vertices x  and y . 

Therefore, there exists at most an edge between 

the vertices x , y  and z . So 12FG  . If there 

does not exist any edge between vertices x , y  

and z , then 11FG  .  

Case 2:  Assume that the set    vNGV   

has two elements. 

Set      bavNGV , . Earlier we 

have shown that a  is not adjacent to b . 

Now, suppose that x  is adjacent to the both the 

vertices a  and b . In this case, the 

function  
3,2,1,0 VVVVf  , 

where  zybaV ,,,0  , 1V , 2V  

and  yxV ,3   is an SRDF on graph G . 

Therefore 

 

 

.6

3322

52









VV

Vf

GSRn 

 

But since 6n , there is a contradiction.  

Therefore, x  is adjacent to at most one of 

vertices a  and b . Same as before, each vertex 

of  zy ,  is adjacent to at most one vertex 

of ba , . 

On the other hand, since G  is connected, a  is 

adjacent to at least one vertex of  vN . 

Without loss of generality, assume that a  is 

adjacent to x . Also since G  is connected and a  

is not adjacent to b , the vertex b  is adjacent to 

one vertex of  vN . Since earlier we have 

shown that x  is adjacent to at most one of 

vertices in  ba ,  and the vertex x  is adjacent 

to the vertex a , we get x  cannot be adjacent 

to b . Therefore, the vertex b  is adjacent to at 

least one of two vertices y  and z . 

Without loss of generality, suppose that b  is 

adjacent to y  is not a neighbourhood of a . We 

consider the following sub-cases: 

Sub-case 1: x  is adjacent to y . 

In this case, since   3 G , we get x  and y  

are not adjacent to z . As in the previous case, 

we know that the vertex z  is adjacent to at most 

one of the vertices a  and b . 

Now, if z  is not adjacent to any of the vertices 

a  and b , then 13FG  . Otherwise, suppose 

that z  is adjacent to exactly one vertex 

of ba , . 

Without loss of generality, suppose that z is 

adjacent to the vertex b . We define the 

function  
3,2,1,0 VVVVf  , 

where  azyxV ,,,0  , 1V , 2V  

and  bxV ,3  . It is obvious that f  is an 

SRDF on graph G , thus     6 VfGSR . 

Hence   752  nGSR  which is a 

contradiction. Therefore, z  is not adjacent to 

any of the vertices a  and b  as discussed earlier. 

Sub-case 2: x  is not adjacent to y . 

In this case, if z  is adjacent to both vertices x  

and y . Since   3 G , the vertex z  cannot 

be adjacent to any of the vertices a  and b . Now, 

we define the function  
3,2,1,0 VVVVf  , 
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where  zbavV ,,,0  , 1V , 2V  

and  yxV ,3  . It is obvious that the function 

f  is an SRDF on graph G . Thus 

    6 VfGSR  which is a 

contradiction, since   52  nGSR . 

Therefore, z  is not adjacent to both vertices x  

and y . 

Now, suppose that z  is adjacent to exactly one 

vertex of x  and y . 

Without loss of generality, suppose that z  is 

adjacent to y . In this case, the function 

 
3,2,1,0 VVVVf   

where  zbxvV ,,,0  , 1V , 2V  and 

 yaV ,3   is an SRDF on graph G . 

Therefore 

   

,52

6







n

VfGSR

 

which is a contradiction to the assumption. 

Therefore, z  cannot be adjacent to any of the 

vertices x  and y . 

If z  is adjacent to the vertex a , then the 

function  
3,2,1,0 VVVVf   

where  bzxvV ,,,0  , 1V , 2V  and 

 yaV ,3   is an SRDF on graph G . Hence 

   

,52

6







n

VfGSR

 

which is a contradiction. Therefore, z  is not 

adjacent to the vertex a .  

And same as before we can show that z  cannot 

be adjacent to b . Hence 14FG  . 

Case 3:  Now, assume      

that      cbavNGV ,, . 

Based on previous theorem, there is no edge 

between all vertices of the set  cba ,,  and 

each vertex of  vN  is adjacent to at most one 

vertex of the set  cba ,, . Since G  is 

connected and there is no edge between the 

vertices of the set  cba ,, , we get each 

vertex of the set  cba ,,  has a 

neighbourhood in  vN . 

If there exists a vertex of  cba ,,  which is 

adjacent to at least two vertices of  vN , then 

there exists a vertex of  vN  which is 

adjacent to at least two vertices of the set 

 cba ,,  which is a contradiction. Therefore, 

each vertex of  cba ,,  is adjacent to exactly 

one vertex of  vN . 

Without loss of generality, assume that a  is 

adjacent to x , b  to y  and c  to z . Now, 

since   3 G , the vertex x  is adjacent to at 

most one vertex of zy , . Also, y  is adjacent 

to at most one vertex of  zx ,  and the vertex 

z  is adjacent to at most one vertex of zy , . 

Therefore, there exists at most one edge 

between zyx ,, . 

Suppose that there exists exactly an edge 

between  yx , . We define the 

function  
3,2,1,0 VVVVf  , 

where  cayvV ,,,0  , 1V ,  bV 2  

and  zxV ,3   is an SRDF on graph G . 

Thus 

   

,52

8

3322









n

VV

VfGSR

 

which is a contradiction. Thus there is no edge 

between the vertices x , y  and z . 

Hence 15FG  . 

The converse part is obvious. □ 

 

In the following theorem we investigate the 

properties of connected graph G  of order n  

with   62  nGSR . 

 

Theorem 8: Let G  be a connected graph of order 

n  with   62  nGSR . Hence the following 

results hold:  

a)   32  G . 

b)  vN  has at most two neighborhoods 

outside  xN . 

c) The set    vNGV   has at least two 

elements and at most four elements. 

Proof:  



International Journal of Mathematics Trends and Technology (IJMTT) – Volume 49 Number 4 September 2017 

ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 217 

a) Let   3 G  and v  be a vertex of G  

with degree  G . Hence the 

function  
3,2,1,0 VVVVf  , 

where  vNV 0
, 1V , 

   vNGVV 2  and  vV 3
 is an 

SRDF on graph G . Therefore 

 

 

 

.122

312

3322

62











n

n

VV

Vf

GSRn 

 

Since   4 G ,  

 

 

 

,72

1422

122

3322

62













n

n

n

VV

Vf

GSRn 

 

which is a contradiction. Thus   3 G . 

On the other hand, if   0 G  

or   1 G , since G  is connected, then 

1KG   or 2KG  , respectively. But in 

each case   62  nGSR  which is a 

contradiction. Thus   2 G . 

Hence   32  G .  

b) On the contrary assume that there exists a 

vertex  vNx   such that x  has three 

neighborhoods a , b  and c  outside  vN . 

In this case, the 

function  
3,2,1,0 VVVVf  , 

where    cbavNV ,,0  , 1V , 

      cbavNGVV ,,2   

and  vxV ,3   is an SRDF on graph G . 

Therefore  

    

 

 

 

.222

642

3322

62











n

n

VV

Vf

GSRn 

        (1) 

Since   32  G , if   2 G , then 

it is obvious that the vertex x  is adjacent to 

at most one vertex outside  vN  which is 

a contradiction. So, we can suppose 

that   3 G . In this case, based on (1) 

we have  

 

,82

222

62







n

n

GSRn 

 

which is a contradiction. Thus, each vertex 

of  vN  has at most two neighborhoods 

in outside  vN . 

c) First, we show that the set    vNGV   

has at least two elements. It is enough to 

show that the set    vNGV   is neither 

empty nor it contains a single element. 

Let      vNGV . Based on (1) we 

have   32  G . 

If   2 G , then 
3PG    or

3CG  . 

But based on Theorem 1 in both cases we 

have  

 

,62

3





n

GSR
 

which is a contradiction. 

Therefore, assume that   3 G . In this 

case, the function f  where the vertex v  

has weight 3  and the other vertices have 

weight 0  is an SRDF on graph G . 

Hence   3GSR . But, since 4n , we 

get 362 n  which is a contradiction 

with   62  nGSR . 

Therefore, the set    vNGV   has at 

least two elements. 

Now, we show that the set    vNGV   

has at most four elements. On the contrary 

suppose that    vNGV   has at least 

five vertices. Already, we have 

that   32  G . Therefore 

 

      

     

  .51 







vNGVvN

vNGVvN

GVn


 

Thus if   2 G , then 8n . And 

if   3 G , then 9n . 
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Assume that   2 G , then G  is either a 

path or a cycle. 

If  3mod0n , then   nGSR   and 

thus nn  62  which indicate that 6n  

which is contradiction with 8n .  

If  3mod0n , then   1 nGSR  

and thus 162  nn  which implies 

that 7n  which is a contradiction 

with 8n . 

Now, assume that   3 G . In this case, 

we show that there exists at most an edge 

between the vertices    vNGV  . On 

the contrary we assume that there exist at 

least two edges between the vertices 

of    vNGV  . Therefore, at least one 

of the following cases occurs: 

Case 1: There exists a vertex 

   vNGVa   such that a  is 

adjacent to two vertices b  and c  

of    vNGV  . 

In this case, the 

function  
3,2,1,0 VVVVf  , 

where    cbvNV ,0  , 1V , 

      cbavNGVV ,,2 

 and  avV ,3   is an SRDF on 

graph G . Therefore, since   3 G , 

we have  

 

 

 

,82

642

3322

62











n

n

VV

Vf

GSRn 

 

which is a contradiction. 

Case 2: There exist two edges ba  and dc  

in graph G , such that  

          vNGVdcba ,,, . 

In this case, the 

function  
3,2,1,0 VVVVf  , 

where    dbvNV ,0  , 1V , 

      dcbavNGVV ,,,2 

 and  cavV ,,3   is an SRDF on 

graph G . Therefore, since   3 G , 

we have  

 

 

 

,72

952

3322

62











n

n

VV

Vf

GSRn 

 

which is a contradiction. Therefore, 

if   3 G , then there exists at most an edge 

between all vertices of    vNGV  . 

Now, suppose that   3 G  and 

   vNGV   has at least five elements. 

Hence 9n . We put    zyxvN ,, . 

If there is no edge between all vertices 

of    vNGV  , then since G  is a 

connected graph, we get each vertex of 

   vNGV   should have adjacent to at 

least one vertex in  vN . In this case, the 

function  
3,2,1,0 VVVVf  , 

where    vNGVV 0 , 1V , 2V  

and  vNV 3
 is an SRDF on graph G . So  

 

 

,9

62







Vf

GSRn 

 

which is a contradiction with 8n . 

Now, suppose that there exists an edge between 

all vertices    vNGV  . We put 

 GEba   such 

that      vNGVba , . Since G  is 

connected, there exists at least one of the 

vertices a  or b  is adjacent to a vertex 

in  vN . 

Without loss of generality, suppose that a  is 

adjacent to x . In this case, the 

function  
3,2,1,0 VVVVf  , 

where    zyxbaGVV ,,,,0  ,

1V ,  bV 2  and  zyxV ,,3   is an 

SRDF on graph G . Therefore  

 

 

,11

3322

62









VV

Vf

GSRn 

 

which is a contradiction with 9n .  
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Thus    vNGV   has at most four vertices. 

□ 

 

Corollary: If G  is a connected graph of order n  

with   62  nGSR , then 86  n . 

Proof: Assume that  GVv   

and    Gv deg . Based on previous 

Theorem   32  G , we 

have     42  vNGV . If   3 G , then  

 

      

     

 

,8

44

41













vNGVvN

vNGVvN

GVn



 

and also  

     

     

.

1

246

n

vNGVvN

vNGV









 

Hence, if   3 G , then 86  n . 

Now, suppose that   2 G . Same as before we 

can show that  
7,6,7,6 CCPPG   and thus 

if   2 G , then 76  n . 

Hence in both cases 86  n . □  
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